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PREFACE TO THE THIRD EDITION. 

The book has been thoroughly revised and some of the 
chapters have been re-arranged and re-written. The number 
of solved examples has been enlarged by a few more typical 

examples. 

A chapter on Forces in Three Dimensions has been added 
to suit the convenience of students studying the Honours 
course of Delhi University. 


Delhi : 

September 1949. 


S. R. GUPTA 


PREFACE TO THE SECOND EDITION. 

The book has been enlarged and thoroughly revised. The 
subject matter has been re-arranged and largely re-written 
and many sets of examples have been added. Chapter II has 
been split up into two, and one chapter has been separately 
devoted to the solution of problems. 

The scope of the book has been still further enlarged by 
the addition of a discussion on the following topics :— ’ * 

(1) The equilibrium of a light or heavy string in pontact 
with a smooth or rough plane curve. 

(2) Simple Machines. 

(3) Graphical methods > for the solution of problems in 

statics. ... 

The more fundamental propositions leading to the develop¬ 
ment of the subject have been numbered. " * 

Problems in Statics are of very varied kinds but I have- 
made every effort to classify them and put them in different 
groups in graded fojm, preceded by typical solved examples* 
It is hoped that this procedure will, greatly assist the student 
who desires to attempt problems for himself. To encourage . 



him still further in this attempt, hints for the solution of 

problems of a more difficult type have been given towards the 
end of the book. 

I hope that in its present form, the book will be more 

useful not only to the beginner but also to those whose aim is 

to study the subject for some higher university or competitive 
examinations. 


Lahore : 
March, 1945. 


S. R. GUPTA 


PREFACE TO THE FIRST EDITION 

This book has been written in compliance with the de¬ 
mand of certain friends and old students as a companion 
ZOlume to my book “Elementary Analytical Dynamics ” pub¬ 
lished about twelve }ears ago. It is primarily intended for the 
use of students preparing for the B. A. Pass and Honours 
examinations of Indian Universities. It will also prove helpful 
to students appearing in the various Engineering and Public 
Service examinations. 

. This book is an introduction to the subject of Statics and 
includes such topics as the Principle of Virtual Work, the 

Stability of Equilibrium and partly the Equilibrium of Strings 
under Gravity. 

An account of the Force of Friction and the laws govern - 
ing it, has been given in Chapter I on Fundamental Concepts. 
It has thus been possible to enrich the sets of examples given 
in later chapters by including problems involving friction. 

The subject matter has been comprehensively illustrated 
by examples. Short sets of examples, for purpose of exercise, 
are added to the various articles. Some sets of miscellaneous 
examples and revision questions are also included. All these 
have been properly graded, some being taken from question 
papers set at different Indian and Foreign Universities. 




Finally, the whole subject has been presented in a simple, 
precise and systematic manner. 

My acknowledgment is generally due to modem writers 
whose works I have freely consulted. But mv particular debt 
is due to Prof. Shanti Narain of the D. A V. College for his 
kindness in going through the manuscript and making valuable 
suggestions. My thanks are also due to my daughter Miss 
Sushila Gupta, M. A., lecturer in Mathematics, Fateh 
Chand College, Lahore for the great help she has rendered 
in the arrangement of examples and for seeing the book 
through the press. , 


“ Lahore : 
•October, 1942 


S. R. GUPTA 
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CHAPTER 1. 


FUNDAMENTAL CONCEPTS. 

1.1. A Body is a portion of matter bounded by a closed 
■surface. 

A Force is an action exerted upon a body which changes 
•or tends to change the body’s state of rest or of uniform motion 
in a straight line. 

Mechanics is that branch of science which deals with the 
-action of forces on bodies. 

When acted upon by forces, a body may move or remain 
at rest relative to its surroundings 


1.2. Equilibrium. If a system of forces acting upon a 
body neutralize each other, then the body will either remain at 
Test or continue to move uniformly (i.e., without acceleration) 
along a straight line. The forces in such a case are said to be 
in equilibrium. It follows that . 

When a system of forces in equilibrimn are added to or sub¬ 
tracted from another system of forces, the effect of the latter remains 
unchanged. 

1.21. The part of Mechanics which deals with a system of 
forces in equilibrium is called Statics. 

The part which deals with forces which do not neutralize 
-and therefore cause non uniform motion is called Dynamics. 


It follows that Statics is only a particular case of Dyna¬ 
mics. But because of its intrinsic interest, it is often studied 
independently of Dynamics. It also helps to obtain the equa¬ 
tions of motion in Dynamics. 


1.3. Rigid body. A body is said to be perfectly rigid 
when the distance between any pair of particles in it remains 
Invariable no matter what forces aot on the body. ' 



ELEMENTARY ANALYTICAL STATICS 



A perfectly rigid body does not exist in nature. Bodies do 
change their shape as well as size to some extent under great 
pressure. A billiard ball, for example, is pressed out of shape 
during the interval of collision with a second billard ball. 

Under ordinary forces, however, these alterations are very 
slight and in many cases can be completely ignored. Thus in 
problems where action of forces on bodies is concerned, unless 
otherwise stated, we assume bodies to be perfectly rigid. 

131. A Particle is a body of infinitely small dimensions. 

When we speak of a body as a particle, we mean thereby 
that for the time being, we are not concerned with its actual 
dimensions and that we can represent its position simply by a 
Mathematical point. In certain problems in Astronomy even 
vast bodks like the earth and the sun are treated as mere- 

particles. 

1.4. Measurement of a Force. A force is measured by 
its effect. In Dynamics we measure a force by the motion it 
produces in a given body in a given time. If two force', when 
applied to tne same body for equal intervals of time, generate 
the same velocity, they are said to be equal. The forces are 
thu ; proportional to the velocities they would generate in the 
same body in equal intervals of time. 

In Statics, however, we are not concerned with motion of 
a bodv and we conceive of a force as som thin r independent of 
motion, as an effort of the nature of a push or a pull. For 
example, when we hold some object in our hand, some effort on 
our part is required to support it. This effort or force depends 
upon the amount of weight supported. The measure of a force 
in this case, therefore, depends upon the force of gravity, which 
varies slightly at different places of the earth. In Statics, 
however, we are concerned merely with the ratio of forces, 
therefore, we can measure the force by comparing it with some 
standard’ weight, say a weight of one pound, or one gramme 
which is taken as the unit of force. 

1.41. Representation of a Force. Besides magnitude of a 
force we must know its point of application and its direction 
(t 6./the direction along a straight line through its point of 



FUNDAMENTAL CONCEPTS 


3 


application, in which the force tends to move a body to which 
it is applied.) .. 1 : 

' Such a quantity which possesses direction as well as magni¬ 
tude i4 called a vector quint it y. It can be represented graphi¬ 
cally.-by a straight line of certain length, drawn in a certain 
direction; through a given point. 

If, for example, the line AM represents the forco F, the 
point A can represent the p*.int ol 

application, the direction of the line A ---- q 

represents the direction of the force 

&ud length AB of the line can be made to represent tlie magni¬ 
tude ol the force on some convenient scale. ° 

If instead of AB, we write BA, it represents the same force 
with its direction reversed. 

Two forces represented by BA and AB will balance each 
other 4 . Thus v* e have :— 

Two forces equal in magnitude , opposite in direction and 
acting along the same straight line are in equilibrium. 

Note 1. The sense ot a force represented by straight line 
is indicated by the order of the letters used to specify the lint. * 

.. A 2 'c ^ r J la S nifcllde of a force can never be equal to 

on a^r^° f a i, i ne, r butlt CaQ be re P resented by a certain length 

on a certain scale of measurinent. ® 

o UTrBQsmw ibility of a Force. When a force acts on 
a body its elfect is the same no matter which uoint in it* r *!• 

°“ *“ *■». 

aa, introduce along the same line, two 
equal and opposite forces, each equal to 

l. The force F along AB and the force 
F along BA, being cq ial and opposi e, 
eancei . each other and we are left with 

the sanfe line, sq 1 thft^ ln3tead of the force acting at A along 
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A force may be supposed to act at any point in its line of 
action. 

From the above it follows that if two forces 
P and Q act at A and B, two points of a rigid 
body along the lines which interscet at C, then 
C can be taken as the point of application of the 

forces P and Q. - 

1 43 . Resultant and Components. If a single force R can 
. found which acting alone on a rigid body will have the same 
ffppt as a number of forces P, Q, S...etc acting on it. then R 
’ known as the resultant of the given forces and the forces P, 
O S etc are known as the components of R. 

15 ' Action and Reaction. To every reaction there corns- 

n a systeiTof'twTbodiesfaTo’rce never acts on one body 

second^ prin^ U tM"? Newton’s Tawtf 

action an ^ 0 d e v°A exerts a force R on another body B, the body . 
R everts an equal force R in the opposite direction on A. 

’ 1 fi Tension. When a string is used to supp rt a weight 

h ' a body, the force exerted is transmitted to the tody 
through the string. Such a force exertsd by means of a strmg 

ia called " ; f negligible weight, the tension throughout 

V is same. This can be verified by supporting a 
the stnng « the ^ other e , ld of which is attached to a 

Wel - S balance The balance will give the same reading to 
spring bala ““® „ f t he strio „ it is attached. 

^"Ateo^if tt ^ng supporting the weight W is passed over 

ne 2 the force required at the end p 

%The string g ’to sustain the weight W is the 

° f 5 n whatever direction the string is held 
so^tha^the tension in the string in all posi- 
ttons (PA, PB, PC, etc.) is the same. 

{ re however, a string be knotted at any 
of Rs points to other strings or to weights. 
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the tension will not, in general, be the same in the different 
portions separated by the knots. J f 

elastLstring (or a spring) is fixed and a force 

the other end, the string extends in . . . • : g 

ween the amount of extension and the tension in the string is 

governed by the law known as Hooke s Law w lie 

The tension of an elastic string is proportional to the exten- . 
sion of the string beyond its natural length . 

Thus if l be the naturaldength of the string, x its exten non 
and T, the tension, then 

__ X 

T = \ t . 

When A. is a constant depending on the material of the 
string and is known a3 the Modulus of Elasticity. 

If the string extends to twice its natural length, the ex¬ 
tension z is Zand T is consequently equal to A. Thus the 
modulus of elasticity is equal to the amount of tension required to 
extend the string to twice its natural length. 

Example. ABC is an elastic string , the unstretched lengths 
of AB and BC being a and b respectively. A weight IT, lb. is 
attached to B and another of TT , 2 lb is attached to C. The end A 
i8 fastened to a fixed point and the string is allowed to hang 
vertically with the weights at rest. If the modulus of elasticity is 
X lb. wt ., find the stretched lengths of AB and BC. 

The portion BC of the string has to support only the 
lower weight and so its tension is W 2 . 

If x be its stretched length, then bj 7 Hoo e’s law, we 
have 


x-kt s x—b 
W 2 =X —t— x.e 


bW, 


x= 


+&. 


b ' X 

The portion AB of the string has to support both 
the weights and, therfore, its tension is W 1 + W 2 

If y be its stretched length, we have 


6 


W 1 +W 2 =A 


^ a i-e., y = g(W ' +W J + a. 

® A 
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17. Attraction is a force which acts upon a body without 
an apparent medium of transmission. For example, (l) attrac¬ 
tion of the earth, (2) mutual attraction of the heaverdy bodies 
which sustains and guides them in their orbits, (3) Attraction 
of a magnet. : 


18. Friction Suppose a block of wood is resting on a 
table. The only forces acting on the block are its weight act¬ 
ing vertically downwards and the reaction of the table. As 
the block is in equilibrium, the reaction must be equal and 
opposite to the weight and therefore must act vertically up¬ 
wards. 


gradually increasing force P be applied to the 

A R 


Now let a 

the block along the table. It will be 

seen that the block does not at once 

begin to move and continues to be at 

rest t•) 1 P has been sufficiently increased. 

This shows that there is some force, sav 
-- * 

r, act ins on the block which balances 
P and thus prevents the block from 
moving. 



iw 


The force F is equal and opposite to P and is known as 
the force of Iriction. 

' This force is caused by the inequalities in the two surfaces 
in c mtact, in virtue of which the two surfaces get interlocked 
and an effort to cause one to slide on the other causes strain in 
each. 

This force is called into play only when the force P acts. 
Also it increases with P till the block begins to move. The 
maximum amount of friction, known as Limiting friction , 
is called into play when the block h just on the point of 
motion. 

The table being rough, the reaction of the t ible on the 
block is the resultant of the force of friction F, and the normal 
pressure R. 

If the table were smooth , the block would move, however, 
small P may be. In this case F does not exist and the reaction 
of the table is normal to its surface. 
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1.81. A smooth curve or a smooth surface is one which 
can exert a pressure only in the direction of th© normal. , 

In general whenever two smooth bodies are in contact , the 
reaction of either on the other acts along their common normal at 
the point of contact. 

For example, ' . ' 

(1) when a rod AB rests inside a smooth 

sphere, the reactions at the two ends are along 

the normals at A and B. 

(2) Again, if a rod AB rests on a smooth 
horizontal peg, (or a rail) P, the reaction of 
the peg on the rod is in the direction perpendi¬ 
cular to the rod at P. 




(3) If an end of a rod is in the contact with 
a smooth wall (or a floor) the reaction of the wall 

> I f:r i, ' i ; 

(or the floor) is perpendicular to the wall (or the 
floor) at the point of contact. 

1-9. Law of friction. Experiments such as given in 
Art 1.8 lead to the formulation of certain laws, which are given 

below. ' ... , 

• • • ■ • . i ■. , ! i , « < i J 

I I 

1.91. Statical Friction. The friction acting on a body, 
which is at rest is called statical friction and is governed by the 
following laws:— ii. :ir 



(1) The direction of friction is opposite the direction in 
which the body tends to move. _ ' 1 

v ma ? nitucle of tbe force of friction is exactly equal 
to the force tending to produce motion. f 

** * 1'3 < * 6J *1 I \ ll JT*; r j* \ p | (j ; - , . ■ | * / j J y . , | \ ^ . 

• 1 . 92 . Limiting Friction. The friction an tint* nn 
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when it is just on the point of motion is called Limiting 
friction. It obeys the following laws :— 

(1) Limiting friction is equal in magnitude and opposite 
in direction to the force which tends to produce motion. 

(2) The ratio of the amount of limiting friction to the 
normal pressure is constant. 

This constant is known as the coefficient of friction and 
is usually denoted by the letter 

If F be the amount of limiting friction and R, the normal 
pressure then F/R=m or F=/ A R. 

(3) The coefficient of friction depends entirely on the 
material of the bodies in contact and i 9 independent of the 
area and shape of the surfaces in contact. 

1.93. Dynamical Friction is the friction which acts on the 
body when it is actually in motion. It acts in the direction 
opposite to the direction of motion of the body. Its ratio to 
the normal prcsture is slightly les3 than the confficient of friction. 

1.94. The force of friction between a body and a rough 
surface belongs to a class of force known as passive resistance 
i.e. forces which come into play on account of the action of 
other forces and which always tend to destroy the effect of 
these other forces. 

In nature, the force of friction plays an important part 
and cannot be dispensed with. It is in the presence of this 
force between the feet and the ground that renders walking 
possible. If the surface be a smooth one, it is very difficult to 
walk on it. Again, it is the force of friction that propels the 
driving wheels of an engine ; if there were no friction between 
the wheels and the rails, the driving wheele would slip round 
and rotate, the engine remaining stationary. [See author s 

Dynamics Art. 3.6 (6 ]. 

EXAMPLES I. 

1 . A man of weight 160 lb. holds one end of a rope which 
passes over a pulley vertically above his head and to the other 
end of the rope is attached a weight of 120 lb. Find the force 
with which the man’s feet press on the floor. Ans. 40 lb. 
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2. In a tug of war there are 10 members pulling on each 

side. If the average force exerted by each member on either 

side is 110 lb. wt., find the tension in the rope. 

( Ans. 1100 lb. wt.) 

3. A mass of 10 lb. rest on a rough table whose co-efficient 

of friction is J. A string attached to it and passing over the 
edge of the table, carries another weight at the other end.. 
Find the magnitude of this mass if the mass on the table is on 
the point of motion. {Ans. 5 lb.) 

4. A wooden plank 5 fo. by 2 ft. of weight 100 lb. is lying 
on the ground. Find the pressure per unit area offered by the 
ground. 

If the plank is on the point of motion when a horizontal 
force of 75 lb. wt. acts on it. Find the coefficient of friction. 

{Ans. 10 lb. ; {[.) 


5. An elastic cord whose natural length is 8 inches, can be 

kept stretched to a length of 12 inches by a force of 5 lb. wt.. 

Show that the modulus of elasticity of the cord is 0 lb. wt. 

%• 

6 - ABC is an elastic string which when unstreched is 
such that AB =8 in. and BC=3 in. A particle weighing 4 lb. i& 
attached to B and another of 2 lb. is attached to C. The end 
A is fastened to a fixed p int and the string is allowed to hang 
vertically with the particles at rest. If the modulus of elasticity 
is 6 lb. wt., find the stretched lengths of AB and BC. 

{Ans. 16 in., 4 in.) 


7* An elastic string ABC, whose modulus of elasticity is 
4 W, is tied at A to a fixed point. At B and C are attached 
weights each equal to W, the unstreched lengths of AB and BO 
being each equal to c. Show that, if the string and bodies take 
up a vertical position of equilibrium, the streched lengths of 


AB and BC are 


3c 

2 


and 


5c 

4 


(P. U. 1938.). 


8 . A uniform elastic string has a length 
tension is T x and a length a 2 when the tension 

that its natural length is 

t. —.r« 


a x when the 
is T 2 . Show 

(P. U. 1944.) 



CHAPTER II 


FORCES ACTING AT A POINT I. 

2. 1. When we speak of forces acting at a point, it is 
understood that they are acting on a particle placed at that 
point. 

11. theorem I. Resultant of two forces. If two forces 
acting at a point are represented, in magnitude and direction, by 
the sides of a parallelogram d r awn from the point, their resultant 
ts represented, both in magnitude arid direction, by the diagonal of 
the parallelogram drawn through that point. 

Thus if two lore* s P and Q 
acting at the point O are represented 
in magnitude and direction, by the 
lines OA and OB, their resultant It 
then represented bv the diagonal 
DC. 

The solution of the various problems in Statics is based 
on this fundamental principle, known as the law of the 
parallelogram of forces. 

The best proof of this is based on the laws of Dynamics. 
Here its truth is assumed on experimental basis 

2 12. Magnitude and direction of the Resultant. 

If Z.AOB a, then from the 
/\OAC, we have 

OC 2 --=OA 2 +AC 2 -20A.AC cos /OAC. 

— OA 2 -j-OB 2 —20A.0B cos (18U C —a). 

— OA 2 -r-OB 2 -r-20A.OB cos a. 
i.e It 2 -P 2 -f Q 2 +2PQ cjs a...( 1 ) 




Again if zAOC = 0 , and CM is L to OA, we have 

MO _ AC sin a __ Q sin « 
tan 0 = OA _i_ A M - OA + ACcos a~" P+Q cos a 
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II 


■and sinfl 


/ i 

MC Q sin a „ OM P+Q cos a 
OC R ’ OC R 

Equations (1) and (2) give the magnitude and direction o> 
“the resultant. 

In the particular case when P=Q, we have 
R 2 =2P 2 +2P 2 cos a, t.e., R=2P cos ® . 


and tan 0 = 


P sin a 


= tan 


P-|-P cos a 

i.e., the line of action of the resultant force bisects the a uj ; 
between its equal components. 

Again in another case when P and Q q 
are at right angle, t.e., a=90°, we get 

R = VP 2 fQ i and tan Q ”~t> 



Avhich is also evident directly from the 
figure. 

2.13. Example (i) The resultant of forces 2P and 3P acting 
at a point is yf 7 P, find the angle between the forces and the 
direction of the resultant . 

By (1)> we have 

(V7~. P) 2 = (3P) 2 -t-(2P) 2 +2.3P.2P cos a, 
cos a=— h, i.e., a = 120° 

- V 3 

and by (2) tain fl=— 2P sln “ 


so that 


2P. 


V3 

2 


3P4-2P cos a 3P —2P. $ " 

Example (ii) The resultant of two forces P, Q acting at a 
■certain angle is F, and that of P, R acting at the same angle is 

d ° ,t^ c ™ 8 ultant of Q, R , again acting at the same angle is O. 
Prove that if P-\-Q-\-R = 0, Q=F . (P. jj m JQ 3 $ ) 

Let the given angle be a, then, by the question 

F 2 =P 2 -}-Q 2 -f2PQ cos a * _ (1) 

F 2 =P 2 +R 2 -f-2PR cos a J „.( 2 ) 

4 .nd G 2 =Q 2 q-R2q-2QR cos a* . ■'.( 1 

• if / l 0U Hi* /)' 
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From (1) and (2), Q 2 -R 2 +2P (Q-R) cos a=0 

Sirce Q-R=|=0 and P+Q+R=0 i.e., Q+R--P, we get 


COS a = — 


Q-j-R __ P 
2 P 2P 




Now from (2) and (3). 

F 2 —G 2 = P 2 — Q 2 -j-2fi(P—Q) cos 60° = (P-Q) (P-f Q+R)=0* 
Hence F=G. 

2.14. Components of a fcrce in two given directions. A 

force may be resolved into two component forces in an innnita 
number of ways, for, an infinite number of parallelograms can 
be constructed having the straight line representing the force 
as the diagonal. 

The components of the force F in directions, making angles 
a , {$ with its line of action on opposite sides of it can be ioun 
as follows : 


Let OC represent the force F. Draw OA, 
angles a, (3 with O > and complete B 

the parallelogram OACB, then OA and 
OB represent the required components 

of F ‘ ftc 

From the ^OAC, we have X 


OB making 

c 



OA _ AC _ OC F _ / 

sin (3~~ sin a - sin Z.OAC - ' sin 


TT F sin [3 , An F sin a 

Hence OA= ^————and OB-AC= , - v 

sm(a -\-( 3 ) sin(a-|-/?) 

Example. Resolve a force F along two lines making angles 
45° ond 15° with its direction. 


Here a = 45°, /? = 15°, = 60°. 

components of the force are, 

F sin 45° 2F , F sin 1 5° (V3—1) F 

“sin 6U°~ " V 6 ^ sin 60° V 6 - 
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215. In the particular case when the components are at 
xight angles, t.e., a-j-/?=90° 

•or /3=90° —a, we have 

OA=F cos a ; 

OB=F sin a=F cos (90°-a) 
which is otherwise evident from the 
figure. 

In this case, the components OA and OB are called the 
resolved parts of F. 

It follows that the resolved part of a force in a certain direc¬ 
tion is equal to the product of the force and the cosine of the angle 
between its line of action and the given direction . 

As cos 90°=0, a force has no resolved part in a direction 
perpendicular to its line of action. 

The component of the force F in a given direction OA is 
not the same as its resolved part. To find the components of 
-a force we must be told both the directions in which the force 
is to be decomposed, but to find the resolved parts, we need 
know only one direction, as the second direction must be at 
right angles to the known direction. 

E SAMPLES II 

V 1. The resultant of two forces P and 2P, acting at a point 
is perpendicular to P. Find the angle between P and 2P. 

[ Ans . 120°] 

2. The resulant of two forces P and Q is equal to Q in 

magnitude and that of P and 2Q (acting in the same direction 
-as before) is also Q. Find the magnitude of P and the angle 
between the forces P and Q. Ans. y 3 Q 15 Q° 

3. The resultant of two forces P x and P a acting at right 

-angles is R. If P lf P 2 be each increased by 3 lb, R is increased 
by 4 lb and is now equal to the sum of the original values of 
P^ and P 2 . Find P x and P 2 . [Ans. 5 lb., 12 lb.] 

4. Two forces one of which is double the other, have a 
> -certain resultant such that if the greater force be doubled again 

and the smaller be increased by 4 lb. wt, the resultant has the 
same direction as before. Find the forces and also find how 
the resultant is altered. [Ans. 4., 8 ; Resultant doubled.]. 
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Vx 5 . When two equal forces are inclined at an angles 
20 their resultant is twice as great as when they are inclined 
at an angle 2 </>, show that , 

cos 0 = 2 cos </>. ■.i '• : ' 

6 . The resultant of P and Q is R ", if Q is doubled, R is 
doubl'd ; if Q be reversed, R is again doubled. Show that : 

R2 ; Q 2 : R 2 =2 : 3 : 2 («• u > 

7 . The resultent of two forces P and Q (P>Q) divides 
the un‘de between their directions into two parts in the ratio 
\ ■ o Find the angle between the forces an 1 show that the 

magnitude of the resultant is <P*-Q*) /Q- ^ ^ (p/2Q)] 

8 Two forces P-PQ, P—Q makes an angle 2a with one 
another and tueir resultant makes an angle 0 with the bisector 
of the angle between them. Show that P tan 0 = Q^an 

q‘ ft forces P and Q acting at an angle 0 be interchanged 
in position, tkat the resultant turns through an angle £ 

ib'uon that 

tan -£- = (P— Q) tan-|-/(P+Q). 

, y in if the greatest possible resultant of two forces P and 

O u >n times the least, show that the angle 0 between them 
when their resultant is half their sum is giveu by 

m 2 -p 2 

C03 S=-. z 

11 Three forces P, Q, R acting at a point are m equili¬ 
brium • one of them P is turned round this point through an 
amde A, find the direction of the resultant of the three forces. 

° If the inclination of P continue to alter, show that the 

incUnation of the resultant alters by half the amount 

[Ans. It makes 90°-hi A with the original direction ol P J 

12 A force P acting at a point O is given in magnitude and 

s-h-i 
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locus of the extremity of the vector drawn from 0 which repre¬ 
sents the resultant of P and Q. 

' Show that if P is greater than Q, the inclination of the 
resultant to ?-hc direction of P cannot exceed Q where 

, '. . ' sin 0=5 . 

13. The resolved part of the resultant R of two forces P* 
and Q in the direction of P is of magnitude Q. Show that the 

r 

angle between the forces is 2 sin* 1 

14 The greatest resultant that two forces can have is of 
magnitude P, and the least is of mignitudeQ. Show that 
when they act at angle a, their resultant is of magnitude 

- Vf* 2 cos 2 ~^ + Q 2 sin 2 

2.2. In art. 2.11, since AC, is equal and parallel to OB 
therefore, so far as magnitude and * 

• direction are concerned, the force 
Q can be represented by the line 
AC, so that 0 ) represents the resul¬ 
tant of forces represented by OA 
and AC. 




Hence if two forces acting at a point are represented hv 

L ldes and AC > drawn in the same sense ofth^ 
AOAC their resultant is represented, in magnitude and direc¬ 
tion by the third side taken in the opposite sense OC) 

If, however the forces represented by OA and Ar 

ted U hv y 0 P g al ° Dg Iines ’ the ^sultant though repre’sei? 
°. C ' ™ magmtuoe and direction, actually acts P »h! 

AD, the line through A parallel toOC. J 1 al 9ng, 

2 21. Triangle of Forces. If the forces actina at a * 

ifsis&ig 
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•CA of the AABC. Complete the parallelogram ABCD. AD 
being parallel and equal to BC represents the force Q and 
rtherefore, 



iu v parallelogram of forces, the resultant of P and Q is repre¬ 
sented by AC, therefore the resultant of P, Q and R is the same 
as the resultant of forces represented by AC and C A, which 
being equal and opposite, cancel and hence P, Q, R are in 

-equilibrium. 

2 22. Converse of the triangle of Forces. If three, forces, 

acting at a point are in equilibrium, they can be represented 

bv the sides of a triangle taken in order, the triangle being 
drawn so as to have its sides respectively parallel to the direc¬ 
tion of the forces. 

Let the forces P, Q, R acting at the point 0 be m equili¬ 
brium Draw AB parallel to the direction of force P and on 
b nme scale let AB represent the force P. Again draw BC 
Parallel to the direction of force Q, and on the same scale, let 

KC represent Q; join CA. , , 

Vv Art 2 2, the resultant of PanlQ is represented by 
„ *ince P Q, R are in equilibrium, R must be equal 

tnd opposite ^ the resultant of P and Q. Therefore R muse 
b<! ^HeaccP, are, respectively, represented by the sides 

AB , BC and CA of the AABC. 

Cor. If three f orces aclintJ at “ p0UU are in e 1 utl%briU ’ 

then must be coplanar. 

o 99 If three forces -proportional to the sides of a triangle 

^ atf point in directions perpendicular to the s.des taken m 
a , r th e V shall be in equilibrium. 

For if the triangle be turned through a right angle its 
* d es taken in order will be parallel to the respective forces 
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will, therefore, represent the forces in magnitude and direction. 
Hence by Art. 2.21 the forces are in equilibrium. 

This is a particular case of the following general theorem 

If three forces acting at a point are proportional to the 
sides of a triangle and the directions of the forces make the 
same constant angle, measured in the same sense, with the 
sides respectively, the forces are in equilibrium. 

Example (i). A weight W is suspended by (wo strings at 
right angles to one another and attached to points in the same 
horizontal line ; prove that their tensions are inversely propor¬ 
tional to their lengths. 

The strings CA, CB 
are attached to points 
A and B in the same 
horizontal line such 
that ZACB=90°. 


The weight W and the tensions and T 2 are respectively 
perpendicular to the sides AB, BC, CA of the AABC, which 
when turned through a right angle, represents the triangle of 

forces. The forces are therefore proportional respectively to 
the sides perpendicular to them. 



Hence 



1 

BC* 


Aliter Let the line of action of W meet AB in D. Draw 
DE parallel to AC. CDE is the triangle of forces 
\ T x : T 2=DE : CE=BC : AC (AS ABC, CDE 

bemg similar.) 

Example, (it) ABC is a triangle and D, E y F are the 
middle pionts oj the sides . Forces represented by AD y * BE and 

** a P article ot the point where AD and BE meet 

, i 1 ® that the resultant is represented in magnitude and direction 
>y £ AC, and that its line of action divides BC in the ratio 2 : 1. 

(P. U„ 1933.) 
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AD and BE meet at G, the centroid 
of the /\ABC. 

Force §BE is equivalent to BG, and 
JCF tj GF. 

From ABGF, forces BG and GF 

=BF=£BA. 

Again force AD 

=AC and CD or AC and JOB. 
the given forces are 

=|BA, AC, £CB 
=£BA, £AC, JCB and JAC. 

=£AC. 

For, forces 1BA, JAC, JCB being proportional to the sides 
of the AABC and acting at the point G are in equilibrium. 

Hence the resultant is £ AC in magnitude, and direction. 

Since the resultant is to act at G, it acts along GK drawn 
parallel to AC, meeting BC in K. 

From A s BGK and BEC, we get 

BK _ BG 2 
Kc “ GE~ 1 » 
so that K divides BC in the ratio 2:1. 

EXAMPLES III. 

1. ABCD is a parallelogram and P i3 any point, not 
necessarily in its plane. Prove that the system of forces re¬ 
presented by AP, PB, CP and PD is in equilibrium. 

2. ABCD is a parallelogram. Prove that the forces 
completely represented by the lines AB, CD, AC and DB have 
a resultant represented by 2 AB, in magnitude, direction and 
position. 

3. The resultant of two forces P and Q acting at a certain 
ancle is R, the resultant of P and Q' acting at the same angle 
is R' ; show that the resultant of R and a force equal and 
opposite to R' is the difference of Q and Q'. 
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4. The ends of a string flinch s long are attached to 
two pomes id inches apart in the s5m * horizontal line and a 

^ attached to the string 5 inches from one end 
Tind the tension in each portion of the string. [A/w. 24, 10 lb.] 

5. ABC. is a triangle and P is any point in BC. If PO 
represents the resultant of forces represented by AP PH and 
BG, show that the locus of Q is a straight line parallel to BO. 

If the forces are represented by AP PB and P n 
that Q is a fixed point on the median through A. ’ 8h ° W 

6 . Three coplanar forces P, Q, R act at the vertices A R 
C respectively of a A ABC, in which AB : BC : C 4 = 4 • 3 x 

? *? d a^P^aUe 1 to CA and BA and the ma mitude of R t 
10 lb. weight. Find the magnitude of P and O in „ H ? 

the forces may be in equilibrium. ^ order that 

7 If ABCDEt is 1 lAl ?' 5 V,>i lb ' Wt -’ 51b< Wt ' 

its plane thaw ^ ^ ° ^ P ° iat - 

direction, by OA, OC, OE, BO, DO and FO are^equilibriu^ 

are in eq^tbrium^^Yi^'ro^ act mg at a point 

between the o'her two. vroponxonal to the sine of the angle 

Let the forces P, Q, R acting at Q 
be in equilibrium, and let P and O be 
represented, on some scale, by 0 4 and 

COmP ‘ ete - 

bria^Tb=e P 62 ’^ a eb e 

the resultant of P and Q, must be cqull £ 
and opposite to R, i e the fX^ t> • 

AD being equal and paralle/to OB rep^sentT^ ^ D °* AIs ° 
pOofthetriangl^OAD. epre5enfcedbythe sides OA, AD and 



OA AD 


R 

OD» 



20 


ELEMENTARY ANALYTICAL STATICS 


The sides of a triangle being proportional to the sines of 
the opposite angles, we have 

P _ Q R_ 

sin /ODA — tin — sin ZOAD 

But Z0DA=ZB0D= *■ -ZQOR. ZAOD = *• -ZPOR, 
and ZOAD=*-ZPOQ, 

P Q R m 

Hence sin ZQ0R = sT^ZPOR “ sin ZPOQ . W 

2.31. Converse of Lami’s Theorem. If three coplanar 
forces acting at a point are such that eaeh is proportional to the 
sine of the angle between the directions of the other two , the forces 

are in equilibrium. 

Let P, Q, R be the given forces satisfying result (1), we 
have to prove that they are in equilibrium. 

Let P', Q', R' be a set of forces in equilibrium acting along 
the same lines,’ then by Larai’s Theorem, we have 

P' _ Q'_ __ R/ .(2) 

sin ZQOR sin ZPOR sin ZPOQ 
r/ # from (2) and the given result (1), we get 

p _ Q R 

P' Q' R'* 

Hence the sides of the triangle representing the forces 
p, O' R' will also represent the forces P. Q. R (on a different 

scale) which are, therefore, in equilibrium. 

Tor If one set of concurrent forces (P,Q,R) acting in three 
; indirections is in equilibrium all other sets acting in equilibrium 
same directions are merely multiples of the set ( P , Q, P)- 
* 9 Q 2 Lami’s Theorem can also be proved by resolving 
forcer in directions perpendicular to two of the lines of action 

of the forces. 

The forces being in equilibrium, the sum of the resolved 
parts along any line in their pl ane must vamsh. _ 

-; This may be road after Art 2.4 has been studied. 


( 2 ) 
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Resolving along a line perpendicular to OA, [Seo Fig. 
Art. 2.3] we have 

„ ^ . Q R 

Q sin Z.POQ—R sin APOR—0 t.e., gjn ^poQ — sin ZPOR 

A similar result is obtained by resolving along the lino 

perpendicular to OB or OC- 

Example : (i) Forces P, Q, R acting 
along I A, IB, IC where I is the incentre 
of /\ABC, are in equilibrium, show that 

P : Q : R=Cos^~ : Cos-- : Cos g 

By Lami’s Theorem, we have 

P Q_R_ 

Sin ZBiU “ Sin Z.AIC Sin ZAIB 

But ^/BIC=180°- 90°+^ Sin ZBIC=Cos 

C 

Similarly sin AAIC=Cos and SinZ.AlB =Cos ^ 



Hence 


Q 


C°3 t- 003 J 


B Cos 0 1 


Exam ple (ii) Three forces 'proportional to the sides of a 
triangle act at the verbices towards and perpendicular to the 
corresponding sides , prove that the forces are in equilibrium. 

The forces P, Q, R respectively 
acting along AL, BM, CN, meet at 
O, the orthocentre of the A ABC ; 
then since 

P = Q = R l 



P _ Q _ R 
Sin A ” Sin B ~ Sin C 

But A= ic -ZMON, B= k -4STOL, C= ic - ALOM 

,V' J : ' : P ' ' Q .i R, 


.Sin ZMON ~ Sin ANOL 

ftgnhta ,»„j yf j jy,; #n 


in^LOM 

.ii l.i i 


i t 


• ( 


■ I 

i in {hr 

ifiiila 


1 tf / 


22 


ELEMEJ-TARY ANALYTICAL STATICS 

P, Q^et e^ZT* ^ th “ 

Note. The result is otherwise obvimua r 

sass»-S'S5 

.sufew,r,ww e „ < ;' i) n >lree f ° r r act at the middU Points of the 
Sides Of a triangle, all inwards or all outwards. If each force is 

ZfTfot: a " d ? r °r°rt r ional to the side at whicl VJs slZ 

inai tne Jorces are in equilibrium. 

foroe^v'iy^^T . he condition of equilibrium of three 

§S^S/2£S K l "“ “““"i *" d <*> 

hor^nn^l P h e (iv n f hod y sighing 10 lb. is suspended from a. 

toZT, T J If the inclinations of the strings 

to the vertical are 45 and 30\ Find the tension in each string 

„ AB is the benm > the weight of 
1 U lb. it. attached at C to the 

strings CA and CB as shown. The 

pomt 0 is in equilibrium under 

three forces T lt T 2 , and 10 lb. weight. 

Hence by Lami’s Theorem we have 

_ , 

Sin 75° 


_T 2 _ 10 

Sin 20° Sin 45° 


t.e. 



Sin 75° ^ v v ; 1D ’ 

™ 10 Sin 45° _ , 

T2== 7 S in 75° ~ = 1Q (V3~l)=7*32 lb. 

( 4 

EXAMPLES IVT 

1. A 5 lb. weight hangs freely at the end of a string. Find 
what horizontal force applied to the weight will keep the 
string ihclined at 30° to the vertical. [Ans. 2*9 lb. wfc. nearly. 

2. A weight of 24 lb. is suspended by two flexible strings 
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one of which is horizontal and the other inclined at an angle 
of 30° to thi vertical, what is the tension in each string ? 

[Arts. 8\/3 ; 16\/3 lb. wt. 

3. Three forces P, Q, R acting at a point are in equili¬ 
brium and the angle between P and Q is double of the angle 
between P and R. Prove that R 2 = Q (Q —P). 


vj, A weight is supported by two strings fastened to two 
points' in the same horizontal line, the strings being equally 
strong, but one longer than the other. If more weights be 
continually added to the first one, which string will break first 1 

[An8. The shorter.] 

5. Find the greatest weight which can be supported by two. 
light strings making angles 60° and 45° with the vertical, it 
being known that either string will break under a tension of 
W lb. wt (P. U) 


W 

{Ans.^ (V3+1) 

A weight W is tied at A to two strings AB, AC, B and 
C being in the same level, and hangs freely. If AB : AC : BC= 
2:3:4, find the tensions in the strings in terms of W. 

[Ans.— = W, —~ W J 
2V15 4\/15 

7. The ends of an elastic string of modulus 5\/3 lb., are 
attached to two points A and B in a horizontal line and initial¬ 
ly * 8 9 i U8t taut an d unstreched. A particle of weight 

15 lb. is attached to the middle point of the string. Prove that 

J o n ,o the .P° sition equilibrium each portion of the string makes 
30 with the vertical. 


8 . A bead of weight W can slide on a smooth circular 
wire in a vertical plane. The bead is attached by a light inex- 

nsible string to the highest point of the wire and in equili- 

TJs Str * n ®.^ 3 taut an ^ ma -kes an angle $ with the vertical, 

u j tension °f the string and R the reaction of the wire 

on the bead. [Ang X=2W Cos fl. R=W.] 

9. Forces P, Q, R acting along OA. OB, and OC, O being 
the oircumcentre of the AABC are in equilibrium prove that 

P : Q : R=a , (6*+c s -a») : 6 s (c a +a 2 -6*) : c*(a*+6*—c») 
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10. A, B, C, are three points on the circumference of a 
circle and forces P and Q act along -*AB and BC respectively. 
If the resultant force R acts along the tangent at B, show that 

P _ Q _ R 

BC~AB — AC* 

2 4. Theorem II A. The sum of the resolved parts of two con¬ 
current forces along a given line in their plane is equal to the resol¬ 
ved part of their resultant along the same line. 

Let OA and OB represent two forces P and Q. Complete 
the parallelogram OACB, then the 
diagonal OC represents the resultant 
force K. 

Let OX be the given line in the 
plane AOB, draw AL, BM, CN perp. 
to OX and AK perp. to NC. 

Then the sum of the resolved 
parts of P and Q along OX=OL-f OM=OL+AK=OL+LN 

=ON.=the resolved part of R along OX. 

By its repeated application, the theorem can be easily ex¬ 
tended to the more general theorem which may be stated as :— 

The sum of the resolved parts of a number of concurrent and 
coplanar forces along a given line (in their plane) is equal to the 
resolved part of their resultant along the same line. 

Cor. If the forces are in equilibrium , the sum of the resolved 
parts vanishes . 

EXAMPLES V 

1. A body of weight 10 lb. rests on a rough horizontal table 
and a force of 6 lb. acts on it upwards in a direction making 
an angle of 30° with the table. Find the normal reaction of the 
table and the amount of friction on the body. 





s 
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Let R be the normal reaction on the 
body (regarded as a particle) and F, the 
force of friction. 

The body being at rest, the sum of 
the resolved parts of the forces acting on 
it along any line in the plane of the forces 

must vanish. 

.*. Resolving horizontally and vertically, we have 
6 cos 30°-F=0 t.e , F=3\/3 lb. 

and R+6 sin 30° —10=0 t.e., R=10—3=7 lb. 

Note .—If the force of 6 lb. does not act, no force of friction 
will be called into play and the pressure will be normal and 
equal to the weight of the body. Thus the horizontal compo¬ 
nent of the force balances the self-adjusting friction and the 
vertical component decreases the normal pressure. 

2. A body of weight W rests on a smooth inclined plane o* 
inclination a. Find the horizontal force required to keep it in 
equilibrium and the reaction of the plane. 

Let F be the required 
force and R the reaction of 

the plane. 

Resolving vertically and 
horizontally, we have 

, R cos a—W—0 
t.e., R=W sec a 

and F—R sin a=0 

t.e., F=R sin a=W tan a. 

We can obtain the same result from the principle of th& 
triangle of forces. 

The triangb PMN whose sides PM, MN, NP are respective¬ 
ly parallel to the forces W, F and R, is the triaDgle of forces*, 
so that we have 

W F R 
; PM~~MN NP 
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and 


R = p^ = W sec a 

F=w - PM ==W tan a 


, such problems it will be understood 

a ^he * orce F acts in a vertical plane through the line of the 
greatest slope through P. 

3. The force F (Ex. 2) acts in a vertical plane in a direction 
tna -tng an angle 0 t/nth the plane (i, e., with the line of the greatest 
■slope through P). Find the relation between F t R and W. 

Resolving along and perpendicular to 
$ne plane, we have 

F cos 0 —W sin a=0 
• 

i ‘ e ’f F=W sin a sec 0 

and R + F sin 0 W cos a=0 

R=W cos a—F sin 0 

m W sin a sin 0 

cos 0 

_W cos (a-f- 0 ) 

cos 0 



Cor. (a) In particular when 0=0 i. e., F acts along the 
plane , we get F =W sin a and R= W cos a 

This is otherwise obvious, W sin a, W cos a being the 
‘Components of W along and perp. to the plane. 

(b) Again when F acts horizontally 0 = -—a, so that 
F=W tan a and R=W sec a, the same as o tained in Ex. 2. 


4. A body of mass 20 lb. is at rest on a rough horizontal 
plane when a force of 6 \/3 lb. is acting on it in an upward 
direction making an angle 60° with the horizontal. • Find (t) the 
normal pressure, (it) the frictional force and (ttt) the resul¬ 
tant reaction of the plane on the body. 1 >' 

What is the magnitude of the normal pressure when the 
force acts downwards making the same angle with the plane. 

[Ana. 11 lb. ; 3V3~lb. ; 2y/37 lb. ; 29 lbj 
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5. An object which weighs 180 gm. rests on a smooth 

'inclined plane, inclined.to the horizontal at an angle sin* 1 ^. It 
;is maintained in equilibrium by a string which makes with a 
•line of greatest slope of the. plane (and above it) an angle 
•'sin-W Find the tension in the string and the reaction of 
the plane. Ans. 117 gm. wt. ; 99 gm. wt. 

6 . Two forces, P, Q acting respectively parallel to the 
base and length of a smooth inclined plane, would each of them 
tsingly support a particle of weight W, prove that 

W=PQ ; V P*— 


7. Two weights P and Q rest one on each of two smooth 
planes placed back to back, of inclinations a aud /?, being 
connected by a string which runs horizontally from one to the 
'Other. Show that 

P tin a=Q tan ft. 


If the string passes over a smooth pulley at the top of the 
.inclined planes, show that _ • 

P sin a=Q sin /?. 

8 . Show that the smallest force which will keep a body in 
-equilibrium on a smooth inclined plane must act along the 

plane. ' 

9. In what direction is the algebraic, sum of the resolved 

parts of two forces acting at a pointy^a the greatest and in 
what direction is it the least ? Give reasons. ' 

Ans. In the direction of the resultant ; perp. to it. 

t f 

2-5. Equilibrium of particles connected by strings. When 

^two or more particles are connected together, the equilibrium 

•of each particle is considered separately , taking account of all 

'the forces which arise in virtue cf its connection (by strings or 

Tods) with the others in addition to the special forces acting 
^upon it. -a;.. 


When there are only three forces acting on each particle, 
dfte -conditions' Of-equilibrium are easily obtained by the apptf- 
*oation of Lami’s Theorem, 
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Examples VI. 

1. A BCD is a string suspended from points A and D and it 
carries a weight of 10 lb. at B and a weight of W lb . at C, The 
inclinations to the vertical of A B and CD are 45° and 30° respec¬ 
tively, and the angle ABC is 163°. Find )V and the tensions in 
the different parts of the string. 


Let the tensions in the 
strings AB. BC and CD be T lt T 2 , 
T 3 respectively. 

The string BC pulls B to¬ 
wards, C with the force T 2 and it 
pulls C towards B with the same 
lorce, the tensions T 2 being equal 
and opposite on B and C. 

Since the forces T js T 2 and 
10 lb., acting at B, are in equili¬ 
brium, we have 

T, T 2 

sin blT’ • sin 45^ 



sin lt)5° 


s° that T 1 = 10 f ^ n g; = 10 x-V 3 x ^f=5V6(V3+l) Ik. 


and 


T — 
X 2 — 


*££- $*$&■* 

Again, since the forces T 2 , T y and W, acting at C, are in» 
equilibrium, we have 

T 2 = Ty = W 
sin 30° sin 00° sin 90° 


and 


T 3=^^.T 2 =V 3 x10 ( V 3 + 1) = 10( 3 + V3)=47. 32 lb. 
W=?^^.T 2 =2T 2 =20(V 3 +1)=54.64 lb. 

81 X 1 oU 


2. Two weights P and Q are suspended from a fixed point' 
O by strings OA , OB and are kept apart by a light rod AB* If 
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the strings make angles a and fi with the. rod, show 
# which the rod makes with the vertical is given by. 

(P+Q) cot 0 =P cot a—Q cot (3 . 

The points A and B 0 

being connected by a 
light rod AB, the thrust 
S of the rod AB at A is 
equal and opposite to 
that at B. 

Let OG be the 
vertical through O-meet¬ 
ing the rod in G, then 
/OGB=; 0 . 

Since forces T lf the tension in the string 
of the rod and the weight P, acting at A, 
we have 

S P = T t 

sin 0 


that the angle 



AO, S the thrust 
are in equilibrium 


(1) 


sin(a-f- 7 T —$) sin a 

and since the forces T 8> the tension in the string BO, S, the 
thrust of the rod and the weight Q, acting at B are in equili¬ 


brium we have 


S 


Q 

sin£ 


_ _ a 2 


sin (04-/3) sin [i bin 0 , 

* * 

equating the values of S from (1) and (2), we get 

Q sin ( 0 +jS) _ P si n (a+ * — 0 ) P sin ( 0 —a) 
sin /? 


( 2 ) 


sm a 


sm a 


t.e, Q(sin g cotj 6 4-cos0)=P(sin 0 cot a—cos 0 ) 
which gives (P+Q) cot 0 =P cot a—Q cot /?. 

Note, (i) Triangles AOG and BOG are triangles of forces 
for the equilibrium of points A and B. 

S P ’ S Q P X AG=Q x BG 


= and ^ = 


•AG OG 


BG OG 


(ii) Tensions T x T 2 can be obtained, if required from 
and (2). 


( 1 ) 
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3. ABCD is a string suspended from points A and D and 
it carries a weight of 10 lb. at Band a weight W lb. at C. 
The portion AB is horizontal and BC, CD make angles of 30°’’ 
and ()0° respectively with the horizontal ; find W and the ten¬ 
sions in the three portions of the string. 

\V=20 lb., tensions 10\/3, 20, 20\/3 lb. 

4. A string ABCD attached to two fixed points A and D r 
has two equal weights, W, knotted to it at B and C and rests-, 
with the portions AB and CD inclined at angles of 30° and 60° . 
respectively to the vertical. Find the tensions of the portions 
of the string and the inclination of BC to the vertical. 

[Ans. WV3, W, W ; 60°., 


5. ABCD is a light string to which a weight 12 1b. is 
attached at B and a weight W at C. The ends A, D are fast¬ 
ened to fixed points and the parts AB, BC, CD make angles 
30° 45°, 00° with the downward vertical mea ured in the same 
sense. Prove that W=4\/3 lb. and find the tensions in the/ 
different parts of the string. 

[Ans AB, 328 lb. wt : BC, 232 lb. ; CD,189 lb. wt. 

6. Three smooth pegs A, B, C are fixed in a vertical wall. 
The /\ABC is isosceles (AB = AC). A is uppjrmoit and BC is 

j horizontal, the angle BAC being a. 

A light inextensible string carrying equal weights W at its- 
1 ends is hung over the pegs. Prove that the thrust of the string: 


on peg B is 2W sin —and find the thrust on the peg A. 


> 


[Ans. 2W cos 


7. A square board ABCD, the length of whose side is ^a r 
is fixed in a vertical plane with two of its sides horizontal. 
An endless string of length l (> la) passes over four pegs at 
: tne angles oi the bo ird and through a ring of weight W, which 
' is hanging freely. S:»ow that the tension of the string is- 


W(l—3a) J 2^/l z -Gal->rta\ • 

8 Three equal strings are knotted together to form an 
equilateral triangle ABC and a weight W is suspended from A. 
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If the triangle and weight be supported with BC horizontal, by 
means of two strings at B and G, each at the angle of 135° 
with BC, show that the tension in BC is W (3 — V3)/G. 

9. A light rod AB hangs horizontally by two strings from- 
a point C and weights 8 lb. and W lb. are attached to A and B 
respectively. If the angle ABC=60° and the tensions in the 
string AC is 10 lb. wt., find (i) the value of W (ii) the tension 
in the string BC, {id) the angle BAG and ( iv ) the stress in the 
rod. [Ans. (5\/3 lb. ; 12 lb. ; sin - 1 ■}; 6 lb* 

- lpl A light rod AB ; 5 ft. long, is hung from a peg O by 
two light strings OA, OB which are 4 ft. and 3 ft. long respec¬ 
tively. A weight W x is fixed to the rod at A and a weight 
W 2 at B. If in the position of equilibrium, the angle between 
the rod and the vertical is 0 , show that 


tan 0 = 


12 (W, 4. W 2 ) 
lb\V^ifW 2 * 


11. A light rod AB of length in. hung from a fixed point 
O by two light strings OA, OB of lengths 4 and 3 in. respec¬ 
tively. A particle of weight 3 lb. is attached to the rod at A 
and another of weight 2 lb. at B. Show that in the position 
of equilibrium the tensions in the strings OA, OB are 2\/5 

lb. wt. respectively and that the stress in the rod AB 
is V5 lb 


12. A thin smooth circular wire, of ,radius a, is fixed in 
a vertical plane, and two small rings A, B of weights YV 2W 
are connected- by a light rod AB of length ay /3 and can * slide 
freely on the wire. Show that in the position of equilibrium 
(beW the centre of the wire) the rod is inclined at an angle 
o^O to the vertical and that the stress in the rod is equal to 

• * 13 . , A light r °d BC of length a, is suspended from a fixed 
point A by means oi two light strings AB and AC of lenrrfh 
and b respectively. ]f massls each of weight \V are ' 

B and C. show that, in the portion of equilibrium the^ tension^ 

of the strings are proportional to their'lengths ind that the 

thrust in the rod is of magnitude aW/V(L 
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*14. Two spheres are connected by a string passing over 
a smooth peg and hang in contact.. Prove that the distances of 
their centres (not necessarily lying in a horizontal line) from 
the peg are inversely proportional to their weights. (B. U.) 

7 * 15 . Two weights P, Q attached to the ends of a string 
rest on a smooth circular cylinder whose axis is horizontal. 
Prove that the inclination 0 to the horizontal of the line joining 
them is given by 

P-Q 

tan 9= v tan a. 

* TVi 


where 2a is the angle which this line subtends at the nearest 
point of the axis of the cylinder. 

*16. Two weights w, w' rest on a smooth sphere, being 
supported by a string, (of natural length a and modulus A) 
which passes through a smooth ring at O, a point vertically 
above C, the centre of the sphere. Show that in the position 

of equilibrium we have 

A —. OC = 1 


1 


w 


J 


w 


where l denotes the length of the string in the position of 
equilibrium. (Pub. Ser. Com.) 


CHAPTER III 

FORCES ACTING AT A POINT-II. 

31 The resultant of two forces acting at O, along OA and 
OB represented in magnitude by p.OA a d q. OB, is represented 
by Cp-b?) OC, where C in a point in A B such that p, CA=q.GB . 

By Art. 2 2, the force p.OA is * 

equivalent lo forces represented by 

p.OC and p.CA. Similarly the 
force q .OB is equivalent to forces 
represented by q OC and q. CB. 

Hence the forces p.OA and ?.OB 
are together equivalent to forces 




FORCES ACTING AT A POINT-II 


33 


represented by {p+q) OC, p. CA and i g.CB. » But since 
p.CA=q CB, the two latter forces being equal in magnitude 
and opposite ii> direction balance and we are left with only 
one force(p-fg) OC which is the resultant of the given forces. 

Cor/w r/ the forces are p.AO and q.BO, the resultant is 
(P~\-9)GO. / 

(it) If p~q, then C is the middle point of All and the 
resultant is 2p. OC. ..... ( 

Note. If the forces become g.AO and g.OB, their 

resultant'is q. AB (Art. 2.2) 

s/£xample. (*) If G is the point of intersection of the medians 
of a triangular lamina ABC, prove • that forces acting at G and 
represented by (a) GA, GB, GC are in equilibrium, and (b) GA, 
2GB, 3GC, have a resultant force represented by 3GK where K is 
a point on BC such that BK=2KC. 

• J 

(a) The resultant, of forces GB and 
GC is 2GD where D is the middle point 

of BC. r 

i ’ • - * 

* • • . , 

• • • ^ • • 

t • • * i | 

2GD baing equal to AG, the forces 
represented by 2GD and GA, being B 
equal and qpposite balanoe. 

Hence the forces acting at O and represetUed by OA, OB and 
are in equilibrium. - *■ * 

• I 1 • ■ 

an arC le \ with [ OTess GB and 2GC acting along 

T heir y esultant . by the above article, is equal to 
-3GK. where K is a point in GC such that BK=2KC. • 




W , P is a P° ini in V* plane of the trianale ABC 

fo'JTc p 


4PI. cos 


cohere 1 is the, incentre of the triangle ABC. 


B' c 

COS - cos 


-0 fd o 


- •’ 

• *1 1 




i 


I 
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The resultant of PB. sin B and 
PC. sin C is PD. (sinB+sin C), where 
D is a point on BC such that 

BD sin C_ c 
DC~”sin B*~~ b * 

i.e., AD bisects Z.A. 

Now the resultant of PD. (sin B-j-sin C) and PA. sin A is* 
PI. (sin A-l-sin B+sin C) 

= 4PI.cos cos ~ cos (By Trign.y 

where I is a point on AD such that 

AI jrin B+sinC = 6+c. e j ^ the incentre . 

DI sin A a 



Examples VII. 

1 . Find a point inside a triangle such that if a particle’ 
ait it be acted on by forces represented by the lines joining 

bo the vertices, it will be in equilibrium. . 

[Ans. The point of intersection of the medians. 

2. ABC is a triangle ; D, E, F are the middle points of 
ihe sides BC, CA, AB respectively ; show that the forces repre- 
sented'by tlie straight lines AD, BE, CF, and acting at a pom 

are in equilibrium. (D. U. IWf 

3 The sides AB and AC of a triangle ABC are bisected 
in D and E. Show that the resultant of forces represented by 
BE and DC is represented in magnitude and direction by * x>u 

4- o is any point in the plane of the triangle ABC and 
D E F are the middle points of the sides. Sho* t wt 

Jste'm of forces OA, OB; OC is equivalent to the sy.tem OD, 

OE, 0F> e 

, 5 , Find a point 0 inside a quadrilateral ABCD such th 
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OR K Cted U P°° b y force9 represented by OA, 

OB, OC, OD, it will be in equilibrium. J 

[Ana, The point of intersection of the lines joining the 
mid-points of the opposite sides.] , 

u a Parallelogram, a particle P is attracted 
* an ! C b ? f ° rCeB mPA and mPC respectively and 

repelled from B and D by forees »ps and n PD, show that the 

resultant passes through the centre O of the parallelogram “ 

aitua^r What C ° ndjti0na i8Pm C( l uilibri um wherever it i 8 

[Ana. m=*.j 

that thJi* f0rc / 3 * aad ^ acfc alon 5 <>A, OB respectively show 
such that ° f a0t,On ° f theic resulteQt cuts AP in a p^’intO 

AC/CB=Q.OA/P.OB. 

PT ■ Fo I ces aa ‘ in « on a particle are represented by AP PR 
PC, where,P is the orthocentre of A ABC Sh„» ti. V 

diameter ^ th « 

resultant the force represented by twice OH.’ * * GS ' k 0,9 

a Sgle°ABC Z&h&t™ take “ ° U the SideS B0 > OA, AB of 

BX CY AZ l 
XU YA - ZB~»?r- 

Prove fiat firces acting at a Doinf 
magnitude and direction by AX, BY and CZ are in^equiUbrfum" 


\ 

Resultant of a number of concurrent forces. 

'• . resultant of a number of forces aeUwt nt » L « f * 
obtained in the following ways ^ ** a V^nt 

i 3 -‘ ’W 1 ^ fcthod - B .y the rh^-applicatiori U ArL 
1 ‘Let‘the fbrees - - ■ : * v ” ’ ‘ ‘ H> 


3.2 

can be 


■ces P„ P 2 , P,.........etc. acting at O bd reii&. 
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sented by the lines 
OA, OB, OC...etc. . 

The resultant of 
P L and P 2 19 SOG^ 
•where Gj is the 
middle point of AB. 
Compounding the 
force 20Gi with P 3 
(OC) we yet a resul¬ 
tant represented by 



tanv ~ / 

30G>, where G a divides G X C such that 2G 1 G 2 =G 2 C. Again, the 
resultant of 30G., and P 4 (OD) is 40G 3 where 3G 2 G 3 =G 3 D and 


so on. 


Proceeding in this way, we obtain the resultant of n such 
forces as a.OG where G i3 the last point arrived at in this 

manner. . . 

' J Def- The point G is known as the centroid of points A, B, 
C, D...etc. 

Cor. // the point G so obtained happens to coincide with 0 y 
the resultant vanishes , and the forces arc in equilibrium. 

In other words, the forces are in equilibrium, if the point 
O at which the forces act is itself the centroid of the extreme - 
ties of the vectors representing the forces. 

Note It is clear from the proof that the forces need not 
necessarily lie in the same plane. 

Example. If A, B, O, D.are points which divide the 

-circumference of a circle into n equal parts and if a particle P, 
lying on the circumference is acted upon by forces represented 
by PA, PB, PC, PD..., the magnitude of the resultant is cons¬ 
tant. 

For, by symmetry the centre O of the oircle is the centroid 
of A, B, C, D . and the resultant of the forces is, there¬ 

fore, equal’ to n. PO= nr, a constant, r being the radius of the 

ickcle. 
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3,22. Second Method. By -th^ repeated applied ion, of the 
law of parallelogram of forces . The process, in its simplified 

form, is as follows :— ’ 

Let forces £\, P„ P 3 , act at the point O. Let AB and 
BC represent the forces Pj and P 2 > 
their resultant, say, R x , i* then re¬ 
presented by AC (Art. 2.2). 

Now let CD represent P 3> the 
resultant R 2 , of R t and P 3 is lepre- 
sented by AD.i.e., the resultant of 
P,, P 2 , P 3 is represented by AD. 

Similarly if DE represents the force P 4 , AE.will respreeent the 
resultant of forces P„ P 2 , P 3 an ^ P 4 . 

The process can be continued in the case of a number of 
forces acting at a point, the fmal resultant being represented by 
the line joining the first point A to the end of the line repre¬ 
senting the last force. 

Cor. When the end of the last line coincides icith the first 
point, the resultant vanishes . 

This leads to the theorem of the polygon of forces given 
below. 

3 221. Polygon of Forces. If a number of forces acting at 
a point can be represented by the sides of a closed polygon, taken 
in order, the forces are in equilibrium. 

Let AB, BC, CD, DE and EA represent, on some scale, thp 
forces P 4 , P 2 , P 3 , P 4 and P 5 . As shown above the resultant of 
forces AB, BC, CD and DE is represented, in magnitude and 
direction, by AE ; this resultant together with the forQe P 5 
represented by EA, balance. Hence the forces are in equili- 
brium. 

This applies to any number of forces and proves the 
theorem. 



Note . It is clear from the pi oof that the forces need not 
___jssarily be coplanar, _&pd-the-sides of the polygon need not 
\\e in the same planer* , rv 

■ , G CoX 


S~ni\ , 
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of fn 3 ;^ - o C “ nver *« ot the Polygon offeree*. If a number 

presented bv Kd T e( !" ilibriu m, they can be re- 

presented by the sides of a closed polygon taken in order the 

sides being respectively parallel to the Lection of the forces 1 . 

converse oft hTtI° n V* “rr' com P! ete in the sense in which the 
forces all trion rmr ?8 e .°f forces is. For, in the o ise of three, 
al1 triangles having their sides parallel to the forces are 

reo^sent n tb the sides of each one of them can 

nu P mber of f he n T 8 ° me 8caIe - while in the case of a 
° f f ° rCei ' al1 P° y?ons having their sides parallel to tbe 

™ n0t ,m e83 "' ly similar (*• can be seen by drawing a 
0 ? » E para " el to DE in the figure of Art. 3.22) and the sides 
ot all these polygons do not therefore represent the given forces. 

T23. Third Method. Analytical method for determin- 
ing the resultant of concurrent and coplanar forces. 

Let OX, OA be two perpendicular lines in the plane of the 
forces. 


Let the forces P, Q, R... e tc. act 
along OA, OB, OC etc., making ancles 
a, /?, Y...etc., with OX, let F be their 
resultant inclined at /_Q with OX and let 
X, Y be the resolved parts of F alone 
OX and OY. 5 

Then, since the resolved part of the resultant is equal te 
the sum of the resolved parts of its coraoonents (Art. 2 4), by 
resolving forces along OX, and OY, we have 



and 

I • 


F cos 0=P cos a-fQ cos cos y-f... = X 

F sin 0=P sin a-f-Q sin /? + R sin y- i -...=Y. 
F 2 =X 2 -f- Y 2 


.(1) 

( 2 ) 

(3) 


=SP 2 +2SPQ cos(a — f3 ). 

Y 

and tan Q = 

• A 

Equations (3) and (4) give the 
action of the resultant. 



nagnitude and line of 
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3 ?31 When X=0 as well as Y= 0 > then F “° ®° 

■the forces'are in equilibrium if the sum of their resolved parte 
along two perpendicular lines, OX, OY in their plane, separate- 

ly vanish. 

Conversely, if the forces are in equilibrium, F = 0. It 

follows from (3) that X=0 and also Y=q. 


These conditions are, therefore, sufficient as well as neces¬ 
sary conditions of equilibrium for concurrent and co-planar 

forces. 


3 232. It may be noted that it is simply for the sake of 
convenience that OX, OY are taken to be at right angles, it is 
not necessary to do so. 


For forces to be in equilibrium, it is sufficient that the 

sum of the resolved parts of the forces along any two straight 
lines separately vanish. For, if the sum of the rasolved parts 
along one line l vanishes, the resultant F is either zero or acts 
at right angles to l . Similarly if the sum of the resolved part9 
along any other line V vanishes, F is either zero or acts at 
right angles to V . Hence as F cannot be perpendicular to two 
different lines l and l, it must be zero. 


Example (0 ABCDEF is a regular hexagon. Show that 
the rssultani of forces represented by AB, 2 AC, 3 AD 4AE, OAF, 
is represented by y/351 AB and show that it makes an angle 


tan -1 


7 

V3 


with AB. 


Taking a to be the length of a side 
of the hexagon and resolving along AB 
and AE, two lines at right angles, we 
have 

X=AB+2AC cos 30° +3AD cos 60° 

+5AF cos 120° 

=a+2V3aX V3/2+6aX 5axi=£a 
Y=2AC sin 30°+3AD sin 60°-f-4AE 

4-6AF^os 3C° 
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=2 V3a X i+6a x + 4y 3a+oa x ^ -■ 


• 4 






and 


% 

the resultant R = \/X a -j- Y 2 = \/351a = V&5.1AB 


tan0 


Y 7 
X ~V3* 




Example (it) Forces ac* through the angular points of a 
triangle perpendicular to the opposite sides and are proportional 
to the cosines of the corresponding angles, show that the resultant 
F is propor'ional to 


\/l — 8 cos A cos B cos C. 

Let the forces along AL, BM. CX 

be equal to k cos A, k cos B, k cos C, 

respectively. Resolving along LC taken 

as X-axis, and LA as Y—axis, we have 

X = (k cos B) sin C —(k cos C) sin B 
=k sin (C —B). 

[V ZLBM=90°—C, ZLCN=90°—B 

Y=(& cos B)cos C-*-(& cos Cjcos B — k cos A 
=2k cos B cos C —k cos A 
=&[cos(C—B)+cos(C+B )]—k cos A 
=k ccs(C—B) —2 k cos A V B + C=18'V> -A 
F 2 =X 2 -f- Y 2 =£ 2 f 1 -f 4 cos 2 A —4 cos A cos(C-B) 

= k 2 —4& 2 cos A [cos (C+B)+cos(C-B)J 
=F ? (1 — 8 cos A cos B cos C). 



EXAMPLES VIII 


1. Find the magnitude and direction of the resultant of 
three coplanar forces P, 2P, 3P acting on a particle and in¬ 
clined mutually at an angle of 120°. ■ 7 , , , - 

lAns . \/3P perp. to 2P.] 
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2. Forces 11,.4 and 10 lb. wt. act along OA, OB and OJ 
resnectivelv. These lines are in the same plane sirch t^at 
ZAOB=90 5 and /BOC^sin* 1 #. Find the magnitude and direc¬ 


tion of the resultant. 


[Ans. 13 lb. at G7° 23' with OA 


3.- ABCD is a rectangle having AB=4"’and BC-3 ; forces 
2 lb. wt. along AB, 6| lb. wt. along AD and 8 lb. wt. a ong the 
diagonal AC, all act at the point A. Find the resultant. 

[Ans. 14 lb. wt. inclined with A B at an angle AO. 


<i) Four horizontal wire3 attached to a telephone post 
exert the following tensions on it. 20 lb. wt. N., 30 lb. wt. E., 
40V2 lb. wt. S. W. and 50 V2 lb. wt. S. E. Calculate the 
resultant pull on the post and find its direction. 

[Ans. R = 10\/fi 5 lb. wt. at an angle tan - l -} S. of E. 


5. A string of length 31 in. has its ends tied to two points 
in a horizontal line at a distance 25 inches apart. A small ring 
from which is suspended a weight of 9 lb. can slide on the string, 
and is acted on by a horizontal force of such magnitude that in 
the position of equilibrium the ring is at a distance 7 inches 
from the nearer end of the string. Show that the force Is 
approximately 5 lb. wt. and find the tension of the string. 

[A ns. lb. wt. 


6 . The sides of a quadrilateral are 1, 3, 5, 6. Forces of 
2, 6, 9 and 12 lb. wt. respectively act on a particle parallel to 
the sides of the quadrilateral taken in order. Find the 
resultant. [Ans. 1 lb. wt. 


7. A, B, P, Q, R are five points on a plane. Forces AP 

AQ, AR act at A, and forces PB, QB, RB at B. Prove that 
the resultant of the six forces is 3AB in magnitude and 
direction. (All. TJ.) 

8. Forces each equal to P act at a point, parallel to the 

sides of the triangle ABC, taken in,the same sense, show that 
their resultant R is given by 

R 2 =P 2 (3—2 cos A—2 cos B —2 cos C) 

. -.M 

, 9J ABC is an equilateral triangle inscribed in a circle 
Repelling forces P, Q, R directed from the points A', ‘B, C res- 
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pectively, act on a particle^? situated on the circle midway 
•between B and C. Show that the resultant force on P is 


^Pi + Q2 + R2_^QR +R p + PQ)4 


10. Show that if (2n-}-l) co-planar forces each of magni¬ 
tude P act at a point, the magnitude of their resultant cannot 
be greater than (2/t4-l) P, and find the least value of their 
resultant [Ana. zero. 


11. Forces 1, 2, 3, 4, 5, 6 lb. wt. act at a point in the 
•directions of successive sides of a regular hexagon taken in 
order. Show that the resultant is a force of 6 lb. wt. acting 
in the direction of the 5 lb. wt. force. 


12. ABODEF is a regular hexagon. Find the resultant 
of forces represented by AB, AC, AD, AE and AF. 

[Ans. 6AB acting along AD. 

i3. A string of length l is fastened to two points A, B 
at the same level, at a distance a apart. A ring of weight W 
■can slide on the string and a horizontal force X is applied to 
it such that it is in equilibrium vertically below B. Prove 


a 


4/hat X=,— W and that the tension of the string is y \ 

a 2 A-1 2 v • • 

W - v, ' 


w. 


) , - T 

3 3 Conditions of Equilibrium of Forces acting on a 
particle. 


The conditions for the equilibrium of a particle subject to 
two or more forces may be summarised as follows : — 

(а) Two forces acting on a particle are in equilibrium if 
they are equal and opposite and collinear in action 

(б) Three forces acting on a particle are in equilibrium 
if they lie in the same plane and satisfy Lami’s Theorem. 

F (Art. 2*3) 

° r . .?. 

if the sum of their resolved parts along two lines in 

their plane separately vanish. (Art. 3 231). 



foeces acting at a roiNT-n 



Or 

if the forces can be represented by the sides of a 
triangle taken in order. (Art. 2*21). 

(c) A number of forces acting on a particle are in equili¬ 
brium. 

if they can be represented by the sides of a closed poly¬ 
gon. (Art. 3*221). 

Or 

if the point O at which the given forces act is the 
centriod of the extremities of lines representing the 
forces. (Art. 3*21). 

Or 


if the forces are co-planar and the sum of their re¬ 
solved parts along two straight lines in their plane 
separately vanish. (Art. 3 231). 

The conditions given above are necessary ai well as suffi¬ 
cient. 


3*4. Equilibrium of three non-parallel forces acting on 
a rigid body. If three co-planar and non-parallel forces acting 
on rigid body, keep it in equilibrium, the forces must meet at a 
point. 

Let P, Q, R be the three forces. Since they are co-planar 
and not all parallel at least two of them, say P and Q, must 
meet at some point O and the resultant of P and Q is a force 
also passing through O. Since the three forces are in equili¬ 
brium, the third force R, must be equal, opposite and collinear 
in action with the resultant of P and Q, so that R also must 
pass through O. 

The forces being concurrent, the conditions of equilibrium 
as given in Art. 3*3 (6) are applicable. 

Note — 1. Three forces keeping a rig’d body in equili¬ 
brium must necessarily be co-planar. For proof see Art. 6*3. 

Note — 2. A few easy examples involving three non- 
parallel forces are given below. Other examples of such forces 
acting on bodies will be given in Arts. 4*65 and 6*31. 
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Example, (t). A uniform rod AB of weight W lb. is freely 
wngedot A and is siipported so that it makes an angle, of 30° 
with the downward vertical by a horizontal force P at R Find P 
and the action at the hinge. 

Let the vertical through C, the middle 

P°mt °f the rod, meet the horizontal line 
of action of P in 0. 

The forces acting on the rod are its 
weight VV, the force P, and R the reaction 
ot the hinge. 

Since the weight of the rod acting at C 
and the force P meet in O, therefore the 
third force R must also pass through O and 
imi9t act along the line OA. 

Let OA make an angle g with the 
horizontal., then 

tan 6 = ^ = N ^-=2 N ^--9 tan 60’-2V3 
NO £ NB Z NB — 1 bU ~ z v 6 ‘ 

Now resolving forces vertically and horizontally, we have 
R sin $ = W i.e. t R=W cosec 0 —W Vl-f-cot 2 0 

=w vfi* 

w w 

and P —R cos 0 = --cos 9 -W cot 0 = -W\/S. 

Note —Thes ‘ results can also be obtained by the appli¬ 
cation of Lamps Theorem or from the triangle of forces OAN. 

Example- (tt). A uniform beam AB of weight W can turn 
in a vertical -plane about a hinge A, and to the other end B is 
tied a rope which is fastened to a point G, vertically above A, so 
that AC=AB. Find the tension in the rope necessary to keep 
the beam at an angle of 60° above the horizontal. Find alsa 
the direction and magnitude of the reaction of the hinge. 

The beam AB is in equilibrium under the action of three- 
forces :— 
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(*)’tb* tension T along BC. . 
fit) the reaction R at the hinge A. 

(tti) its weight W, acting along the vertical 

line through the middle poiut M. 

Since two of these forces W and T meet in 
O (middle point of BC) the third force R must 
also pass through O, so that R acts along AO. 

Again, since AB = AO and ^BAC 30 , 

ZACB = /ABC=7o° and AO is at right angles to BC. 

Hence £CAO=15°, i. e;, the reaction acts in a direction 
making Z.15° with the vertical. 

By Lami’s Theorem we have 

T R _ W 

sirTTS^ = sin 75° ” sin 00° 

%. e., T=W sin 15° and R— W cos 15°. 

Note. —These results can also be obtained either from the 
"traingle of force AOC or by resolving forces aloDg AO and BO 

EXAMPLES IX 

i 

1. A heavy uniform rod AB of weight 2 lb is free to turn 

about its upper end A which is fixed and the rod is kept in 
-equilibrium inclined at an angle of 30° to the vertical by a 
horizontal force P applied to the lower end B. Find P and the 
reaction at A. [. Ans . J\/3 ; £ V39 lb. wt. 

2. A uniform straight rod of mass 2 lb. is suspended 
freely from one end, and held in an oblique position by a 
horizontal force of l lb. wt* applied at the lower end. Find 
the inclination of the rod to the vertical. 

Find also the magnitude and direction of the reaction at 
the point of suspension. 

45° ; 2*24 lb. wt. at tarn 1 2=63° 26' to the horizontal. 

■ I * • ' - ( » \ • . j \ f • , ' v r '* i ! « 

3/ A uniform bar AB of weight W and length l is hinged 
^at its upper end A and a horizontal force is applied to the end 
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B so that the bar is in equilibrinm with Bat a distance a from 
the vertical through A. Show that the reaction at the hinge is 

t w 

4. A uniform rod AB of mass lOjtflb. is freely hinged 
. about the end A, which is fixed, and is supported in an inclined 

position by a light string joining the end B to a fixed point C, 
vertically above A. If AB=AC=2BC, find completely the 
action of the hinge on , the rod and the tension in the string. 

[Ans. 9.68 lb. wt. bisecting angle BAC ; 25 lb. wt. 

5. T wo plances are inclined at angles a and /? to the 
horizon ana their line of intersection is horizontal. A sphere 
of weight W is placed between them, show that pressures on 
the planes are 

W sin/3 W sin a 

>—rrrr* and —:- 

sin (a+£) sin («+/?) 

If a=60° and the pressure on this plane is I W, show that 
0=30° 

6. If a uniform heavy rod be supported by a string 
fastened at its ends and passing over a smoath peg, prove that 
it can rest only in a horizontal or vertical position.' 

In case the strings attached to the two ends are different 
show that the tensions along them are propotional to their 
lengths. 

7. A uniform rod of weight 30 lb. and of length 10 ft. is 
supported in equilibrium by means of light inextensible strings 
of 6 ft. and 8 ft. whose ends are attached to the ends of the rod 

and to a fixed point. Find the tension in the strings. 

[. Ans . 24, 18 lb. wt. 

8. A heavy uniform beam is hung from a fixed point by 

two strings attached to its extremities. If the strings and the 
beams be as 7 : 9 : 8. show that the tensions of the strings and 
weight of the beam arg as 7 : 9 : 14. ' 
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9. A non-uniform beam AB 6 ft. long is held by two ropes- 
AC and BD in a horizontal position. AC and BD make angles 
of 60° and 45° with the horizontal. Find the position on the 
beam of the point where its weight \V acts and find the- 
tensions in the ropes. 

[An*. 3*8 ft. from B, W (\/3 — 1), J W(\/6— V2). 

10. A uniform heavy rod AB has the end A in contact 

with a smooth vertical wall, and one end of a string is fastened, 
to the rod at a point C, such that AC=JAB, and the other end 
of the string is fastened to the wall vertically above A. Find 
the length of the string if the rod rests in a position inclined, 
to the vertical. \_Ans. Equal to AC. 

What happens when AC=| AB i 

."hr A uniform rod AB of length a, hangs with one end A 
against a smooth vertical wall, being supported by a string 
of length l, attached to the other end of the rod and to a point 
D of the wall vertically above A. Show that if the rod rests 
inclined to the wall at an angle 0 , 


°<*'—*r- 

a <^<*20^ ia ° rder that ec l uiIibriuin ma y be possible*. 

•» 12 * A r , 0( * of weight W rests over a smooth horizontal 

walr If^he rod i 0 Wer r n< ^ A / n C<mta f t wHh a 8moofch vertical, 
that ul h rod is inclined at an engle 0 to the vertical, show 

that the magnitude of the reactions at A and C are resnee 
tively equal to . respec- 

W cot 0 and W cosec 0 . 

13. A uniform beam 12 ft. long and weighing 50 lb rests 
agamst a smooth horizontal rail, the point of contact being 
3 it fmm the lower end of the beam and is kept in equilibrium 
in this position by a horizontal force F applied tn 1 h« i™ 

«*■. that * he , beam i9 ***** at Wo the hoHzon^ 
and find the magnitude of the force F. y 193 O) 

... .. . i . ‘ . . r * F=50 lb. 


J M *Vj 
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14. A uniform beam t of. length 2z„ . rests in equilibrium 
against a smooth vertical wall and upon a, peg at a distance 6 
from the wall. Show that the inclination ! of the beam to the 
Vertical is " • * ‘ 


sin- 




i/AU 

\ a ) (P. U. 1933.) 

* * . 

15. A uniform rod of length 4 a is placed across a smooth 
horizontal rail and rests with one end against a smooth vertical 
wall the distance of which from the rail is a. Show that the 

- : ; -l 1 

ancle which the rod makes with the horizontal is Sec 2 3 , 

‘ . (D..U. 1938). 

16. A uniform equilateral triangular lamina ABC of weight 

W can turn in a vertical plane about a hinge B ; it is supported 
with bide AB horizontal, by a smooth prop at the middle point 
of BC. Find the pressure on the prop and the reaction at the 
hinge. . [An*. . Each==W 

17. Prove that a uniform rod cannot rest entirely within 
a smooth hemispherical bowl except in a hoiizontal position. 

Id. A light rod rests between a smooth vertical wall and 
a smooth lioor and a point P of the rod is connected by a 
string to the corner where the wall and floor meet. Determine 

the position of the point P on the rod. ~ ' 1 

[Arts. the midule point. ,Why f 

19. A uniform rod AB of weight 5 lb. and length 1 ft. is 

hinged to a axed point A. An elastic cord of natural length 

1. ft., whose modulus of elasticity is 10 lb. wt. is attached at 

one end to B and at -its other end to a fixed point C 1 ft. 

vertically above A Find the tension of the string and also its 

lencth and inclination to the vertical. 

[Ans 3$ lb. wt., 1£ ft, cos- 1 5. 


3*5. Problems involving Friction. When 
rest in contact with a rough surface and the re¬ 
action S (which is equal and opposite to the, 
resultant ol the other forces acting on the body) 
does not act along the normal at the 
point of contact but is Inclined to the normal 
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then F, the tangential component of this reaction, is the force 
of friction and R, the normal component, is the normal pressure 

Tf q be the angle which the resultant S makes with the 

normal, then 

S cos 0=R, S s * n 0—^i 


and 


F 

tan 0= • 


The resultant reaction S and consequently its components 
F and R will change with the change in the other forces acting 
on the body. ' ■ 

In the limiting case when the body is on the point of motion 
F 

R~ altaiu3 * fcs g reatesfc velue /*, the co efficient of friction. 


If A be the angle which the resultant reaction in this c ise 
makes with the normal, we have 

F 

tan A =-p-=/ 1 • 

The angle A is called the angle of friction. 

Thus we find that 

the co-fficient of friction is equal to the tangent of the angle 
of friction. • 

It is evident that so long as the body does not commence 


S 

\ 


A 


F 




F 

to move e< A and~^~< F- t..e., F<mR. 

K; 


In other words, the inclination of the resultant reaction to 
the normal cannot exceed, a certain value A, the angle of friction 
and the amount of friction F cannotbear more than a certain 
ratio p to the normal pressure . 

The Cone of friction is the cone which has the point of 
contact as its vertex, the normal as its axis, and A its semi, 
vertical angle. 


In the case of limiting equilibrium the resultant reaction 
acts along a generator of this cone and when the equilibrium 
is not limiting the resultant reaction acts along a line lvimr 
within the cone. b 
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3.6. To find the least force to drag a particle on a rough 
horizontal plane. 

Let W be the weight of the body (regarded as a particle) 
and R, the normal pressure. Let P be a 
force acting at an angle 0 with horizontal. 

When the body is on the point of 
motion, there is limiting equilibrium and 
the force of friction is therefore /*R or 

R tanA. 

Resolving horizontally and vertically, we have. 

P cos 0 —P R=0 .(1) 

and P sin 0 + R—W=0 .(2/- 

Eliminating R, we get 

P (cos 0+h sin 0 )=pW. 

/^W _ W sin A 

"cos 0 +P sin 0 cos (0— A). 



P is evidently least when cos (0— A)—1 or 0=*\ i.e., 

the force is least when it acts in a direction making with the 
horizontal, an angle equal to the angle of friction . 

Thus the least force to move a weight W along a rough 
horizontal plane is W sin A, A being the angle of friction. 


3.7. To find the greatest inclination of a rough plane on 
which a heavy particle can rest in equilibrium without the appli¬ 
cation of any other force. 

Let a body (treated as a particle) of weight W be placed 
on a rough plane and let the plane be 
tilted till the body is on the point of slid¬ 
ing down the plane. 

Let a be the inclination of the plane 
in this position and R, the normal 
pressure. 

Then the force of friction /*R acts up 
the plane along the line of greatest slope through the body. 

By resolving along and perpendicular to the plane, we have 
W sin os/aR and W cos a=R 
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tan a=^R/R=/*=tan A.. 

t.e., the greatest inclination of the plant is equal to the angle 
of friction. 

If a>A, the body slides down the plane and a force will be 
required to keep it at rest or to move it up the plane. 

If a< A, a force will be necessary to move the body either 
up or down the plane. 

3 8. To find the direction and magnitude of the legist force 
to drag a heavy particle up a given rough inclined plane. 


Let a be the inclination of the 
plane to the horizon, W the weight 
of the body . and R, the normal 
reaction. 

Let P be a force acting at an 
angle $ with the line of greatest slope 
through the body. ^ 

Let the body be on the point of motion up the plane, so 
that the Iriciiou acts down the plane and is equal to nil. 





* 


~ ~ A- - r 

Resolving along and pe pendicuiar to the plane, we have 

P CJS 0 = uR_L. W sin 


( 1 ) 

( 2 ) 


P cjs & =MR-b W sin oj 
and P siQ ^4_R = \v cos a 

Eliminating R, we have 

P (cos$-\-p sin 0)=W (sin a-j-/* cos a) 

t.e., P=W ^ tt +/* cos g ) = sin (a+A) 

cos 0 -\-p sin0 cos {$ — A) 

It gives the amount ol force just sufficient to move 
body up the plane and thows that force varies with /) 
angle at which the force is inclined to the plane. * 

whInV=A Cnlly ^ ^ ^ ^ ( *~ A) * the S reatesfc 


•(3) 

the 

the 


t.e 


Hence the required force is inclined to the plane at 
W (Tx). t0 6 ang ‘ e ° f friCUOn and “ ° f ““onitude 

szLtzt rrtfLsr? 

motion down the plane. - tile P omt of 
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In this case the force of friction acts up the place and 
therefore by changing the sign of M or A in the above equations, 
we get 

p-_W sin (a —\) • 

cos (04-A) 

which gives the amount of force just sufficient to support the 
body on the plane. 

In this case the body needs support only when a>\ and 
as P' ceases to act, the body moves down the plane. 

Note If a < a., no force is needed to support the body for 
it will rest in equilibrium cn the plane. The least downward 
force required to make the body slide down the plane in this 
case can be obtained on similar lines. 


Cor. When a>A and 6=0 i e., the force acts along the 
plane, then from (3) and (4), we have 

P=W. Sin (tt+A) and P'=W. - 8in (a ~ A) 


cos A 


eos A 


The body will remain in equilibrium under the action of a 
force which lies between P and P'. 

These rt suits can be easily obtained independently. 


EXAMPLES X 


1. A small object of mass 10 lb. lies at rest on a rough 
horizontal plane, and a gradually increasing force P is applied 
to the particle in an upward direction making an angle of 30 
with horizental ; i 1 is found that the particle begins to move 
horizontally when P=4 lb wt. Show that the co-efficient of 
friction is about 0 4113, and, if the force P acts in a downward 
direction at an angle of 30° to the horizontal, find the magni¬ 


tude of P when the particle just begins to move. 

[. Ans . 6| lb. wt. 

2. A sma’l light ring can slide on a thin horizontal rail 
the co-efficient of friction between the ring ai d the rail being 
0-6. A weight of 10 lb. is attached to the ring and a force P 
.acts on the ring in the vertical plane containing the rail and 
in a direction inclined at an angl • of 30° to the upward drawn 
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vertical. Find the frictional force when P=5 lb wt nnd show 
that the ring will not move. Find also the least value of P 
which will cause the ring to slide. [Am. 1 >. wt., o HS lb. wt. 

3 A plane is inclined to the horizontal at an angle a. such 
that sin 5 a particle of mass 10 gm. is gently placed on 
the plane. If the co efficient of friction between the p'ane and 
the particle is 0*8 , prove that the particle can remain at rest, 
and calculate the frictional force exerted on the particle by 

the plane. 

Calculate the least force acting along a line of greatest 
slope which would cause the particle to move up the plane. 

Ans. 6 cm. wt., 12*4 cm. wt. 


4. A particle of weight 10 lb. is placed on a rough hori¬ 
zontal plane which is slowly tilted. If the particle begins to 
slip when the inclination of the plane to the horizontal is 60°, 
find the force of friction when the inclination of the plane is 



Find also the least force, acting up a line of greatest slope, 
which will cause the partcle to begin to move up the plane 
when the inclination of the plane is 60°. 

[4n5. 5\/2 lb. wt.. lOv’3 lb. wt. 

5. A load of 30 lb. is held in equilibrium on a rough plane 
inclined at 45° to the horizontal by a horizontal force P in the 
same vertical plane as the line of greatest slope through the 
load. If the eo-efficient of friction is find the value of P 
when the load is about to slip down the plane. [Aits. l«j lb. wt. 

6. Find the least force which will move a weight of 80 lb. 

up a rough plane inclined to the horizontal at 30°, when the 
co-efficieDt of friction is f. [A?is. 73*6 lb. wt. 


7. A body is supported on a rough inclind plane by a 
force acting along the plane ; supposing the greatest magnitude 
of the foree to be double the least magnitude, show that the 
inclination of the plane is given by tan a =3/*. 

8 - If'Pi is the force which acting parallel to an inclined 
plane of angle a, i9 sufficient to draw a weight up and P,, the 
force which will just let it be on the point of sliding down, 
show that 
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(*) £ (Pi+P>) u-cting along the plane would support the 

same weight on a smooth plane of the same inclination. 

and (it) if P. = ?tP 0> tan a=p 

n -1 

9. An elastic string of natural length l inches when used 
to pull a body of weight W lb. steadily along a rough level 
table, stretches i/10 inches. If the body is lifted vertically, 
the extension is 9Z/20 inches. Show that the co efficient of 
friction of the table is 2/9. [P. U. 1940.) 

10 A particle of weight w is placed on a rough plane 
inclined at an angle a (greater than the angb of friction) to the 
horizontal. It is attached to a string which lies along a line 
of the greatest slope, passes over a small smooth pulley at the 
top of the plane, and carries a light scale-pan hanging vertically 
at the end The particle is just prevented from slipping down 
the plane by a weight nw in the scale-pan. Show that the 
co-efficient of friction is given by M=-tan a — n sec a. 

Find the least weight that must be added to the scale-pan 
to drag the particle up the plane. [Ans, 2w (sin a—n.] 

11. A weight can be just supported on a rough inclined- 
palne by a force P acting along the plane, or by a force Q acting 
horizontally, show that the weight is 

PQ / 

where </> is the angle of friction. 

12. Show that the difference between the greatest and the 
least force which, actiag at an angle 0 to the plane inclined at 
an angle a to the horizontal, sustains a weight W is 

2 W cos ( a-ffl) sin 2\ 
cos 20H cos 2A 

where A is the angle of friction. 

Miscellaneous Examples I. 

1. Forces P, Q act at a point O , and their resultant id R . If 
any transversal cut their lines of action in the points L, M , N res• 
pectively, show that 


P Q _ R 
OIi OM — ON 
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First Method. Draw OK 
perp. to LM. Resolving forces 

Along OK, we have 

P cos Z.KOL+Q cos /KOM 

=R cos ZKON 

T ,!OK OK _ R OK 

1 ^OL +Q - Oil • ON 

p_^_ Q__ 

OL^OAl-ON 
Second Method. We have 





p =<k • OL - q= om- om - 


Now the resultant of forces ,-f T • OL acting along OL and 


Hence ( oX + OM/ - 


OL 

gjj. OM. acting along OM is (^+^i) 0N ( Art ‘ 31) 

p O v p Q R 

— ' ON=R i.e., ol + OM = ON' 

Third Method. If R be reversed, then the forces are in 
•equilibrium 

/, by La mi’s theorem, we have 

p _ Q _ R _ (•) 

sin /8 sin a sin 

But since 2AOLN+2AONM=2 AOLM 

OL.QN sin a-j-ON.OM sin /?=OL. OM sin (a-f/3) 
Equations (l) and (2) ; give the same result at once.- 

2. ABC is a triangle, with a right angle at A and AD is 


1 

AB 


perpendicular on BC. Prove that the resultant of forces 

Acting along AB and acting along AC is acting along 

AD.,- - • 1 '• 

3. From a point P within a circle whose centre is fixed* 
straight lines PA X , PA*, RA*> and PA* are drawn to meet tho 
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circumference, all being equalfy inclined to the radius through 
P. Show that if these lines represent forces radiating from P, 
the resultant is independent of the magnitude of the radius of 
the circle. (P. U. 1934). 

4. In a triangle OAB forces represented by OA. tan A 
and OB. tan B act aloDg the sides OA and OB respectively. 
Show that the resultant is AB. tan A tan B and acts in the 
direction OD, the perpendicular from O on AB. 

5. Forces represented by the rides AB, AC of a triangle 
ABC have a re ultant whose line of action passes through the 
centre of the circumscribing circle. Prove that either AB=AC, 
or the angle BAC is a right angle. 

6. Forces are represented by PA, PB, PC, AQ, BQ, CQ, 
where A, B, C, P, Q are points in a plane. Show that the re¬ 
sultant is represented in magnitude and direction by 3PQ and 
that it passes through the centroid of the triangle ABC. 

7. If q be centre of the circle circumscribing the 

triangle ABC and if forces act along OA, OB, and OC respec¬ 
tively proportional to BC, CA and AB, show that their resul¬ 
tant passes through the centre of the inscribed circle 

(P. U. 1937) 

8. A veyy small ring of weight W is free to slide on a 
smooth circualr wire of radius a, fixed in a vertical plarie. It 
is attached by a string of length i (< aV 2) to a point of the 
wire at the same height as the centre. Show that the tension 

(2a 2 -/2)W 

of the string is aVia 2 —7 2 * 

9 . Show that any force F can he resolved into three forces 
acting along the sides of a given triangle whose plane contains the 

line of action of F . • 

The line of action of the force 
F must cut at least t o of the sides 
(or sides produced) of the given tri¬ 
angle ABC. Let it cut AC in O. 

Join BO and produce it to E. 

Now F can be resolved into 
two components along OA (i~e., 
along CA, say F x ) and OE (i.e., BO). 
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The force along BO can further be resolved into compo¬ 
nents (F 2> F 3 ) along BA and BC. 

Thus F can be replaced by three components along the 
sides of the given triagle. 

10. M is a point of trisection of the side AC of a triangle 
ABC which is nearer to A, and N is the point of trisection of 
the side AB which is nearer to B. Resolve a force represented 
in magnitude and direction by MN, into three forces acting 
each along a side of the triangle, 


Since NA=2BN the forces MA and 

2MB=3MN, So that the force MN 

=3 MA and § MB 

=§CA and § MB. 

Again, since MC=2AM. 

forces CB and 2AB=3MB, 
so that §MB=5 x3MB= 

JCB and ± AB. 

Hence the force MN=£CA, ±AB, and ^CB 


A 



11. Show that a force can be resolved into th r ee compo¬ 
nents acting along three given lines, two of which are parallel, 
the lines and the forces being all coplanar. 

^ , 1 _ t i 

12.. Show that any system of coplanar forces can be reduced to 
two forces acting through two given points in their plane. ' , , 

Take a point P on one of the forces, join it to the given 
points A and B. This iorce can be replaced by components 
along PA and PB. Other forces can similarly be dealt, with 
and then various forces acting at A and B can be combined 
into two forces through A and B. 

13. Two forces given in magnitude act each through a 
fixed point and are inclined at a constant angle, show that 
their resultant also passes through a fixed 'point* 

, pn M' z "g h t eIastic 8tr l n e s - AB, BC, CD each of natural; 

J?, n mod " 1 " 8 *• '? re fixed at A and D, two points in a 
horizontal line and at a distance 21 apart. Two particles each 
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of weight A. are attached at B and C respectively. Show that 
in the position of equilibrium AB and CD are inclined to the 
vertical at an angle 0 given by 3 tan 0 = 1—2 sin Q. 

15. A light string is fastened to two points A, D at the 
same level, the length of the string exceeding the distance AD, 
and particles of weight 2 lb and l lb., are fastened to it at two 
points B and C respectively. L AB, BC, CD make angles a, (3 , 
>0 respectively with the horizontal, prove that 

tan a —2 tan 0=h3 tan (3 . 

16. A picture of breadth 2a is hung by two equal strings 
of length which are attached to the top comers of the picture, 
the other er. ls of the strings being attached to small light rings 
which cm slide along a rough horizontal picture rail. If 2c is 
the greatest distance the rings can be apart without slipping, 
.prove that the c j-efficient of friction is 



V I 2 — ;c— a)*. 

17. A weight W rests on a rough horizontal plane and it is 
connected by a string over a smooth pully above the plane to 
weight w hanging vertically the sloping part of the string makes 
an angle Q with the horizontal. Prove that there will be qo 
slipping, if w cos (0-A)< W sin A, where \ is the angle of fric¬ 
tion between W and the plane. 

18. Two weights P, Q resting on a double inclined plane, 
are connected by a fine string over a common vertex and Q is 
on the point of motion down the plane. Prove that the greatest 
weight which can be added to P without disturbing equilibrium 

Q sin 2\ sin (a +/?) 

* 3 sin 2 a-— sin a A 


a, (3 being the angles of 
angle of friction. 


inclination of the planes and \ the 

(D. U. Hons. 1925) 


REVISION QUESTIONS. I 


1. State Hooke’s Law for Elastic Strings. 

A heavy particle is hung from two pegs, which are in a 
horizontal line and distant ?c apart by light elastic strings.of 
natural lengths a, b and moduli P respectively, in the posi 
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1>ibn of equilibrium the strings are inclined at angle a to the 
vertical. Show that sin a=c (\b—^a)/ab (A—/*). 

2 Two elastic strings of the same natural length are such 
that a force of 1 lb stretches the first 1 inch and the second 3 
inches, (t) The strings are fixed, each at one end, to the same 
point and the other ends are att iched to a weight of 4 lb., so 
a9 to support it in equilibrium. Find the tensions in the two 
strings, (it The weight of 4 lb, is suported by two strings, the 
first being suspended from A aod the s cond from B vertically 
above A. If the tension in each string is the same, find the 
distance AB. [Ans 3 lb ; I lb , 4".] 

3. Prove that the components of a force F in two direc¬ 
tions making angles 0 and <f> with its line of action (on opposite 
sides of it) are 

F sin 0/sin (0-}-</>) and F sin <£/sin (0+0) 

ABO is an equilateral triangle of side a . The line of action 

of F cuts AB at a point between A and B and distant-?^ from 


A, and AC at a point between A and C and distant from A. 

Resolve it graphically or otherwise into three forces acting 
along the sides of ABC. [D.U. 1942]. 

[Ans . p V3 p JV3 F _ 

4. Two torces P, Q act at a point along straight line 9 

making an angle a with each other, and have a resultant R, 
two other forces P , Q' acting along the same two lines have a 
resultaut R\ Show that the angle between the lines of action 
of these resultants is , 

Cos- l [PP'-fQQ'-f(PQ'+P'Q) cos a]/RR'. 

5. In Q. 4, show that the directions of R and R' will also 
include an angle a, if 

PP'+QQ'+2PQ' cos a=0 or PP'+QQ'-f 2P'Q cos a=0. 

atJV T w ° abng the sides CA, CB of a triangle 

ABC, their magnitudes being proportional to cos A and cos B. 
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Prove that their resultant is proportional to sin C, and its 
direction divides the angle C into two portions 

4 (C+B-A), } (C+A-B) (L\ U. 1924) 

7. Prove that the resultant of two forces, acting at a 
point O in directions OA and OB, represented in magnitude 
by Z.OA and w.OB, is reprerented by (i+m) OC where C is a 
point in AB such that /.CA = ra. CB. 

ABCD.is a polygon of n sides and forces act at a 

point O parallel and proportional to AB, 2BC, 30D etc. Show 
that their resultant is parallel and propottional to (a — 1) OA, 
where O is the centroid of all the points B, C, D...excluding A. 

8. A weight is supported on a smooth plane of inclination 

a by a string inclined to the horizon at angle y. If the slope of 
the plane be increased to (3. and the slope of the string remains 
unaltered, the tension of the string is doubled. Find the relation 
between a, /3 and y. (D. U. 1933.) 

[Arc.9 2 sin a cos (y—/3)=s\n (3 cos (y—a). 

9. A body of weight W rests on a rough inclined plane 
whose inclination a to the horizontal is greater than [3, the 
angle of friction. It is held at rest by an elastic string of 
natural length l attached to it and to a point on the plane. If 
A is the modulus of elasticity, show that the string is lengthened 
by an amount equal to 

W l sin (a — /?)/A cos [3. 

10. Weights P and Q of two different substances, co¬ 
efficients of friction and /a', are supported on a rough double 
inclined plane of angles a and (3 by means of a string passing 
over the vertex. If the weight P be on the point of descend¬ 
ing, prove that ‘ 

P _ sin /?+/P cos (3 

Q sin a—y cos a •* i'. 

11. In Q 10, if /*=/*' = tan A and /?=90-a, show that 

must lie between tan (« —A) and tan (a-J-A). 

12- Forces proportional to the sides of a closed polygon act 
along lines which bisect at right angles those sides. If m Q 011 ^ 
round the polygon, the forces act all towards the right or toward* 

the left , show that they form a system in equilibrium. 
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CHAPTER IV 

PARALLEL FORCES—MOMENT 

4.1. In the preceding chapter we have shown how to 
•deal with forces acting at a point, basing the discussion on 
the law of parallelogram of forces. We shall now consider 
the composition of parallel forces based on the same funda¬ 
mental law. 


4.11. Resultant of two parallel force?. 

Case I. Like parallel forces , t.e., forces acting in the same 
parallel direction. 

Let P and Q be two 
like parallel f< rces acting 
at points A and B of a 
rigid body. Let them 
be represented by AD 
■and BE, respectively. 

At A and B intro- 



WWW VMTVU - 

■equal to F, in opposite directions, acting in the line ATt 

»b. is&r 5vsSrH/.; t L.rir,“ \- a t - 


T ,nto the com Ponents Q along OC, fnd F along ON .* ™ 
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The two forces, each equal to F, actiDg along OM and OX 
balance and we are left with the force P+Q acting along 00. 


Hence the resultant of P and Q is P + Q acting along OC,. 
i.e. acting at C pa;allel to P or Q. 

Now, we find the position of C, where the resultant cuts- 
the line AB. 

From the similar triangles AOC, AGK, we have 
&-&-?■ ” 

Similarly from triangles OCB, BHL, we have 

B0_BH_F or0 *p_ F0P 
OC"HL"'Q QBC—h.OO. 

P.AC=Q.BC or P/BC=Q/AC. 


Cor. If a force R balance the two like parallel forces P 
and Q, it mu*t be equal to P-\-Q and must act through C irir 
the direction CO {in the plane of P and Q, parallel to them),. 
&uch that . 


P _ Q _ P+Q _ R 

OB AO CB + AO AB 



Case II. Unlike parallel forces , i.e., forces acting in oppo 


site parallel direct ons. 

Let P and Q (P>Q) be 
the two unl.ke parallel forces 
acting at points A and B of 
a body and let them be rep¬ 
resented by AD BL. 

At A and B introduce 
two forces, F, in opi osite 
directions, acting in the line 
AB and represented by AG 
and BH. 

The forces F balance 
and do not affect the action 
of P and Q. 

S, the resultant of P and 


L 
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F at A is represented by AK and T, the resultant of Q and F 
at B is represented by BL. 

Produce AK and LB t) meet in 0 (they will always meet 
unless they are parallel which happens when P and Q are 
equal;. The forces S and T miy be supposed to act at 0. 

Draw OC parallel to line of action of P or Q meeting BA 
produced in C f and through 0 draw MX parallel to AB. 

At O resolve S into components in their original direction 
P acting along CO and F along OM. Similarly resolve T into 
components Q along OC and F along OX. 

The forces F along O.U and ON balance and we are left 
with forces P along CO and Q along OC i.e., P—Q acting alo g 

Hence the resultant of P and Q is P—Q along CO i.e. 

acting through C parallel to P or Q in the sense of the greater 
force P. 

Now, to find the position of the point 0, we have from 
similar triangles AOC, AGK, AO/OC=AG/KG =F/P 

i.e., P.AC=F.OC. 

Similarly from triangles BOC, BHL, Q.BC=F.0C 
P.AC=Q.BC i.e., P/BC=Q/AC 

C ° r - // a force R balances, the two unlike parallel forces 
r and Q, it muse be equal to P—Q and must pass through C in 
the ^ection OC (in the plane of P and Q, parallel to them) 


p = Q _ p—Q _ R 

BC AC BC—AC~ AB . ( 2 ) 

% 

From (l) and (2), it follows that :— 

If three parallel forces arc in equilibrium , each is propor¬ 
tional to the distance between the other two. * * 

This is analogous to Lami’s Theorem. 

4.12. It is important to note that the position of the point 
C is independent of the direction of the parallel forces . 

Also that the line of action of the resultant of two forces 
lies in the plane determined by the lines of action of the 
forces. • 


i 
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4.13. In case II if the forces P and Q are equal in magni¬ 
tude and opposite in direction, the lines of action of the forces 
S and T become parallel and they do not meet. In this case 
the forces P and Q are not equivalent to a single resultant. 
Such a system of two equal and unlike parallel forces is called 
a couple, the properties of which will be considered in the next 
chapter. 

EXAMPLES XI 


1. The resultant of two like parallel forces P, Q passes 
through a point 0, when P is increased by R and Q by S, the 
resultant still passes through O, and also when Q, R replace P, 
Q respectively prove that 

R=Q 2 / P and S = Q 3 /P 2 . 

Let x and y be the distances from O of the lines of action 
•of P and Q, then by the question, we have 

P x=Q.y .(1) 

and (P+R)*=(Q + S )y .(2) 

Also Q.c = Ry .(3) 

Eliminating a- and y from (l) and (1), we get 

PR=Q 2 or R=Q 2 /P .(4) 

Also eliminating a; and y from (1) and (2), we have 

P (Q+S)=Q 'P + R) or PS = QR 

S=QR/P=QVr 2 [by (4)J 

2 The resultant of two like parallel froces is 12 lb. and 

it acts at a distance of 2 in. from the larger component .which 

is 8 lb • find its distance from the smaller component. 

(Ans. 4 in.) 


3. Three points A, B, C are in straight line and AB = 
x>, ^ |0 in Like parallel forces of 7 lb. wt. and 3 lb. wt. act at 
A and B respectively. Find the magnitude and line of action of 

the resultant of these forces. 

Kind at what point in AC, produced if necessarv, a third 
Tv.r dlel force of 5 lb. wt. acting in opposite sense, should be 
introduced so that the resultant of these forces may act 


through C. . r a 

.(Ans. 10 lb. wt. 3 in from A 


: 14 in from A and 34 in from 
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4 . A man carries a bundle at the end of a stick which is 
placed over his shoulder, show that the pressure on his shoulder 
'varies inversely as the distance between his hand and the 
shoulder. 


5 . P and Q are like parallel forces. If P is moved parallel 
to itself through a distance d t prove that the resultant of P 
and Q moves through a distance PdJ P-j-Q), 


6. A uniform rod of length 21 and weight W, is lying 
across two pegs on the same level d feet apart. If neither pe^ 
can stand a stress greater than T, show that the length of the 
rod which can project beyond either peg cannot be Greater than 

l_d(W-T) 


7 . The lines of action of two forces P and Q and their 
re*u’taut R are cut by another line in the points A, B and C 
respectively. P and Q are each resolved into two forces 
one parallel to AB and the other parallel to R. Prove tint the* 
components parallel to R are to tach other as BC : AC 


i ? and Q arc two unIike Parallel forces, when P is 

doubled it is found that the line of action of Q is midway bet 

ween the lines of action of the new resultant and the original 
resultant. Find the ratio of P and Q. (Ans Q) 

• * 9 ' e - q i Ual 1 i ke P irallel forces act at the middle 

points ot the sides of a triangle, show that their resultant 

passes through the intersection of the medians of the triangle. 

Q a ^ C Hke P arallel forces acting at A and B 
Show that if tliey interchange position, the point of application 
of the resultant is displaced a distance (P—Q)AB/(P-j-Q) 

11 . ABC is a triangle and O a point in the plane of tho 
triangle. A force R acts along AO. Resolve R into ke 

parallel to it and acting at B and C respectively, when 

(а) O is the orthocentre of A ABC 

(б) O is the circumcentre of A ABC. (P. u. 1942) 


Ans. (a) ?? cos C, — cos B. (6) ^ 008 B Rc cos C 

° a a cos —C)* a cos 
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4.2. Centre °f a number of parallel forces. Let a. 

number of parallel forces act at fixed points of a body. If the- 
forces are not all in the same sense, let us take them in two 
groups, each group consisting of like parallel forces, i.e., forces 
in the same sense, so that the direction of any force belonging, 
to one group is opposite to the direction of a force of the secoud 
group. 

Let the forces P x , P 2 , P 3 ,.acting at A lf A 2 , A 3 ,. 

belong to one group and Q v Q 2 , Q 3 ,.acting at B lt B 2 , B 3> ... 

belong to the other. 

Now consider the forces of the first group. By Art. 4.11, 
the resultant of Pi and P 2 is P 1 -f-P 2 acting at G! on A X A 2 such, 
that P 1 .A 1 G 1 =P 2 .G 1 A 2 . Again the resultant of Pj-f P 2 at G x and 
P 3 at A 3 is Pi+Po-J-Pa at G 2 on G 1 A 3 such that (Pj-f P 2 ) G 1 G 2 
=P 3 .G 2 A 3 and so on. In this manner, we arrive at the 
resultant P 1 +P 2 -fP 3 +..*=^'p acting at a point G p . Similarly 
by combining the forces of the second group we will arrive at 
the resultant Q 1 +Q 2 4“Q3+-**=^q acting at a point G q . 

Suppose these two resultants are unequal in magnitude, 
then on combining them by Case II, Art. 4.1 L, we arrive at the 
final resultant of all the forces acting at a point G such that 

Rp*G p G=R q G,G. 

This point G is called the centre of parallel forces. Its- 
position depends only on the positions of the points of appli¬ 
cation of the forces and their relative magnitude. It is inde¬ 
pendent of the direction of the forces, so that if the forces are 
turned about their points of application through the same angle- 
eo as to remain parallel, the position of G remains the same. 

In case R P and R q are equal and collinear in action, the 
resultant vanishes and the system is in equilibrium. 

Again if R p and R q are equal in magnitude, but not colli¬ 
near in ad ion, the system reduces to a couple and is not equiva¬ 
lent to a single resultant. 

Notice that in the above discussion the parallel forces are 
not restricted to lie in one plane. 

4.21- A very important application of the above article 
occurs in connection with the weight of a body. A body may 
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be considered as made up of a very large number of particles 

ana it the size of the body is email compared with that of the 

earth the forces on all the particles of it will be very nearlv 

para le T hus the weights of the particles form a system of 

parallel forces and their centre G is known as the centre nf 
gravity (G.G.) of the body. * 

The position of the centre of gravity of certain bodies is 

obvious by the»r symmetrical nature, for example : — 

(t) C.G. of a uniform straight rod is its middle point. 

(it) C.G. of a uniforn plate in the form of a parallelogram 
or a rectangle or a square, and a cube is the centre (t e* 
point of intersection of the diagonals). ' ' *’ tae 

aph^he centre nif ° rm CirCUlar d ’ i8C > ° r * drCular or a 

poiifof st " Unif ° rm " ght CirCUlar °^ linder is middle 

sider^L Chapter vf ^ ** ~ ° ther ^ will be con- 

As a knowledge of the C.G. of certain well kn,»n k j- 
is necessary in the solution of a large numW ^f “T bod,e3 
quote the foUowing results for reference of problems, we 

inter^ct^n offts medtns” trianSUlar kmina is point of 

{vi) C.G. of a uniform right circular i:^ 
a distance Jth of the height from the vertex ° Q ,tS axis at 

( vii) C.G. of a uniform solid hemisphere is on r * 
through the centre perpendicular to the hne draWn 

tance *th of its radius from the centre. h P face at a dia * 

pair of plmluTf^r^s, \ot fowi^a Te ^ ved par/ * °f * 

their plane is equal to the resolved p£t of thfi?’ Uny hne fa 
same line . part °* their resultant along the 

tant. Let the forces ^0 incUn^d^t ^ 0 an°I CeS l &nd their resu ^- 

along Which the forces are to be resolved “ ThfnVwilf 0 ? °?’ 
inclined at the same angle with 0 K * aen ™ be 
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Xow, since R = P-fQ or P—Q according as the forces are 
like or utilike. 

R cos 0=P cos 0±:Q cos 0 . , 

t .e., the resolved part of the resultant R along OX 

= sum of the resolved parts of the component forces. 

y 0 i e The proof is obviously applicable to a number of 

parallel forces. 

±o\ Equilibrium of three parallel forces. If a rigid 
Ww isin equilibrium under the action of three force s ’ ll f 0 ft 
M ale parallel, the third force must also be parallel to the 

other two and must lie in their plane. 

Thi^is so because the third force must be equal and 
opposite to the resultant of the other two. 

■ . , uniform equilateral triangular lamina ABC of weight 

wTf&e ver tel A hinged 

>4^ 'aUacheXc FinZheTension in the- string and the magm- 
Z fSdireZn of the reaction II at the hinge. 

Since two of the forces, the .tension T 
acting at C and the weight W acting at G, 
the C. G. of the lamina are vertical, therefore 

the third force, the reaction R at A must 
also be vertical. 

. t + r=w, 

'^nd T. CG==R* GD i.c. 2 T=R C/CG=2GD) 

. 3 T=W i. e. T«= J W and R=2T=§W. 

EXAMPLES XII. ,1 ‘ 

t A uniform beam AB of length 4 ft. is supended from 

two 'point aDa = -el b, U*. 

vertical when the system is in equilibrium^ 1+2V3=4 . 46 ft . 
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2. A uniform circular ring of weight W, free to move in a 
vertical plane rests over a fixed peg at A and is suspende y 
a vertical string attached to a pent B of the rl “S- If A f 
subtends an angle of 135° at the centre and in the P 08 ' 11 ™ 
equilibrium, the diameter through B is horizontal find the 

tension in the string. [ Ans ; « 

3. A right circular cone is suspended by two light vertical 
strings of equal length one attached to the vertex of the cone, 
the other to a point on the rim of its base. The points ot 
suspension are at the same horizontal level and the tensions 
in the strings are equal. Find the semi-angle of the cone. 

6 Ans : cos- 1 VS 

4. An equilateral triangular lamina weighs 10 lbs. A 

weight of 10 lb. is hung by a cord from an angle, and the whole 
is hung by a second cord attached to another angle. Find the 
tangent of the angle which the lire joining these angular points 
mates with the vertical. Ans. V ®/“ 

5. A lamina in the form of an isosceles triangle ABC, in 
which the angle C is a right angle, can turn freely in a vertjc^ 
plane about A which is fixed. The lamina is held in equilibrium 
by a vertical string attached at B, the vertex C being down¬ 
wards and B below the level of A. Prove that the tension in 
the string is 1 W (1 —$ tan 0) where W is the weight of the 
lamina and 0 the angle which AB makes with the horizontal. 

6. A uniform bar AB, of weight W and length l. is 

smoothly hinged at its end A, which is at a distance 21 vertically 
below a smooth horizontal wire. The bar can turn in the 
vertical plane through the wire, and the other end B of the bar 
is attached by a light elastic string of natural length i to a 
smooth ring, which slides on the wire. Find the distances of 
B from the wire in the positions of equilibrium, given that the 
tension in the string is W when its length is double its natural 
length. [Ans. Z, |Z, 3J. 

MOMENT 

4’4. Moment of a force about a point is the product of the 
force and the perpendicular distanee of the point ftfhn the line of 
adio^ of the face 

Suppose a p iint O of a rigid body (e. g. t a disc) is held 
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fixed while a force F acts on it. If F -\ 

does not pass through 0 , it has a ten- 

dency to rotate the body about O. This f J 

tendency ot rotation depends not only ( -J// 

on F, the magnitude of the force, but _ 

also on p the distance of O from its li ne of action and is 
measured by the product Fp which is the moment of F 


4 4 ,1* ~ Lft A be an ^ P oint on the fine of action of F, OA 
=r and ZOAN= 0 , 

then F-^ = I‘. r sin Q =r.Fsin 0=AO x Resolved part of 
-r ± UA. 


4 42. Geometrical Representation of Moment* If AB 

represents 1’, on some scale, then Fp= AB.p=twice the area 
AGAB, so that the measure of the moment of a force about 
any point is <je o /netrically equivalent to the measure of twice the 
area of the triangle formed by joining the point to the extremities 
of the line representing the force. 

4*43. Sign of Moment. The direction of rotation of a 



Fig. l. Fig. 2. 

body about a point due to the action of a force depends on the 
relative position of the point and the line of action of the force. 
Thus in Fig. 1, both F and F' tend to rotate the body about 
O in the same (counter-clockwise) sense and we assign the 
same sign (usually taken positive) to their moments. But in 
Fig. 2, F and F' tend to cause rotation about O in opposite 
senses and opposite signs are assigned to their moments. 

When dealing with the moment of a number of forces 
about a point, the signs of the moments must not be ignored. 
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4 5. Theorem III. Varignon’s Theorem 

Zo^ lnot ^rrZg a coupU), about a 
'point in their plane is equal to the ™° m 
of their resultant about the same point. 

Case I. When the forces act at a point. 

Let P and Q be the forces acting at 
-the point A, R their resultant and O the 
point about which moments are to b 

taken. Let ZOAP=a, ZOAQ=/i and /n K = fo 
the sum of the moments of P and Q about O 

=P.OL+Q.OM 

=P OA sin a+Q.OA sin /2 

=OA (P sin a+Q sin (3) 

-OAxsum of the resolved parts of P and Q perp. * 

=OAx resolved part of R perp. OA. C y * * 

—OA.R sin 6 R.OA sin 0 ==R.ON=nioment of R about O. 

Note -The proof is applicable to a number of co*planar 

and concurrent forces. 

Case II. When the forces are parallel. 

Let P and Q be two parallel forces 

and R, their resultant. 

From O draw a line perpendicular 

to the lines of action of P and Q, 
meeting them in A and B and meeting 

R in 0. 


* 

P 


a 


R 


n 


( 1 ) 


Then P-f Q=R and P.AC=Q.CB 

The sum of the moments of P and Q about O 

= P.AO-Q.OB=P.(AC+CO)-Q.(CB-CO) 

=P.AC-Q.CB+(P+Q)CO. 

=R.C0 ‘ from (1) 

=the moment of R about O. 

This proof i9 applicable to all the positions of the point O 
the moment of the forces being taken with their proper signs. 


) 
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For example, let the forces P and 
Q be unlike (P>Q) and let 0 be out¬ 
side these forces. 

From O, draw OCAB perpendicular 
to the lines of action of the forces. 

In this case 

R = P-Q and P.CA = Q CB. 

The sum of the moments of P and 
Q, about O. 

= Q.OB-P.OA = Q (0C4-CB)-P.(0C+CA) 

=(Q-P).OC+QCB—P.CA= —(P—Q).OC— -ROC 

=the moment of R about O. 

Cor. The sum of the moments of the forces about any 'point 
lying on the line of action of their resultant vanishes . 

4 51. The following proof of Case. I is based on the 
geometrical representation of a moment. 

Let the forces P and Q act along 
the lines AB and AC. Through O draw 
OC parallel to the direc tion of P meeting 
the line of action of Q in C. 

Let AC now represent the force Q 
on some scale and on the same scale let 

AB represent P. Complete the parallelogram ABCD, so that 
AD represents the resultant R, then 

the sum of the moments of Q and P about O 

=2AOAC4-*AOAB=2AOAC+2AABD 

= 2AOAC-f2ACAD 

=2AOAD=moment of R about O. 

The proof is applicable to all positions of the point O, the 
moments of the forces being taken with their propar signs. 

(The student is advised to prove the proposition when O 
lies within the argle CAD). 
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1 Forces 3 4 5 lb. wt. act along the sides BC, CA, AB 
Itted'bfr 1 iS A the C le°t f te 8 rf F^dthe^ome^'tf tfato 

s; of force9 about 

BC, DA F r P ^i4 3 of^a*square' oTjTl t *S 2. 

of their moments (i) about B (») about C (m) ab °" 1 4 J 
of the square w » 

1 Forces of 1 2, 3, 4, 5 and 6 lb. wt. act respectively 
alonl’thc aides AB, BC, CD, DE, EF FA of a regular hexagon 
whose side is 4 ft., find the sum of the moments of the forces 

(0 about the centre of the hexagon («) jtao‘A. ft i 


4. ABCD is a square of side 10 ft. A certain force P 
passes through A and has moments of 20 and 30 lb. ft. in oppo¬ 
site sense about B and D respectively. 

Find the angle which the line of action of P makes with 
AT* Also find the magnitude of P and its moment about «\ 

[. Ans . tan- 1 |, V 1° lb. w ^* > ^ lb. ft.} 


4.6. Resultant of a number of Coplanar forces acting 
on a rigid body. * A system of coplanar forces which are con¬ 
current were treated in the last chapter. In what fo'lows, we 
shall deal with a system of coplanar forces which are not 
necessarily concurrent. 


4 61. Theorem IV. Any system of forces acting in the same 
plane upon a rigid body can be reduced to either a single force or 
a single couple as their resultant . 

An y three forces of the system can always be reduced to 
two forces, for any one of the three can be compounded with at 
least one of the remaining forces unless it forms a couple with 
both of them, in which case, the latter two being equal and. 

like parallel forces, can themselves be compounded into a single 
force. ' - • ■ i"!.. . s 

For example, if Pi. P, P, be any three forces of the system,. 
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and if Pj does not form a couple with P 2 then either by the law 
of parallelogram of forces (if they meet) or by the law of 
parallel forces (if they are parallel), the tv\o can be combined 
and reduce 1 to one force. In case Pj forms a couple with P 2 
but does not form a couple with p 3 , it can be comb ned with 
P 3 , and the two are thus reduced to a single force. 

If however, P x forms a couple with P 2 as well as with P 3 it 
means that P 2 and P 3 are equal like parallel forces reducible to 
a single force as their resultant. 

Thus it is always possible to reduce any three forces to two . 

Now bv taking another force of the system, with the two 
forces obtained before, we can again reduce these forces to two 
and so on. 

In the end we are left with two forces, which either form 
a couple or are equivalent to a single force. 

•1*62. Theorem V. Generalised theorem of Moments. 

If a system of coplanar forces acting on a rigid body reduce to 
a single force as its resultant, then 

the algebraic sum of the moments of the forces, about any in their 
plane , is equal to the moment of their resultant about the same 

point. 

Let 0 be the point about which moments are to be taken. 

Take two forces of the system not forming a couple, let 
them be P lf P 2 and let R x be their resultant, then by Art. 4.5, 
we have 

Moment of Rj about 0=sum of the moments of P x and P 2 , 
about O, 

Now combine Rj with some other force, say P 3 not forming 
a couple with it and obtain the resultant R 2 then 
Moment of R 2 about 0=sum of the moments of R x and P 3 

=sum of the moments of P x , P 2 » ancl 

Proceeding in this manner, avoiding two forces forming a 
eouple and repeating at every step, the process ° a -1?® 
moments of two forces, we arrive at the final resultant K ot t 

system and thus we get 

moment of R about 0=the algebraic sum of the moments 

of P,, P 2 .P n . 
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Note. If at any stage, any of the resultants R x , R 2 , Rs-*- 
-say R-p, form a couple with each of the remaining forces it will 
mean that the rest of the forces are all equal and like parallel 
forces. In such a case, leave R p for a time and bombine any 
two of these like parallel forces and then proceed on as before. 


4.621. From the above theorem it follows that : — 

If a number of coplanar forces are in equilibrium , the alge - 
braic sum of their moments about a point in their plane vanishes. 

Also if a number of coplanar forces have a single force as 
their resultant, the sum of their moments about any paint on 
the line of action of the resultant vanishes and conversely if 
sum of their moments about a point in their plane vanishes, 
the resultant must pass through the point. 


This fact is usually employed in problems requiring the 
line of action of the resultant of a number of coplanar forces 
acting on a rigid body. 


4.63. Kheorem VI. Generalised theorem of resolved 
parts. If a system of coplanar forces acting on a rigid, body 
reduce to a single force as its resultant then, 

the algebraic sum of the resolved parts of the forces along any 
line in their plane, is equal to the resolved part of their resultant 
along the same line. 

Let OX be the given line along which the forces are to be 
resol ved. 


u two forces of the system not forming a couple, let 

t em be P x , and P 2 and let R x be their reultant, then whether 
*2 ar . e Parallel or they meet, by Arts. 4.3 and 2.4, we have 
re*o ve part of Rj along OX=sum of the resolved parts 

of P x and P 2 . 

Now combine R x with some other force, say P„ not form- 
mg a couple with it, and obtain the resultant then 

resolved part R, along OX . ' 

=sum of the resolved parts of R x and P 3 . A 

,. . C=s8u . m of the «»<>hred parts of P x , P 2 -and'P 3 . 

Ptoceedmg in this manner and repeating the argument 
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about the sum of the resolved parts of two forces, we arrive at 
the final resultant R of the system and thus we get, 

resolved part of R along OX=the algebraic sum of the 

resolved parts of P x , P 2 .P n 

Note —The note of Art. 4.62 applies to this theorem also. 

4 631. Thus, if the line of action of the forces P x , P 2 , 

P 3 .make angles a, ft, y.and the line of action of 

their resultant R makes Q with OX, then 

R cos 0=P X cos a-}-P 2 cos /?+P 3 cosy-|-.=X ...(1) 

Similarly, resolving along the line OY perpendicular to- 
OX, we have 

R sin 0=P X sin a+P 2 sin (i- j-P 3 sin y-f-.—X ...(2) 

Equations (1) and (2) give 

R 2 =X 2 -f-Y 2 and tan0=Y/X. 

These results give the magnitude and direction of the re¬ 
sultant force, when it exists. 

4 632. If R=0, then X and Y both vanish, so that it- 
follow that :— 

If a system of coplanar forces does not reduce to a force- 

the algebraic sum of their resolved parts along a line in their 

plane vanishes and it also vanishes along a line perpendicular to 
the former. 

Also, if the system reduces to a force and if X=0 i.e., the 
sum of the resolved parts along a given line in their plane- 
vanishes, the resultant force acts along a line perpendicular o 
the given line. 

Also, if X=0 as well as Y=0 i.e., the resolved parts along 
two perpendicular straight lines in the plane ot e ° , 

separately vanish, the resultant is not a force, it may e coup 
(An. 4.6 i) or the forces may be in equilibrium 

4.64. Example ; (0 Forces X, Y, Z act along the sties BC, 

CA, AB of triangle ABC. Show that the resultant of the forces 

passes through the circumcentre and the incentre of the triangle ij 
X : Y : Z=cos B —cos C ; cos C —cos A : cos A—cos B. 

Let R be the circumradius and r the inradius of t e 
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triangle, then the distances of the aides BC. GA, AB froin the 
«iroumcentre O are R coe A, R cos B and R cos C, and from 
the incentre, I, each distance is equal to r. 

Since the resultant passes through the points O and I, the 
sum of the moments of the forces about these points must 

separately vanish. 

Hence X.R cos A-bYJR cos B-bZ.R cos C—0 

or X cos A+Y cos B+Z cos C=0 

„ and x.r+Y.r+Z.r=0 or X+Y+Z=0 

* from (1) and (2), we have 

X Y _ Z 


(1) 

( 2 ) 


cos B—cos C cos C— cos A cos A—cos B 


Example (ii). Forces P, 3P , 2P, 5P act along the sides AB, 
BC, CD, DA of a square ABCD. Find the magnitude and direc¬ 
tion of their resultant and prove that it meets AD produced at a 
point E such that AE : DE=5 : 4. {D.U. 1940.) 

\ Let the line of action of the resultant meet AD produced 
at E and let AD=a, DE=x, then 5P ^ 

since the sum of the moments about j 
must vanish, we have 

2Ps—P (a-i-z) — 3Pa=0 

f d 

, , i.e . ‘ x—4a. 

DE : AE=4a : 5a =4 : 5. 




' * 

Now let X, Y be the components of* the resultant R along 
ED and EF and 0 the angle its line of action makes with ED 
By resolving forces along these lines, we have 

X=6P—3P=2P and Y=2P—P=P. 


R= V X*+Y«=V5P and tin =^=4 

A Jiif A 


EXAMPLES XIV; 

a force s Q» R act along the sides BC, CA, Aft of 

IX Ax>L. ohow that their resultant passes through * ■' ; i 

J : • (i) the centroid if P cosec A-f Q cosec B-j-R cosec C=Q 
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(ii) the orthocentre if P sec A+Q sec B+R sec C=0 
(ui) the orthocentre and centroid if 

P : Q : R=sin 2A sin (B—C) : sin 2B sin (C—A) 

: sin 20 sin (A—B) 

(Agra 1940) 

(iv) the orthocentre and circumceatre if 

P : Q : R=(6 2 —c 2 ) oos A : (c 2 —a 2 ) cos B : (a 2 — b 2 ) cos CT 

2. Forces of magnitudes 1, 4, 3 lb. act along the sides AB, 
BC, CD respectively, of a square ABCD. Show that the line 
of action oi the resultant cuts AB produced at a distance AB 
troin B, and hnd the magnitude of their resultant. 

[Ans. 2\/5 lb.]. 

3. ABCD is a rectangle of which the adjacent sides AB- 
and BC a.e equal to 6 and 4 ft. Along AB, J>C, CD and DA 
act forces 20, 40, 50 and 80 lb. wt. ; find the resultant. 

[Ans. 50 lb. wt. cutting AD and CD produced at B 

and F distant 6§ and 5 ft. from D.J 

4. Forces 1, 4, 2, 3 lb. wt. act along the sides AB, BC, CD, 
DA respectively of a rhombus whose acute angle (at A) is 60°. 
Prove tnat their resultant is perpendicular to AC and that it 
outs A0 at a point whose distance from A is 3AC. 

5. ABC is an isosceles triangle whose angle A is 120° and 

forces of magnitude 1, 1 and lb. wt. act along AB, AC and 
BC • show that the resultant biseots BC and i9 parallel to one of 
the other sides of the triangle. (P. U . 1941) 

6. Three forces P, 2P and 3P act along the sides AB, BC- 
and CA respectively of a given equilateral triangle ABC ; h n( * 
the magnitude and din etion of tueir resultant, and find also- 
the noint K. in which its line of action meets the side BC. 

tne P (DM. 1939) 

[Ans. P\/3 perp. to BC. BK=f BC.]. 

7. Forces P, P-rQ, P—Q act along the sides BC, CA, AB 
respectively of an equilateral triangle ABC. Determine their 

resultant completely. 

r Ans. \/3 Q. perp. to BC meeting it at a distance P.BC/2Q, 

L from its mid. point.], 


PARALLEL FOBOES—MOMENT 


79* 


8. Forces equal to 3P, 7P and 5P act along the sides AB,. 
BG and CA of an equilateral triangle ABC ; find the resultant. 

{Ans. 2\/3P meeting BC produced at X where CX=fBC 

and inclined at 30° to it.l 

9. Forces 2, 2, 3, 2 units act along the sides AB, CD, ED,. 
EF respectively of a regular hexagon ABCDEF. Find the 
magnitude of the re ultant and prove that it acts along AB. 

[Ans. 3 units.] ; 

10. Forces P, 3P, 2P, 6P, 4P, 5P act respectively a T ong the 
sides AB, BC, CD, DE, EF and FA of a regular hexagon of a 
side a . Find the magnitude and direction of the resultant and 
also the distance from O, the centre of the hexagon, of the 
point in which the line of action of the resultant meets OA. 

{Ans. 2ViP, tan- 1 \/3/5 with OA ; 21a/2 on AO produced. 

11. The moments of a force about the vertices A, B, C of 
an equilateral triangle whose sides are 2 ft. long are +10*, -f-20 
and —10 in foot pound units. Find the magnitude of the’ force 
and the points where the line of action intersects AB and AC 

{Ans. 10V2- lb. wt. ; BA produced 2 ft. from A ; mid. pt. 

of AC.I 

4*65. In some cases, such as those where a body is hinged 
to a fixed point, taking of moments about the fixed point simpli¬ 
fies the solution to a proalem. * 

For, in such cases the action of the hinge, being a force- 
passing through it, does not enter the equation of moments. 

The action at the hinge is then obtained by taking ita 

components as X, Y into two perpendicular directions and. 
resolving forces along them. 


’ 1 1 EXAMPLES XV. 

si en ^ a un *f orm rod is movable about a hinge und 

the other- is supported y a string attached to it; the string is mMnta 
at the same angle a to the horizon as the rod . Find the react on 
at the hxnge. (P.U. Id&i 
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Let 2a be the length and W 
the w.ight of the rod AB. 

Takin" moments about A, 

We tV?AG cos «=T.AB sin /ABC 

=T 2 a sin 2 a 
=-lTa sin a cos a 

T=JW cosec a, 

(*.* AG =a) 

which gives the tension of the string. 

Now to find the reaction, suppose its horizontal and vertical 
•components are X and 

Resolving horizontally and vertically, we have , 

X=T cos a = i\V cot a. - : 

Y=W—T sin a=W —{W==JW. 


Hence 


R=y\ :i +v 2 =iWV y + cot ' i tt 

= 1WV8+ C0sec2 a * 

If g be the inclination of R to the horizontal. 


tan 0 


Y __ JW = . 

- ~~ i »k i _ 


X. iW COt a 


3 tan a. 


v ote l Since the reaction R at A must pass through the 

Note 2 The method of taking moment about t ho | 
can he use'fully applied also to the solved example g.ven 

^ 2 ^ Tmo uniform rods AB, BC of Uyth 2a » 

muss’s '» —•— 

sin 6__ o 

that sin <f* (a 2 -\-2ab) 
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Let to be the weight per unit length of 
the rods. 

Then the weight 2aw , 2bw of the rods 
AB and BC act at their middle points D and 
E respectively. Since these two forces are 
vertical, the only other force, the reaction 
It at A, must also be vertical. 

Taking moments about A, we have 

2awj.DL=26u>.ME=26i0(BK—BN) 

a.a ein 0=6(6 sin <f> —2a sin 0) 

i.e. (a 2 -\-2ab) sin 0=6 2 sin <f >. 

Jtltnce sin 0/sin </>=6*/(a 2 +2a6). 



3. Two unif orm rods AB, BC, rigidly jointed at B so that 

ABC is a right angle, hang freely in equilibrium from a fixed 
point at A. The length of the rods are a and 6 and their weights 
ere W, and W 2 . Prove that, { t cv ^ c , 1 ' 

tan 0=W 2 6/(W,-|-2W 2 )a. vj<_ ,v Vi . , 

4. A uniform straight rod AB, of weight 12 lb. is free to 
turn about the end A. The rod is kept in equilibrium by a light 
string attached to B and to a fixed point C at the same horizon¬ 
tal level as A, ABC being an equilateral triangle. Find the 
angle which the action at A makes with the horizontal. 

[Ans, tan- 1 (3\/3)] 

5. A uniform rod AB of weight W is', smoothly pivoted to a 
fixed point at A. The rod is maintained in the equilibrium at 
an angle 30° below the horizontal, by means of a force P applied 
at B in a direction perpendicular to AB. Find the magnitude 
of P, and show that the resultant reaction at the pivot is 

[Ans. P=V3W. 

4 - ■ 4 


6. A uniform rod AB, 12 ft. long, and weighing- 60 lb. is 
pivoted at a point 3 ft. from A. A weight of 200 lb. is suspen¬ 
ded from A. What force applied at B, in a direction perpendi- 
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cular to the rod, will keep it in equilibrium with A below B and 
AB inclined at (50° to the horizontal. [. Ans . 25 lb. wt.) 

7. A uniform rod ACB of weight W and length 4 a rests 
upon a smooth peg C, and its upper end A is attached to a fixed 
point O, situated in the same horizontal line, with C by means 
of a string OA. If AC and OA are each of length c, show that 


the inclination 


of the rod to 


the horizontal is cos 



8. A uniform rod AB of length 1ft. and weight 20 lb. is 
freely hinged to a fixed point at A. One end of an elastic 
string whose natural length is 18 in. is attached to B and the 
other end is attached to a fixed point C which is 1 ft. vertically 
above A. If the modulus of elasticity of the string is 80 lb. wt 
prove that in the position of equilibrium, the string is streched 

4*2 in. nearly. 

9 A uniform equilateral triangle ABC is supported with 
the angle A in contact with a smooth wall by means of a string 
BD equal in length to a side of the triangle, which is fastened 
to a point D vertically above A. Show that the distances of B 
and C from the wall are as 1 : 5. {r.U. lJo-i) 

10. A square lamina rests with its plane perpendicular to 
a smooth wall one corner resting against the wall, another corner 
being attached to a point in the wall by a string whose length 
is equal to a side of the square. Show that 

(i) a side of the square makes an angle tan- 1 (£) with 
the wall ; 

(it) the tension of the string is times the weight of 


the lamina ; 

(in) the distances of its angular points from the wall are 
as 0 : 1 : 3 : 4. 


47. Position of the Centre of Parallel forces acting at 
fixed points on a line. 

Let the parallel forces P„ P s , P 3 . act at the poin ^ 
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£.» - B » C .-on the line OX, at no 

distances x lt x £i x 3 , .from the Pa T 

point O. n 

„ ?= P i+P 2 +P 3 +.the 0 -j— f J _L 

resultant of the forces act at G, where A \ G C 

00=*. | 

Since the position of the point G 4 

is independent of the direction of the 

forces to be perpendicular to OX. rC09 * we suppose the 

Taking moments about O, by Art. 4 62, we get 

(Pi+P 2 +P„+.) ^P^+P^+p^^. 

t.e. f - 2 Pa 

X ~~~xe * 

Note p 4- p j p 

forces, each force" being*’tak^n^thhs “ ,g * brai ? sum of the 
that £Pmay vanish in which case th _ ^. roper S1 ^ n -f or—, so 
equilibrium or reduce to a couple. orces are either in 

acting 7 at riven l °poi^ he hlt^OX OY^e^ ParaUcl forces 

p X % m tjie P^ne of the forces aid let the n! ?,^P endicular 

**»*3 .act at the points A, A A ^ parallel forces P,, 

nates with reference to OX OY are K x***--whose co-ordi- 

. 

“•C "'Y*"-*’ of 

Then P lf p. P . ° 8 * ^ P er P e ndicuJa r to OX* 

*s,......and _the resultant at ^ at Stance j z lt 


__-— o,\j 

a distance x from O. ‘ j 

Taking moments about’ 

we have a 

».e.. * i 

i . ~sp ' * ' oS# 

A v 




J •“> * 

d — . 


04 




i f 
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Similarly by considering forces parallel to OX. 

_ T>* • 

we get 


y 

y % P 



C xD 


3 lb. !5U> 


Note.—W hen £ P=0, the system is either in equilibrium 

or reduces to a couple. , » 

a 79 Fvamnle (t). A uniform rod of length 6 ft. arui 
■ a horizontal position with its ends on two 

mi/ftout breaking either support. 

In the extreme case let the .support at B be at the point, 
of breaking when the 15 lb. wt. is attached » H 

f t 1) a^a distance * ft. from the centre 
C. The reaction at B in this case is 12 

lb. wt. . , 

Since the total weight acting down¬ 
wards is 3+15=18 lb. 

■ the reaction at A=18 1- 

To find a:, we take moments about A, we ge 
SX3+15 (3+*)—12x6=0 

52U...b. pid« »j p°>“‘* 

di.Jir.in v« - »< ,to zT 3 s 

ta.pl. p c”S e 5“ ABCD. if I*./«»; 

r“.Vis." into - “j*““ * ' 

If-. ^ A randnr^ 0 e^be e B ide q, ^ 

iftVe square ; then by Art 4.71. we 

haVe Ix0+3xo+5xa+7x9 _£ 0 

: 1+3+5+7 

1 x.0+3x0+52<?_+ZXf l =Ja. 

= - 1+3+5+7 


X 
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So that the required point is at a distance \a from the 
centre of the square. 

EXAMPLES XVI 

1. A uniform rod AB 5 ft. long and weighing 6 lb. has 

weights 1, 2, 3, 4, 5 attached to it at distances 1. 2, 3, 4, 5 ft. 
from the end A. Find at what point it can be supported by 
a single force. [Ana. 3*33 ft. 

2. A uniform rod AB, of length 12 ft. and weighing 50 lb. 
rests on two supports, one at A and other 2 ft. from B. Weights 
of 4, 5 and 10 lb. are attached at points 2 ft., 4fc.. and 8 ft. 
respectively from A. Find the pressures on the supports. 

[Ana 40*8, 28 2 lb. wt. 

3. A uniform shaft of weight 100 lb rests with its ends 
on two bearings A and B which are 10 ft. apart. Pulleys 
which weigh 15, 25 and 30 lb. art* mounted on the shaft between 
A and B at distances 4, 6 and 8 ft. respectively from A. Find 
the pressures on the two bearings A and B. [Ana. 95, 75 lb. wt. 


4. A heavy uniform beam AB of weight 100 lb. and 

length 6 ft. rests horizontaly on two fixed supports at a dis¬ 
tance of l ft. from A and the other at a distance of 2 ft. from 
B. Find what weight should be hung from the end A to 
make the reaction on the two supports equal. [Ans. 20 lb. 

5. A uniform beam AB, 18 ft. long and weight 59 lb. is 
freely supported in a horizontal position at points 3 ft. and 17 
ft. from A. It carries loads weighing 20 lb, 17 lb. and 30 lb. 
at points distant 6 ft., 7 ft. and 14 ft. respectively from A. 
Find the pressure on each support. 


A uniform bar 4 ft. long and weighing 70 lb. is placed on 
the beam. Prove that the pressures on the points of support 
will become equal if ona end of the bar is over the middle 
pomt of the beam. (\ Am 5 . 68 lb., 58 lb. 


6. A uniform horizontal bar AB, 12 ft. long, weighing 1 
! b * , pe J ft*’ ^supported at two points C, and D. It carriei 
load of 4 lb. and 11 lb. at E, and F respectively, where AE= 

value^f ^ AG==4 ^ the smallest possibl 
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• If AC. AD are respectively 4 ft. and 8 ft., what length of 
the bar may be cut off from the end A without disturbing 
the equilibrium ? [Ans. ft., 2 ft. 

7. ABCD is a straight rigid rod in which AB is uniform 

and of length a and weight w per unit length, BC is uniform 

and of length b and weight 2 w per unit length, CD is uniform 

and of length c and weight 3 w per unit length. If the rod 
rests horizontally in equilibrium on two pegs placed respectively 
at B and C, find the forces exerted on the pegs and show that 

3,6-f-c) 2 >a 2 +6 2 and (a+&) 2 +& 2 >3c 2 . (H. C.) 

8 . Weights ' , 5, 3, 4, 2, 6, lb. wt. are pliced at the angvlar 
points of a regular hexagon, taken in order ; prove that their 
resultan’ passes through the centre of the hexagon. 

9. Parallel forces 1, 2, 3 lb. wt. act at the corners A, C, 
E of a regular hexagon ABCDEF, of side a, and forces 4, 5, 
,6 lb. wt. act at the corners B, I), F in a direction parallel to 
4/he first three but in opposite sense. Find the distance of the 

^centre of the§§ foroe 9 irom the centre of the hexagon.. 

[Ans. a\/3/9. 


10. Like parallel forcc9 6, 10, 14, 10 lb. wt. act respec- 
tivelv at A BCD the vertices of a parallelogram. Show 
that'.he centre and resultant of these parallel forces remain 
the same, if instead of these forces para! 1 1 forces ° 

and 4 lb wt. act at the middle points of the sides AB, BC, 

CD and DA respectively. 

4.8 Moment of a force about a perpandicular 

moment of a force F about a perpendicular hue < 1D P 0 J 
which does not meet it, is equal to t e pro ^ p ne an d the 

and the perpendicular distance between th g 

line o-tionof t. force. ^ o/ paralld forces (in 

space) have a'TZltant, the sum of their moments ™ 

V^UcuUr to them iseyual to tte of 

Let the mo men is be taken about Oh ^ ^ PJJ, ugh oX 

perpmjdlcuSa^to^hrforces^ meeting them in the points A A 

^T .and their resultant in G at distances y„ y 2 , . .and 

y respectively, from OX. 
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(The forces are taken perpendicular to the plane of the 
paper). 

Let the resultant of P x and P 2 
act at G x then since 

P 1 .AG 1 =P 2 G a A 2 , 

AG t _ P 2 

or G a A 2 P 1 

*. the distance of G, fromOX = —. 

mtm 

(By Co-ordinate Geometry) 

Again let the resultant of P^P* at G*i anc * P 3 at act 
at G 2 , then (P 1 -J-P 2 ).G 1 G a =P 3 G 2 A 3 . 

the distance of G 2 from OX 

(Pt + P.) + P ^3 

P l + P 2“b P 3 

== p iyi+ p 2y2+P 3 v 3 

Pl + P2 + P 3 

Proceeding in this manner, we get, 

P i2/i-t- p 22/2+ P 3V 3 - 

2/ = 


( 1 ) 


P i _|_P 2 _j_P 3 _j_. 

i.e , (P 1 -rP 2 +P 3 4-..)y=Pi yx+P 2 2 / 2 + P 3 !/s+. 

the moment of the = sum of the moment? of 

resultant about OX ^ the forces P 2 , P 2 , P 3 ....etc. > 

about OX. 


Cor. If a rigid body has an axis fixed, and is acted upon 
by parallel forces perpendicular to the axis, it is in equilibrium if 
the algebraic sum of the moments of the forces about the fixed axis 
vanishes. 


4 82. Position of the centre of non-coplanar parallel 
forces acting at given points on a plane. 

Let the forces P lt P 2 , P s .intersect at A, lx. y .), 

* .the plane XOY, OX, OY being the co¬ 

ordinate axes and let their resultant meet the same plane in 

<**>. 1 ' 5 
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The forces being parallel they make the same angle with 
the plane. Since the position of the centre of the parallel- 
forces does not depend upon their direction, we may suppose 
thorn to be perpendicular to the plane XOY. 

Taking moments about OX we have 

(P 1 +P 2 -fP 3 +.)y =Piy 1 + P 2?/2+ P 3?/3+. 

Similarly by taking moments about OY, we 
(P^fPcj+Pa-f-. )x = P 1 *i+P 2 *2+P3-' c 3-1- 

%Vx - SPJL 

> • y = 


get 


Thus * = ■ y = vp 

4*83. Example. Like parallel forces P, Q, R 
^ ~ A Tin 'nomp.'nd.icul/lT to its VIATIC. 


act at the 
Show that 


4 83. nxampie. 

vertices of a triangle ABC perpendicular to its plane . —~ "" 

if the resultant passes through the incentre, the forces are propo - 
tional to the lengths of the opposite sides. 

Let F be the resultant passing through the incentre. 

Taking moments about the line BC, we have 

F.r=P X perp. from A on BC. 

=P .b sin C. 

Similarly by taking moments about CA, we have 

F.r=Q.a sin C. 

P.6=Q.a i.e. P : Q=<* = *>• Similarly Q : R=6 = c. 
Hence P : Q : : b : c. 

4*84. Toppling and Sliding. 

Example, (i) A circular the ^^Zeigtt 

spaced at equal distances round its edge. 

sufficient to overturn the table. overturned about 

Let the table be at the point of being 
the line joining the feet of legs at A and V, 
and let w be the required weight and a tne 

radius. that the w may be the least, it 

must be placed at E, the point most distant 

from A D 

Taking moments about the line joining 
the feet of the legs at A and D, we have 
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or 


W 


W.FO=w;.EF. 

i.e. y Wo cos 45° —w[a—a /jos 45°) 

1 ( 1 _L_ )e. w=-^-i=W(V2+l)' 

V 2 * V 2 / V 2 — 1 

V^vExample. («)• A uniform, rectangular block of height h 
whose base is a square of side a rests on a rough horizontal plane. 
The plane is gradually tilted about a line parallel to two edges 
of the base. Show that the block will slide or topple according 
as a is greater or less than ph t where P is the coefficient of 

friction.^ be* the vertical section of the block through its 

centre O, perpendicular to the specified 
edges. Let a be the inclination of the 
plane when the block is on the point of 
tumbling over. 


Then since the vertical line through 
O, must pass through A and since AB=a 
and BC=fc, we have 

t /A/VBI AE AB 
tan a=tan Z.AOE = 



a 


OE BC h 

Also /?, the inclination of the plane, when the 
about to slide, is given by 

tan (3=P. 

Hence the block will slide before it topples, 


.a) 

block is 
. ( 2 ) 


if /3<a i. e. if P< 


a 


h 


or if a>ph. 


EXAMPLES XVII 


1. Three like parallel forces P, Q, R act at the corners of 
a triangle ABC, prove that for all directions of the forces their 
resultant passes through the 

(») circumcentre if P : Q : R=sin 2A : sin 2B : sin 2C. 

(ii) incentre if P : Q : R=sin A : sin B : sin C. 

(in) orthocentre if P : Q : R=tan A : tan B : tan C, * 

•no * » L.rmi edt t t ri r.\ i >: t ; ... . » ril.h.f j ri 
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2- A light table stands on three equal vertical legs and a 
weight is placed at the centra of the circle inscribed in the 
triangle formed by the points of intersection of the legs with 
the table, show that the pressures on the legs are proportional 
to the lengths of the opposite sides of the triangle. (P.Z7. 1941) 

3. A circular table whose weight is W lb. is provided 
with three vertical legs attached to three points in the circum¬ 
ference equidistant from one another ; find the least weight 
which when hung in the edge of the table will just cause it to 
overturn. (Ana. W lb.) 


4- A circular tray of radius a stands on - a single circular 
foot of radius b. If P is tho whole weight of the trav and its 
support, find how far from the ce tre a weight Q can be placed 
without the tray falling over. (Ans. 6;l+P/Q) (P.U. 1938) 

5. A force P passing through a point O within a triangle 
ABO acts perpendicular to tho plane of the triang'e If D, E, P 
are the pomes of intersection of AO, BO, CO with BC, CA AH 


respectively, prove that P is equivalent to P 


OD 

AD 



OE 

BE 


OF 

P passing through A, B, C perpendicular to the same 
plane. 

6. A triangular lamina ABC, obtuse angled at C, rests in 
a vertical plane with the side AC in contact with a horizontal 
table. Find the greatest weight that can be suspended from 
B without disturbing the equilibrium. The sides of the lamina 
are BC=a, CA=6, AB =c and its weight is W. 

Wbat would happen if c 2 >a 2 -f* 3b 2 7 (P U. 1 H2) 

Ana. W(3& 2 +a 2 -c 2 )/:Kc 2 -a 2 -& 2 ) 

7. In question 6, ifZC=l20°, show that the triangle will 
not topple over without any weight at B if B0<2A0. In case 
BC<2AC, show that the least downward vertical force applied 
at B which will cause the triangle to topple over is 

. W/ 2AC . \ 

3 l bc 1 f 

8. A cubical block of wood is placed on a rough horizon¬ 
tal table and a horizontal force is applied to the middle of one 
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of the sides of the square top at right angles to that side. 
Prove that, as the force is increased the block will begin to 
slide if the co-efficient of friction is less than J and that other¬ 
wise it will begin to tilt. (P.U. 1931) 

9. A uniform solid (t) cylinder, (ti) cone of radius r and 
height h stands on a rough plane whose inclination to the hori¬ 
zon is gradually increased Show that the bodies will 6lide 
before they topple over if the co-efficient of friction is less 

than (t) —v— - (»0 ~j h — • 


10. The cross section through the centre of a right prism 
is a regular hexagon ABCDEF. The prism rests with the face 
that contains AB on a rough horizontal table, and a gradually 
"increasing thrust is applied at the middle point of CD per¬ 
pendicular to the face that contain CD. Show that the prism 
will slide before it begins to turn ab>ub A if the oo-efficient of 


friction is less than 


1 

Va¬ 


il. A triangular prism is placed with a rectangular face 

• 

of breadth 2c on a rough horizontal plane, the co-efficient of 
friction being /*. The prism is a uniform right prism and its 
two inclined faces are equal rectangles whose common edge 
is at a bight h above the horizontal face. If the plane is 
rotated slowly about a lino which is parallel to the three para¬ 
llel edges, prove that the prism will topple or slide according 

as ^ > 3 c Jh. 


Miscellaneous Examples It. 

1. A force F is replaced by three forces acting along the sides 
of a triangle AUG and its line of action meets BC internally at D, 
shouj that the ratio of the magnitude of the forces along AB and AO 
*aXW.AB : BD.AC. 
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The force F can be resolved 
first along CA and BO and the com¬ 
ponent along BO can further be re¬ 
solved along BA and BC (Ex. 9 Mis. 
Ex. I P. 56). 

Let Fj, F 2 be the magnitude of 
the forces along AC and AB acting 
in the directions shown in the figure. 
Taking moments about D, we have 

Fj CD sin C=F 2 .BD sin B. 



F 2 _CD sin C 
Fj BD sin B 


_CD AB CD.AB 
~BX> • Ac “BD.AC 

2. Prove that if a transversal cuts the lines of action OL, 
OM, ON of the three forces P, Q, R in equilibrium, at the points 
L, M, N, then with a convention regarding signs 

P Q _ R 

OL.MN~OM.NL — ON.LM 

and deduce that ^+oTl+O^ =0 - 

3. Four forces acting along the sides of a quadrilateral 

are in equilibrium, prove that the quadrilateral is plane. If 
also the quadrilateral can be inscribed in a circle, prove that 
each force is proportional to the opposite side. (P- U.) 

4. A heavy wheel of weight W and radius r, is to be 
dragged over an obstacle of height h by a horizontal pull P 
applied to the centre of the wheel ; show that P must be slight¬ 


ly greater than 


W V 2rh — H £ 

r—h 


5. A hollow vertical cylinder, radius 2a, height 3a, rests 
upon a horizontal table ; a rod is placed within it with its lower 
end at the circumference of the base, the rod rests upon t e 
opposite point of the upper rim and projects over, flow long 
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must the rod be in order that it may cause the cylinder to 
topple over, the rod and the cylinder being of equal weight ? 

6. Forces P , Q , R acting along the altitudes from A, B, C of 
■Ihe triangle ABC are equivalent to forces X , Y t Z, acting along BG, 
-CAj AB ; prove that 

X _ Q _ 

cos A sin B sin C 
■and two similar equations. 

The two systems being equivalent, the 
moment of the two must be the same 
about any point in the plane of the 
triangle. 

Taking moments about A, through 
•which P, Y, Z pass, we have 

X.AL=Q.AM—R.AN 
or X h sin C=Q c cos A—R b cos A 
X Qc R Q 

i. e.. 



R 


JB and C. 


cos A 6 sin C sin 0 sin B sin C 
Two other equations are obtained by taking moments about 

n 


7. A system of forces P, Q, R, acting along the sides of 
the triangle ABC is equivalent to a system X, Y, Z along the 
sides of the pedal triangle. Prove that 

2X=—-^s+— 
cos B cos C 

and two other similar results. 


8. A triangular lamina of weight W is supported by three 
vertical strings attached to its angular points so that the plane 
of the triangle is horizontal; a particle of weight W is placed 
at the orthocentre of the triangle. Prove that the tensions of 
the strings are given by , • 

T, _ T, _ T, W 

l-f-3 cot B cot C 1+3 cot C cot A 1+3 cot A cot B 3* 
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9. From four points A, B, C, D ait the corners of a square 
in a horizontal ceiling, hang four vertical strings AP. BQ, UR 
DS v hich support a uniform square plate PQRS of weight 
hanging in equilibrium. If a is the modulus of each of the 
string AP, CK, and n that of each of the strings BQ, DS, and 

if the four strings all have the same natural length l find the 
tension in each of them. 


[A ns. 


W 


10. A body of weight YV is supported by two vertical 
strings attached to points A and B in the body ; the distance 
AB is a, and A is lower than B. When the inclination of AB 
to the horizon is a then the tension in the string at A is P ; and 
when the inclination of AB to the horizon is [3 , the tension in 
the string at A is Q. 


Prove that the perpendicular distanoe of the centre of 
gravity of the body from the lino AB is 

(P—Q)o/W(tan /?-tan a) (P. U. 1923) 

11. Particles A, B of weights W lt W 2 are suspended by 
light strings from a fixed point O and kept apart bj r a straight- 
light rod AB. Prove that in the position of equilibrium the 
thrust exerted by the rod is 

-Wffl ab 

W, Wo • Oli* [ T 


12. ABODE is a regular pentagon. Forces 3, 24, 24 and 

16 lb. wt. act along the sides AB, AC, AD, EA respectively ;. 
show that their resultant is 41 lb. wt. (B. TJ.\ 

13. A heavy cube of weight 100 lb. rests on a rough floor 

on which it cannot slip. Prove that the least force required 
just to raise one edge of it off the floor is about 35§ lb., and find 
where it must be applied. . .. 

[A ns. At the mid-point of the edge vertically above the 

.. r . one raised). 
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14. ABCD is the vertical sec¬ 
tion (through the centre) of a 
rectangular block resting on a rough 
horizontal plane. The end AB is 
slightly raised by a force F aj^plied 
at A at right angles to AC. If AB 
=5 ft and BC=:12 ft., show that 
the edge 0 will slip if the co-effi¬ 
cient ot friction is less than JJ. 



15. A cylinder of radius r and height h, 
is placed with its axis vertical on a rough 
horizontal table, the shortest distance 
between the base of the cylinder and the edge 
ol the taffie being u. A string is attached to 
the top of the cylinder and passes over the 
edge of the table with a weight hanging freely 
tied to its lower end. if this °weight is 
gradually increased, prove that the cylinder 
staris to si p before it topples over, if the co¬ 
efficient of iriction is less than 



Hr-i-a)' 

■ 16 . A homogeneous solid cube stands on a rou"h horizontal 

plane, the co-elhcient of limiting statical friction” be tween the 
cube and the plane being !>-. A horizontal force P is annlied 

of the cute ' 6 0t ’ PrdpOQd,CUlar to > one of the verticaUaces 

(t) if P is so small that the equilibrium i« not u , 

prove that the resultant normal reaction of t)m nl« d tUrbed> 
cube cannot pass through the centre of the cube. 1 ^ ° U the 

(it) If 1, prov.e that as P is graduallv incren^ tk 
equilibrium will be broken before the friction becomes limiting 

17. A uniform bar AB of weight W lies horizontally * 
two equally rough fixed horizontal bars at right angles to iTat 
A and at a pomt C between A and B where ATI * „ fc 
AC-t-^ a^d b^>a. Find the reactions at A and C 

If a horizontal force P is applied to the bar at B at right 
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angles to BA, find expressions for P when the bar is just about 
to slip (») at A, ( ii ) at C. 

Hence show that if P were gradually increased from zero, 
•the bar will slip at A or at C first, according as b is less than or 

.greater than^a. , ' * ’’ 

w *=5. W f ; * W *=Sj; *W0 

18 A uniform rod of length l and weight W lies on a rough 

horizontal plane, the co-efficient of friction being A ® t . rmg 
is attached to one end A and is pulled horizontally in a direc¬ 
tion perpendicular to the rod so that the tension gradually 1 - 
creases, -'how that the rod begins to turn about a point l/y/i 
from A and that the tension of the string is (y2 1) A'-W l. 

REVISION QUESTIONS. II 

1 Two unlike parallel forces P and Q act at the potato A 
and B If their resultant R acts at 0, a point in AB, prove that 

(i) R is parallel to P or Q, 

, (Z>. U. 1942) 

and (n) gQ- AC - A B- 

9 Parallel forces P x , P 2 .P.. act in a plane at points 

A A, ....A„ whose co-ordinates referred to re °. tangl * f h ir 

ar^ *> ; (** *).(*• *>• Find the co * ordinateS ° f thelC 

centre. , a ■» r 1 

Three parallel forces P. Q, B act at the vertices A, B L, _ 

nf a triangle and are proportional respectively to a ,, , » 

°fdes Of th g e triangle, sfow that their centre coincides with 

the incentie of the triangle. f 

o If a rigid body is in equilibrium under the action o 
three forces two of which are parallel, the third force must be 
a^o parallel to the other two and must lie'm their P lan ®‘ 

k circular metallic plate of uniform thicknes^and of weight 

«. is hung from a point in its “ the angle wWc^the dia- 

.on its edge carries a weight p. makes with the vertical, 

meter through the point of suspension ma ^ ^ 1934) 


\Ans. Sin 


.i 
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4. A body of weight W is hung by two vertical stringB 
Xrom two points A and B in it. When the tension in the string 
■at A is iucreased by an amount T, the inclination of AB to the 
vertical changes from 0 to </>. Show that the distance of the 
-centre of gravity of the body from AB is 


T AB 

W * cot d —cot £ 


{All. U .) 


5. A uniform circular disc of weight ?iW has a particle of 
weight W, attached to a point on its rim. If the disc be sus¬ 
pended from a point A on its rim, B is the lowest point ; also 
if suspended from B, A is the lowest point. Show that the 
angle subtended by AB at the centre of thedisc is 

2 sec* 1 2(n+1). (P. U. 1932) 


6. Prove that the sum of the moments of a number of 
parallel forces about a line perpendicular to them is equal to 
“the moment of their resultant. 


A heavy horizontal circular ring of weight W rests on three 
supports at the points A, B and C of its circumference. Find 
the reactions of the supports in terms of the angles of the 
triaogle. 

[Ans. pressure at A=W cos A/2 sin B sin C.] 


7. Two children each of weight W, are swinging on a see¬ 
saw formed by placing a plank of weight w across a horizontal 
cylinder of radius a. When the plank has been turned through 
an angle 0 with the horizon, show that the moment of the forces 
tending to turn it back is 

(2W+ta) a 0 cos 0. 


8. A rough circular oylinder of radius a, is fixed with its 
-axis horizontal t and a uniform rod of mass M and length 
2 b rests on it in a horizontal position perpendicular to 
the axis. If now a particle of mass m be attached to the rod 
at one end show that the rod may be allowed to turn slowly, 
without slipping, into a position of rest inclined to the horizon¬ 
tal but still perpendicular to the axis of the cylinder, provided 

that ( the angle of friction between the rod and the cylinder 
Exceed* m6/(M+m)a. * ’ * ! u • mh. I . 7 



98 


elementary analytical statics 

q Given the moments M, of a force R about two 
■ 9 ',mints A and B, show that the line of action of the force 

parses through a fixed point C on the line AB 

Find, geometrically, the line ot action of the f.rce. 

in Find the locus of all the points in a plane such tha 

two concurrent forces P, Q shall have equal moments (in 
same sense) about any one of these p oints. 

CHAPTER V. 

COUPLES, FORCES ACTING ON A RIGID BODY 

C°upl es 

51 . A system of two equal, unlike parallel forces ,s called 
a C ° U TLu' distance between the parallel forces forming a couple 

- b r .nd <h, 

»rm is v will be denoted as (P, V)- 

arm alaebraic sum of the 

m0 Jnl JWtf forming a cou P le about any P oint in its 

plane is constant. 

Through any point 0 in the 
Diane of the forces draw a straight 
fine perpendicular to the line 
lotion of the forces meetting them 

in A and B, then 

Sum of the moments of the forces 

about 0— 


P\ 




Fig. I 

=P.0B—P.OA 
=rP(OB-OA) 

=P.AB 


Fig. I 
Fig. IX 

=P.0B-!-P.A0 
=P(AO+OB) 
=P.AB. 


Fig. 2 


** "enfant, being independent of the position of P. andl 

known as the moment of the couple. 
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Cor. The moment of a couple ia equal to the mom< nt 
the other ^ f ° rCeS about an ^ P oint on the line of action of 

5 3. Equilibrium of two couples. Two couple 3 in the same 
plane of equal and opposite moments , balance. 

paraUet* * Wken the farces forming the couples are not aU 
Let one of the forces P of one of the 

couples intersect one of the forces Q of the 

• ^ i> r *? ^ anc * tbe otber tw° forces meet 
m B. also let p, q be the arms of the couples. 

? mc f the momen ts of the couples are 
equal and opposite. 

^ P.p-Q.gr =0 ...( 1 ) 

•A ofVT^ S ? m ° f the mome nts about 
A ot P and Q acting at B=P.p_Q q . 

=° [from (1) 

•»* n “ d «*• b », 

Similarly the resultant of P and Q at A acts al mg AB. 

•re 8 p®tteTtVT:nd P Q a atA Q andth B *” 

o nff i. 7. QU ^ at A and these pairs act at the sam* 

in sense • and ler ™* 3 T* b ? equal in ma g nit ude and opposite 
eacn oth'er S a3 they d ° a,ong AB and BA - the y cancel 

coupks is nifandTthe'oouples balance.^* 11 * f ° rCe8 f ° rming th * 

Case II. When the forces forming the couples are all parallel . 

Dra v a straight line, perpendi- ? Q p+n 0 
cular to the lines of action of the A at r 

forces meeting them at A, B, C and 

• n.' o ;■. !■>■ . * . 

- * " ' , ' J'l , 

•' n Siven P.AB-QCD =0 ...(1) 

% attLvtt ° f P at B * 
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then P.EB = Q.CE 

From (1) and (2), we have 

P(AB-EB)=Q(CD-CE) 
i.e.y P.AE=Q.DE. 

So that the resultant of P at A and Q 


...(2) 


at D also acts 


at E. _ .. . 

' •' the resultant of P at B and Q at C is P+Q actl “* * 

E in a direction parallel to that of P at B (or Q at O) and also 
the resultant of P at A and Q at D is P+Q acting again, at E 
in a direction parallel to that of P at A (or Q at D). 

These two forces being equal, opposite and collinear are 
in equilibrium and hence the two couples balance. 

5 31. A simpler proof of the proposition of Art. 5 3 is as 

JoIIoujs^ the couples being equal and opposite, it 

follows that the sum of the moments of the four forces ot the 
couples about any point in their plane must vanish, so that 

their resultant cannot be a couple. ‘ 

through*every 

Hence the two couples balance. 

8ame it follow's thatl/.e morntnt 

a the'couple befog separately of importance. 

; I’udTto'Ty extent provided only that they are kept equal an# 
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parallel, so as still to form a couple, and that the arm is corres¬ 
pondingly altered to keep the moment unchanged. 

Example. Forces forming a couple are 8 lb. each and the 
arm of the couple is 3 ft. Find the force of an equivalent couple 
whose arm is 5 ft. 

Let X be the required force then since the moments of the 
couples are equal, we have 

Xx5=8x3 i.e., X= 8 * 3 - =4-|-lb. 

• 

5.4. Couples io Parallel Planes. Two couples in parallel 
planes , of equal and opposite moments , balance. 

Let one of the couples consist of 
forces P and arm AB, situated in a 
plane, say p x . 

Let the other couple of equal and 
opposite moment be situated in a 
parallel plane, say p 2 . 

Alter the forces of this second 
couple so as to make them equal and 
parallel to those of the first, its arm 
CD being thus equal and parallel to AB. 

Then ABCD is a parallelogram (in a plane different from 

the planes and p£ and the diagonals AC and BD bisect each 
other in O. 



Draw EOF in a direction parallel to the direction of the 
forces. 

Now the force P at A and P at C are equivalent to 2P at 

O along OE, and the forces P at B and D are equivalent to 2P 

at O m the opposite direction OF. Being equal and opposite 

and colhoear these forces balance and hence the couples balance, 

so that two couples of equal and opposite moments in parallel 
planes are in equilibrium. r 

By reversing the directions of the forces of one of the two 

parcel plljs aTeYguM^ ^ ° f ^ m ° ments in 










•• -tr ■* 







w t *■<<• • 
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.tfdte. Obviously by Art. 5.4, this theorem holds true even 
'wlieti the couples are in parallel planes. 

5.51. Since the moment of a couple i3 constant and is 
equal to the sum of the moments of its forces about a point, it 
follows that the moment of the resultant couple is equal to the 
algebraic sum of the moments of all the forces, forming the 
various couples, about any point in their plane. 

EXAMPLES XVIII 


1. ABCD is a rectangle with AB = 4ft., BG—3 ft. ; along 
AB, BG, CD, DA and AC act forces 2, 7, 6, 10, and 5 lb. wt. 
respectively. Show that they are equivalent to a couple whose 
moment is equal to 46 ft. lb. 

2 ABCD is a rectangle such that AB=CD=a and BC=DA 
=b . Forces P act along AD and OB and forces Q act along 
AB and CD. Prove that the perpendicular distance between 
the resultant of the forces P, Q at A and the resultant of tne 
forces P, Q at C is ' 


(P. U. 1929) 

3. AB JD is a framework of four rods in the form of a 
Thombus of sides l and angle a. A square CEFD of rods is 
constructed on CD so as to lie on that side of CD which is 
opposite to AB. In each of the rods AB, FE, D A, B J, DF, EC 
acts a force P and in the rod CD acts a force 2P, the direction 
of forces being indicated by the order of the letters. Show 
tha: the system reduces to a single couple of moment 

2ZP(1—sin a). 

4. A square metal plate ABCD of side 2 it., lies on a 
smooth horizontal plane and is free to turn about a point at the 
corner A. The plate is acted upon by forces of 10 lb. wt. along 
AB, 15 lb. wb. along BC and 10\/2 lb. wt. along DB and by a 
couple so adjusted that the plate is in equilibrium. Calculate 
the moment of the couple. 

[•4iur. 10 lb. ft.] 

5. A straight uniform rod AB of length 12 ft. and of 
weight 10 lb. has its centre of gravity at C and is inclined at 


Pa —Qb 

yP 2 +cp’ 
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45° to the horizontal. It is acted upon by an upward vertical 
force of 20 lb. wt. at the lower end A. by a downward vertical 
force of 10 lb. wt. at the higher end B, and by such horizontal 
forces at A and C that the rod is in equilibrium. Prove that 
the forces at A and C form a couple and find its moment. 

[Ana. 90 V2 lb. ft.l 


6. ABC is a triangle whose sides BC, CA, AB are 25, 15 
and 20 inches respectively. A force of 25 lb. wt. acts along 
the bisector of the angle BAC ; parallel forces through B and 
C are in equilibrium with this. If the forces are now turned 
about A, B and C, till they are at right angles to BC, prove that 
they form a couple of moment 3y lb. ft. 

7. The algebraic sum of the moments of two given 
coplanar forces about any point in their plane is constant. 
Show that the given forces form a couple. 

5 6 Theorem IX. Three forces represented in magmtude r 

direction and line of action by the sides of a triangle taken m 
order, are equivalent to a couple. 

Let the forces P, Q, R acting along the sides BC, CA and 
AB of the triangle ABC, be represented by these sides. 

Draw EAF parallel to BC. At A introduce 
two equal and opposite forces, each equa 
to P. 

The forces P, Q, R acting at A along AF, 

CA and AB are in equilibrium by the triangle 
of forces. 



We are thus left with two unlike parallel 
forces each equal to P, one acting along BC 
and the other acting along AE. They evidently 


form a couple. 


The moment of the couple = P.AL=BC.AL 
=twice the area of the A ABC. 


Ex Show that the resultant bf a system of three forces 
acting along the sides of a triangle is either a couple or a single 


force 

e 61 Forces represented in magnitude , direction and line of 
action by the sides of a plane polygon are equivalant to a couple 
whose moment is represented by twice the area of the polygon. 
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This follows at once from the above theorem. 

Divide the polygon into triangles by joining one corner to- 
each oi the other, to which it is not already 
joined. Introduce equal and opposite forces 
represented completely by the lines so drawn. 

Thus we obtain a number of sets of three 
forces acting along the sides of a triangle 
and represented by them. Applying the 
above theorem to each of these sets, we 
obtain a number of co-planar couples which A D 

by Art. 55 are together equivalent to a single couple whose* 
moment is equivalent to twice the sum of the areas of the tri¬ 
angles i.e.y twice the area of the polygon. 

Note. The effect of such a system of forces acting upon a 
rigid body is* a simple rotation and no translation (the sum of 
the resolved parts of the forces i.e., of the sides of the polygon 
vanish in all directions). 



If, how ver, tho forces act on a ‘particle and not on a rigid' 
body, the effect of the forces is nil, (by the theorem of polygon 
of forces). 

5 62. If three co-planar forces, no two of which are parallel , 
are equivalent to a couple, they can be represented by the sides of 
the triangle formed by their lines of action. 

Let P, Q, R be the forces and ABC the triangle formed by 
their lines of action. 


Let G be the moment of the couple and A 
the area of the A ABC, then since the moment 
of a couple can be measured in terms of the 
area of a triangle, we can suppose G=2A. on 
some scale. 

Taking moments about A, we have 



P.AL=G=2A=BC.AL i.e. t P=BC 

Similarly Q=CA and R^=AB. 

Thus the forces are represented by the sides of the A ABCT. 

EXAMPLES XIX 


forces are completely represented by the sides BA, 
AD. CB, Du of a quadrilateral ABCD. Show that they are, 
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equivalent to a couple consisting of two forces through A and 
C, each equal and parallel to the other diagonal. 

Show also that the moment of the couple is represented 
by four times the area of the figure formed by joining the 
middle points of the sides. 


2. ABC is a triangle and forces represented by l BC, 

w • ft 

m. CA, n.AB act along the sides BC, CA, AB respectively. Show 
that if l=m — n y the system is equivalent to a couple, and if 
Z + w 4-77=0 the resultant passes through G, the centroid of 
tho triangle. 

3. P, Q, R are taken on the sides BC, CA, AB respectively 

of the triangle ABC, dividing each in the ratio ok 1-fA : 1—A 
in the same sense round the triangle. Prove that the forces 
represented by AP, BQ, CR are equivalent to a couple. Find 
the moment of the couple. [Ans. 2aA0 

4. X, Y, Z are points in the sides BC, CA, AB of the 

.A ABC such that-®?-= y|- = zl = A. ' PrOV ° that th9 
system of forces represented by AX, BY, CZ is equivalent to 

a couple of moment 2 A, where A is the area of the 

triangle. (Compare Q. 10 Ex. VII.) 


1 5.^ OABC is a tetrahedron. Show that the couples repre- 

sented" by the areas OBC, OCA, OAB can have a couple repre- 
sented by the area ABC as resultant. (?■ u ■ > 


6 ABC is a triangle and A' B' O’ is another whose area 
is A and whose sides BC', C'A , A'B' passthrough A, B, O 
respectively. Forces Ka. Kb, Kc, act at A', B', C' parallel to 
BC CA, AB respectively. Show that they reduce to a coup 

whose moment is equal to 2KA* 
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r<i 


0 


5 7. Resultant of a Couple and a Co-planar Force 

I I • * , , * * 'i 

* ,i Let a couple be formed by two 
forces, each equal to Q acting at A and 
B, AB=g being the arm of (he couple ; 
and let R be a fo,rce, acting in the plane 
of the couple at C along CD. 

The moment of the couple=Q.g 
=G (say). 

Now replace the couple by a new 
couple having its forces, each equal to 
R If ar be the arm of this new couple, 

then G=Q.g=R.:c or x= • 

K JcC 





. « 


j- 


Shift ( he new couple such that one of the forces R acts at 
C along CE (DC produced), a direction opposite to that of the 
given force R at C, . 1 - 

Now the two forces acting at C balance and we are left 

with a single force R at F, where CF=x — — . 

R 

Hence a couple of moment 0 and a given force> R compound 


into a single parallel force R displaced to a 
its original position . 


distance 

% 

• • 


O 

R 


from 


It may be noted that the magnitude and direction of the 

force remains independent of the couple.’ • * 

.£ or - couple and a force in the same plane cannot be in 
equilibrium. 

» A. ^ 

5 7L Theorem X. Resolution of a force into a force 
anci a couple. A force can be replaced by an equal and parallel 

X rc XT ng Qi ^ ar ™rarily chosen point together with a couple , 

1 ° ymg in the plane determined by the given force and the' 
'Chosen point)* • ' • 
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Let P be the given force acting at a 
point A along a certain line AB and let O 
be the chosen point. 

At O introduce two equal and opposite 
forces, each equal and parallel to the given 
force P. 

Now the original force P at A and the 
force P at O, acting along OD from a couple whose moment 
is Pa where a is the length of the perpendicular from O on AB. 
Besides this, there is force P acting along OC equal and para¬ 
llel to the original force P. 

Thus, a force P acting at A is equivalent to a force at O 
equal and parallel to the original force and a couple whose 
moment is equal to the moment of the original force about O. 

5 72. Resultant of a system of coplanar forces acting on 
a rigid body. The above theorem can easily be extended to 
any number of coplanar forces, so that they can be replaced 
by a number of coplanar couples and a number of concurent 
forces at O. 

By Art. 5*5 the system of couples is equivalent to a single 
couple of moment say G and by Art 3'23 the forces at 0 are 
equivalent to single force, say R. 

Thus we find that a system of coplanar forces is equivalent 
to a single force acting at any chosen point in the plane , together 
with a couple in the same plane. 

The resultant force R and the resultant couple G (if 
none of them is zero) can further be compounded by Art. 
f >*7 into a single force R with its line of action not passing 

through O. 

If, however, G=0 and R does not vanish, the system 
reduces to a single force passing through O. 

Further, if R=0 and G does not vanish, the system 13 
equivalent to a couple. 

Thus the whole svstem is reducible to either a single forcer 
or a couple, a fact which was otherwise shown m Art. 4*01. 



FORCES ACTING ON A RIGID BODY 


109 

573. Again if G=0 as well as R=0, the couple and the 
suigle resultant both disappear, and the given system is in 
-equilibrium. These conditions are evidently satisfied when 

(0 8un * of tbe momeuts of the forces about a 
point in their plane vanishes ; and 

(u) the sum of the resolved parts of the forces 
along two lines separately vanish. 

follows^— 1 ^ reSUltS Can alS ° be obtained analytically as 

\ 6 7 4 ‘ Analytical method for the resultant of a 
of coplanar forces. 


system 


Let P t . P 


29 



along Or, and 


noints A A *' be the J .e iven forces acting at the 

** 3 ’a' . etc *> tbe co -ordinates 

r-Ai* A *> .being (x lt . Vl ), (* 2 , y 2 ),. V| 

^ j reference to rectangular axes OX 

• and OY in the plane of the forces. 

Let Xj, Yj be the resolved parts of 0 
Pi parallel to OX, OY. 

Now Y x at A 2 can be replaced by Y, at O 
•a couple of moment a^Y 2 . 1 

at A x can be replaced by X. at O alone OX anf i 
couple of moment—y 1 X I . J 1 on ® an d a 

; Hence the force P, at A is equivalent to 

(1) X x along OX 

(2) Y x along OY, 

atld (3) ft ° 0uple of moment say G,. 

*r alf th^forf^ we have* ** ^ ““““ and addi “2 up 

I f 

• - (1) X=s;X 1 along OX 

(2) Y =SYi along OY, 

* U< * — ® G=2g(* 1 Y 1 --y 1 X 1 ) J a oouple. 

Hence 
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%Y 1 are further equivalent to a single force B- acting: 

The resultant is simply a couple if SX x =0 and SY,=fr 
and G4=0 The moment of the couple is obtained y a ® 
the sum of the moments of the forces about any point u» then 

plane. v 

The resultant is a single force if at least one of SXi or 

sYl is not zero. (This includes the case when none of 

three is zero). ' > ■ .* 

Thus the system is reiucible to either a single force or a 

• - I •' 

couple. • 

If and G all the three vanish, the system is 

^ equilibrium. 

5 75. Equation of the line of action of the resultant. 

In case tue forces reduce to a single 
force, the equation of its line of action 
is obtained as follows r ^ 

Let (x, y) be a point on the line of 

action of the resultant force then since Q , x _ 

the resultant passes through this point 
ine sum of the moments of the forces about it must vanish. 

Hence taking moments about P, we have 

■yX— zY+G=0 or zY—yX=G .(!) 

Which is the equation of the required line. 

It may be noted that the sum of the moments of all the 
forces of the system about any point (*, y) in their plane is 

G-zY+yX . (2) 

imd the angle e which the resultant makes with OX 

• y i • § t { * 1 V . i • 

=elope of the .line (1)—Y/X. 



J X-: 
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' 5.76. Example. Find the resultant of forces 1 , 2 , 3 , 4 . lb. wt „ 

tiding as shown along the sides of a square of side 2 ft. 

Taking AB, AD as axes of reference, we 
have 

X=sum of the components along AB 
= 1 —3 =—2 lb. 

< Y=sum of the components along AD 
—4—2=2 lb. 

G=sum of the moments about A 
=3 X AD—2 x AB=(3—2)2=2 lb. ft. 

Hence the equation of the line of action of the resultant is- 

xY— i/X=G i.e.y 2x-{-2y=2 

or x+y=l 

which obviously intersects the lines AB and AD at their middiet 
points. • _ , . , , 

Also the magnitude of the resultant =yX*fY*=2y2 lb. 
and 0, the angle which the resultant makes with AB is given by 

y o ' 

tan 0 ==-^- = ^=-1 i.e. } 0 = 135°. 



EXAMPLE XX 

. I 

1. Four coplanar forces act on a rigid body, their lines ^ 
of action being the sides of a square ABCD, their magnitudes 
aud directions are (i) 20 lb. wt., along AB (2)-10 lb. alone 
BC, (3, 30 lb. along GD, (4)-40 lb. along DA. Find the forces 
P and Q whose lines of action are respectively CA and a line 
through the point B which will just produce equilibrium. 

■ ■ 11 , i ! 7 1 (PM,.1931), 

[Ans. P=10V2 lb., Q=20 y/2 lb, acting along DB, 

2. ABOD is a rectangle whose side AB=15' and AD =8'. 
Taking AB, AD as co-ordinate axes, show that the equation 
,of ihe line of action of the resultant of the following forces is 
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3. Forces of 3, 4 and 7 lb. act along the sides AB, CB 
-and CA of an equilateral triangle, Taking A as origin and 
CA as X-axis, show that the resultant acts along the line 


7x— 5V3t/+4a=0 

a being the length of a side of the triangle. 

4. Components, parallel to the axes of co-ordinates, of 

f.our forces acting at the points (1, 2), (~2, 3), ( — '3, 3), 
(3, —4) are respectively ( — 3, 4). (5, 3), (—2, — 3) and (4 — 1), 
the distances being in feet and the forces in pounds weight. 
Find the magnitude and the direction of the single force and 
the moment of the couple at the origin. Prove that the line 
of action of the single resultant is 3x—4y=3. (F .U. 1928) 

5. ABCDEF is a regular hexagon and O is its centre. 
Forces of magnitude 1, 2, 3, 4, 5, 6 act along the lines AB, 
CB CD ED, EF, AF. Reduce the. system to a force at u 
and a couple, and find the point in AB through which the 


single resultant passes. AT> j at? 

B [ Ans. Resultant=2V3 bisects AB and Ah* 

6 The moments of a given system of forces about three 
points (2,0), (0,2) and (2,2) are +3, +4, +10 units respectively, 
find the magnitude of the resultant force and prove that it 

acts along the line 6x+7y=6, 

7. Find the resultant of forces 4P and 3P parrallel to 

OX and OY, acting at the point (a, a) and a couple in the 

plane XOY whose moment is + iaP. 

Find the intercept made by its line of action on OY. 

T Ans. 5P at tan- 1 3/4 with OX ; 


8. The sides of a square ABCD'are 3 in, long. For 0 ®® 
k 1 3 2 3/2 act from A to B, B to C, C to D, A to D, A 

c respectively. Prove that this system of forces is notequiva- 
l^nt to a couple and find the point where the line of action 

of its resultant meets BC. n , 

[ Ans. If in. from B towards G.J 

9. A system of forces acting on a rigid lamina inits 
Diane is reduced, firstly to a single force acting at a P 01 "£* 
in the lamina, and secondly to a single force acting at another 
point B and a couple of moment G. Prove, that if the ey ; . 
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■were reduced to a single force acting at the middle point of 
Ac and a couple, the moment of the couple, would be JG. 

Bern ^r s f act on ? bo ^ along the 9idea AB - 

L-’ U *’« • ’ and , A of a regular hexagon ABCDEFA in 

which AB is one foot long ; their magnitudes are 10, 20 30 ’ 40 

reS l' eodvel y- Find P and Q so that the’system 
reduces to a pure couple and show that the moment of the 
couple 18 75 V3 lb. ft. [Ana. —10, 60 lb. (P. U. 1930) 

. „ U \ Fc | rC A 3 ,£’r? P respectively act along the sides AB BG 
of a rectangle ABCD, and a couple of moment P(AD+2AID 

resulteni he f P /h Qe ° f the rectan ? le >“ the sense ADCB. tf Ihe 
AHlnd AK 6 9y8te “ me6t3 AB - AD in H - K respectively, bud 

19 Jf nt ' H ia in BA P rod nced AH=i AD ; K is at D.l 

i r““ SvBM ststet: *. h : 

i .. tan p = _^i~~’lQ 2 + 2 G a 

2Gl_Ga_Ga {D ' U - 

A system of coplanar forces nnt . 

reduced to either a single force or a single couj 

If the resultant be a r./mnL -4. * 1 * * 

point in the plane must be the same! which“t true^toTC. 

About any ’pom™ intiheh p°lane V^o?T** °/ the Sy8tem ° f forces 
tie system is not in equilibrium. * (e ’ 9 - abont A it is 

ssttt inZ h z: 0 ^ ele i oto ° m ite 

ab “•«»“ 

“ .. • • -i ; 
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Then by (2) Art. 5*75, we have • ‘ " 

' M 2 =M x — 6Y ' • ' ’ '' ' ' 

W and M, being different, this equation shows that Y cannot 
vanish and thus the system cannot reduce to a single couple 
and cannot be in equilibrium. 

(M if tJ ie algebraic sum of the moments of a system oj 
Qoplanar forces about three non-collinear points ( A, B, C)m 
their plane'is the same lil) and not zero, the system reduces to a 

couple. . 

In this case the system cannot reduce to a single force 
(it) for, if it does, its line of action, must be at the same> 

distance —-r, from the three non-collinear points A, B,C which 


is impossible. 

Also the system is not in equilibrium, as the sum of its. 
moment s about every point in its plane is not zero. 

Hence the system must reduce to a couple. 

Otherwise. To solve it analytically, let A be the origin, 
and " and (x 2 , *) be the co-ordinates of B and C. 

Then by Art, 5'75, M=M^x 1 Y+y 1 ;X i.e., x,Y-t/iX 

Similarly =yJ 

This requires that, 


either 


Vi = y - i.e., A, B, C are eollinear which is contrary 
x.S 


to tlm hypoirtiesis^o . ^ ^ cannot be a single force- 

v m.h (i) Prove that if a .variable-system of forp:8 in 

distance between the two points. , 

Let A and B be the fixed points. As the moments 
A and litre different, the system must retoce to a Woe ^ 
the line of action of which must interest AB, say at C, the 
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G=R. AL=R. AC sin a (1) 
and G =R. BM=R. BC sin a (2) 

f i ^ ' 


* i f r 
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P AC . 

G /— ' BO te -> ^ is a fixed 


point on AIS dividing it externally 
in the ratio of the given moments. 



° fR wiUdMde m A“!"termriy f ^ P t h e “ e ^ Q5 : the line of action 
Hence a.I .° the the moments. , 


_ Hence all the resultant ^ ' 1 

which divides AB internally or evt PaS -n throu S h a fixed point' 
constant moments. y externally m the ratio of the 

9 ^ ^ i i * • 


Now from (.) and (2). we have 

G G ' G-G' 


R = 


AR siu a 


r 


Thu^w - < AC -"5cJm^I ^ 

Then the moment about A=G 
and the moment about B=G-a y =G ' 

G, G being constant V i. . G) 

varies. . . i. s constant anil thus oafy X 

<> ; '\: 'i h0 f 8 " 1 ^ i3 | min. when X=0 "'.T'’ ” 

. . by (1) the min. valueof R,=Y = / G ._p,, / ' • : • htj 

-A Isothaiequartibn .of the- |w-T • ‘ 

hxed point, G had-V .being oonstar/s I 

. _ I *- >«i * . 11 * i. t . i . 4 : . f .. - U / 





■V* 
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The forces being perp. to 
BC are parallel and as they ai e 
in equilibrium, we have 

X=Y4-Z 

and that the resultant of Y and 
Z is equal and opposite to X, 
acting at D. 

in the second position, the 
forces are shown by dotted 
lines. As the point of applica¬ 
tion of the resultant of parallel . 

forces is independent of their direction, the .resultant of Y and 
Z is a force still acting at 0, equal to X acting along DE. lhis 
forms a couple with the new position of X along the dotted 

iine AX. 

Now since AD is perp. to BC therefore Z.EAD=90°—B 
* the moment of the couple 

= X.AE=X.AD cos /EAD=X.AD sin Br*X.c bux B sin B 

=X.c sin 2 B. , „ .• 

• 0m • • 

Co* l f the forces be turned through an angle a, in the 

same sense, they will be equvialent to a couple of moment 

Xc sin a sin B. 

EXAMPLES XXI 

1 The moments of a system of coplanar forces about 
three 'collinear points A, B, C in their plane are Us. 

prove that G,.BCi G a .CA+G 3 .AB=0 (P- V. 1930) 

P 2 A system of foroes acts on a plate m the 

lo t Aral iriancle of side two urnts. The moments of the 

forces about the three vertices are 10, 20 and 30 unto. ne j°^t 
that the resultant is 10 units in magnitude and is inclined 

an angle of 30° with a side of the triangle , 

i If the sum of the moments of a system of coplanar 
forces aLtauy^intin a given straight line in their plane .s 
always the same, what is the nature of the resultant ? 

4. Show that a system of coplanar forces can always oe 

reduced to two parallel forces. 
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5 . A system of forces in the plane of a triangle ABC is 
equivalent to a single force at A acting along the internal 
bisector of the angle BAC and a couple of moment Q 1 . If the 
moments of the system about B and C are G a and G a , prove 
that 

(6-f-c) Gj=6G a +cG s . 

6 . If two different systems of forces have the same 
moments about any three points A, B, C, the two cystem must 
have the same resultant. 

Hence show that if a system of forces has moments L, M, 
N about aDy three points A, B, C and if ^ is the area of the 
A ABC, the resultant is the same as that of three forces 
sL 6M cN 

2A * 2A * 2A act ^ ng a * on 8 CA and 

7. Prove that in all cases a system of coplanar forces can 
be. replaced by two forces, one of which acts through a given 
point and the other along a given straight line. 

8. Show that a system of coplanar forces may be repre* 
sented in an . infinite number of ways by two forces acting 
through two given points in their plane. 

If A and B are the fixed points and AP and BQ represent 

any two such forces, prove that the loci of P and Q are straight 
lines parallel to AB. 6 

n for ? 3 K ?> , KA ' Kc aot along AO, BO, CO, where 

O is the orthocentre of the triangle ABC. If they are rotated 
through the same angle g about A, B, C, respectively, show 
tnat they become equivalent to a couple whose moment is 
4 KA Bin g, where A is the area of the triangle. 

Rivision Questions Ill 

-pSr of - •«* 

for*. “*~ 'W* 1 “4 »PP«to 

plane of P and Q are combined witWh* dl8t , ance 6 a P art in the 
U p iS “ distant 6^(P+Q) o“’ 4S/°(P ^ 

as P and Q are like or unlike + W oS/(P-Q) acoording 
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< ’ . 2- A system of co-planar foices is represented in magni¬ 
tude and position by all but one of the sides of-, a closed 
polygon, taken.in order. v».v- -i' 

Prove that their resultant is parallel in position and pro¬ 
portional in magnitude to the remaining side, and that ita lin6 
of action is at a distance from that side inversely proportional 
,to its length. 

3. A door is fitted with spring hinges which normally keep 
it just closed. As the door is opened the hinges supply a 
qoupJe of J lb. ft. for every degree the door is opened. Fraction 
resists motion with a maximum torque (couple) of 5,1b. ft. 
What force must be applied to the door 3 ft. from the lunges 
in order to keep it open 30°! [ Arts . 6f 1^>.) 

4 Four forces R, R, S, S act along the sides AB, BC, CD, 
DA of a rhombus. Find the sum of their moments about the 
r centre of the rhombus and deduce that their resultant is at a 
"distance from this point equal to 

, , & BD (R+S)/(R-S) 

v ' Discuss the case when R=S. 


5. Prove that if three forces k. BC. &.CA, k .AB act along 
the sidts BC, CA, AB of a A ABC their resultant is a couple 
.of moment 2k A where A i 5 * the area of the triangle. » • 

Three forces &BC, 2fcCA, 2/rAB act-Along the sides BC, 
, CA, AB of a triangle ; find the single force at A and the couple 
to which the system is equivalent. Also find the magnitude 
and direction of the resultant forge and the point where its line 

, of action meets A B. , . > • •' • ■ ; 1 ,f ' 

[Ans.kCB parallel to CB ; 2* A ABC ; fcBC parallel to 
CB, divides BA produced in the ratio 2:1. 


■ 6. Show that a couple and a force in its plane cannot 

produce equilibrium. . (i , , ,, . ■ ^T'T l' 1 ' 

A uniform rod AB of weight W and length 21 hangs from 

• a fixed point O by a light string OA attached to the end A, and 
a. couple of moment ff «1W) is applied to the;rod ina vwt^d 
- plane Find the tension in-the string and the molination of t 

Tod to the vertical in the position, of equilibrium., w >- . 
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If the couple is removed and a horizontal force P applied 
"to B, find the tangents of the angles made by the string and tho 
rod with the vertical in the equilibrium position. 

[Arts. W, sin -1 

A -di i..A j'.j • a.* v.» 

7. Two equal unlike parallel forcep, acting at fixed points 
A and B, form a couple of moment G ; if their lines of aotiop 
are turned through a right angle, they form a couple of moment 
H. Show that when they both act at right aiigles to AB, they 

form a couple of moment y/ G 2 -f-H 2 . 

8. Snow tnat a system of forces in one plane can be re¬ 

duced' to a force through any given point in the plane and a 
couple. • *' •* 

There points L, M, N are takan in the sides AB,‘CD, EF of 
a regular hexagon respectively, such that LMN is an equilateral 
triangle and forces act along and are represented by LD, LE, 
MF, MA, NB and NC. Prove that the resultant will be a 
couple of moment 6(/^OIiA^»AOIiB) O being the centre of the 
hexagon. , . .. (/>. U. 1922) 



[Hint. Force LD at L=forces LD at O-bcouple 2^LDG’ 

1 ' \ * . . =L0.4-OD at O+couple 2^1iOA 

Similarly force LE at L=LO *f' OE at O+couple 2ALOB^ 

\ ? - ‘V ,/ etc.] 

9 . Prove that any system of. co-plarinr forces can be repre¬ 
sented by forces acting along the sides of a triangle. ' ‘ ■ < 

* t> ^ » ^ 2 * .Yo. Zt> a c'tihg a loth* the 1 sides BC, CA. 

AB of the triangle ABC, represent two systems of co-plana? 
forces, prove - that‘the single resultants of the Wo' systems are 

parallel if* i • «>i .. .• , x -j,}» 

’" l ‘SfyxZj-Z^ysin A‘iO - 

PI o# «: i ill 10 $ (:») t ,) t (t) p 

• -• 1 t /b ;; l«.r > 4111 • l 9 ; t 


• •• 1 7% ;; l r jti ‘ii juliI'; ^ 9 •; t 

\ VWiW ’ . ^ ! ,,, V A>‘\ (» .oJqlUSAKj 

a; r . ..r,i V • ^ mu&\ ©H KU ,*I\> t Vj’A 
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CHAPTER VI 

CONDITIONS OF EQUILIBRIUM 

6.1. Conditions of equilibrium for a system of coplanar 
forces acting upon a rigid body are now discussed in details. 

From Art. 5*74 we deduce that the system is in equilibrium 
if, and only if 

SX^O, 2Y 1 =0, and G=0. 

This gives us three conditions which can be stated aa 
follows :— 

(a) The sum of the resolved parts of the forces in any chosen 
direction is zero. 

(b) The sum of the resolved parts of the forces in any other 
direction (not necessarily perpendicular to that chosen in (a) 
although it is usually most convenient so to choose) is zero. 

(c) The algebraic sum of the moments of all the forces about 
any arbitrary point O is zero. 

When (a) is satisfied, the resultant may be a force per¬ 
pendicular to the direction taken or it may be a couple. 

When (a) and (6) both are satisfied, the resultant cannot 
be a single force but may be.a pure couple. Also if the result¬ 
ant is to be a couple (a) and (b) must be satisfied. 

When (c) is satisfied, the resultant cannot be a couple* 
it may reduce to a force passing through O. 

When (a), (b) and (c) all the three conditions are satisfied* 
the resultant is neither a single force nor a pure couple and 
hence the system of forces must be in equilibrium. 

Thus (a), (6), (c) are the necessary and sufficient condition* 
for equilibrium of a system-of coplanar forces. 

Exam ple. (») Forces pa, qb , rc, sd act along the sides 
JLB, BC , CD, DA o f a plane quadrilateral taken in order, a, h p 
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c, d, respectively being the lengths of the sides. Prove that the? 
forces are equivalent to a couple if 

(p—q) OB={r—8) OD, (q— r) OC=(a—p) OA 
where 0 is the point of intersection of AC and BD . 

Since the resultant is a 
couple, the sum of the resolved 
parts of the forces in two direc¬ 
tions must vanish. 

Resolving in a direction 
perp. to AC, we have 

'* V* sin ZBAL-. 9 6 sin ZBCL-re sin ZDCM +sd sin ZDAM=«0> 
or p.BL-g. BL—r. DM-f s. DM=0. 

p—q DM _ OD . . v ' * 

* m ~t^s ^BL “ OB~ u e ** to—4) OB=(r—*) OD 

The other result is obtained by resolving forces perp. BD. 

Example. (it) In Ex. (i) if the quadrilateral is cyclic 
and the resultant of the forces, is a force parallel to AC, show that 

ip—q) oi=(r—*) cd. 

Since the resultant is a force parallel to AC, the sum of 

the moments of the forces about any point in AC must be the 
same. 



Equating the moments of the forces about A and C we 

have qb, AB sin zABC-{-rc. AD s in ZADC * 

^ -i * 1 U ?. C 8in ^ AB 0+CD sin ZADC" 

The quadrilateral being cyclic, in this case 

sin ZABC=sin ZADC. 

g6.AB+rc. AD=po. BC-f sd. CD 

*•*•» qba-\-rcd=zpab+adc. 

Hence (p—q) ab=t(r—s) cd. 

• • * »* • i 

6.2. Other forms of the conditions of equilibrium. 

> The conditions of equilibrium mav alan k** 

forms such as the following 7 ** 8 iven m oth ®r 
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cOfplanar points, say A and B, vanishes and the sum of the resolved, 
parts of the forces in some direction not perpendicular to AB also 
vanishes ; ' . . > . ' ' , M 

The system cannot evidently reduce to a couple. It may 
reduce to a lorce, say F, then F must act along AB. But the 
given condition requires that the sum of the resolved parts of 
the forces along *a line making an angle 0 (0=}=9O) with AB' 
vanishes, it means that F cos 0 — 0, i.e., F=0. Hence the 
forces must be in equilibrium. 

To prove this analytically, let the points A and^B be.(0. 0,); 
(a, 0). Substituting in the expression G—afY+j/X, we have 

•G=0 and aY=0 or Y=0 (Vo=$=0). 

The third condition that the sum of the resolved ' parti of 
the forces about any line not perpendicular to AB vanishes, 
leads to X=0. * ! y • • 

II. A system of copl/inar forces will he in equilibrium if 
the, sum of the moments of the forces about each of three different 
points, in their plane, not all lying in the same straight line , 
separately vanishes. ' 

Since the sum of the moments about one of the points. 
6ay A, vanishes,, the system Cinnot reduce to a couple but it 
may reduce to a force, say F acting at A. t . , • " 

Again, since the sum of the moments about a second points 
§ay B, also vanishes, the resultant force F, if it exists, must act 
along the line AB. - . " ‘ 

; Further, since the sum of the moments about a third 
point, say C, vanishes, F must also pass through C, a poult no 
lying on AB which is impossible. Hence F itself must be zero 
•and the system must be ill equilibrium. 

These conditions can also be proved analytically as 


follows :— 

Let ‘(0, 0), to) and' y$ be the 'thtee arbitrarily 
•chosen points bubstituting these points in +yA,au 

expressi in giving the sum of the moments of the system about 

^ny coplanar point (x t i/)> w e «b ft v© • , ./• * ■ 

v and 


C0ND1TIQNS OF EQUX-IBRm^ . . 

T‘ .(A-«. i ' . • 1 




< i From which'we get 3£==0, Y=0 unless A, 

& , . . a;,-- » -e* i ? I i 

r ‘‘ * * # W * ’ * • u. • • 1* * 

B and C are collinear 


• 1 • :( • 


■ ) .’i 


Example- Three forces each equal to P act along the-; sides 

* • * ’ ’ f 1 . ^ ^ 

o/ a triangle ABC •iti • <Ae 'same' sense and fo+CQS P sih L —^ > 

t J ■* * . - f M / * . 

£» *• * • * T - • 

P sin —sin ac£ qiowa (Ae bisectors of the .exterior angles 

4 c . . < • 


; i • ! 


A, B,C respectively, in the same sense opposite to that of the fdrees 
■along the sides. Show that all the forces are in equilibrium, ' 


1 -!| !i 'III J 


• I 


. w ft 




i 

. - « ^ «* 1 
• • • 

\ iiiV/ 


* i•; ‘if 

• M ' 

' M . . 

* / • 

> * 'j ? • • • 

f 

\ . r; 


n. • » .i(t 
.! i vmi.i.*! 




• « i • * I ♦; . . * 

11 • « % .» i •' J 


, 1 . _ is P er P* to PC ; AM, AN are perp, to CM, BN,, bisectors 

the exterior angles C and B. r * ‘ # , T 

laking moments about A, we have , . (lt l , , 

ill I i • I ) * • • 

H 

V*- ,Vfc:r ‘*’ f 

• • i I I 

V C M f 

-U . itvM|f|i , *<• I_J u » 

-Fein 5. c 


_ • * 

P. AH—P sin-^-. AM-rP sin A]Sr £ 


.• ,u. 


‘C 


=P.6 sin C-P j»in. 6 sin ftW-r^ ) 

‘ • • ■ I tj’ I. » Lii ' 






i / T> \ 

3 sin 1 1 90°-—T 

oi'T V : i ^j /t 


.•< iT?? 8in C r^ sin |; .cps f -Pe si^^s J 


^Pt-sin'C^-f sm C«~$ Pc ain B \ .'s.A.vi :i 

=P6 sin C—P6 sin C (V 6 sin C=cteit ! BJ <v > *' v « Jnsb»vnf| > 

^*=0 .n -h', o«=t\ hna \j — 
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Similarly it can be shown that the sum of the moment* 
about B and C vanishes. Bence the forces are in equilibrium* 
A, B, C being non-collinear points. 

Note : This method simplifies the solution, for the forces- 
need not now be resolved in two directions. 

EXAMPLES XXII 

1. State the conditions required for the equilibrium of co- 
planar parallel forces. 

2. Forces P, Q, R, S acting in the sides AB, BC, CD, DA 
of a quadrilateral ABCD, are in equilibrium, show that 

PxR __ QxS 

ABxCD BCxDA* 

Will this condition alone ensure equilibrium ? 

If the first force acts from A towards B, find the direction 
of each of the other forces. 

3. A triangle ABC can turn freely in its own plane about 
the centre of its inscribed circle which is fixed and forces* 
proportional to 

y—z, z—z, x—y 

act along the sides BC, CA and AB respectively. Show that 
the triangle remains at rest. 

4. ABCD is a square whose side in 2 units in length* 

Forces P, Q, R, S act along two sides AB, BC, CD, DA, taken 
in.order, and forces Fy/2, T\/2 act along AC and DB respec¬ 
tively. Show that if < 

F+T=R—P, F—T=S-Q 

the forces are equivalent to a couple of moment P-f-Q+R-fS. 

4 (6) Forces P, Q, R, S acting along the sides AB, BC r 
CD, DA of a quadrilateral ABCD reduce to a couple. AB and 
CD are parallel but not equal while AD and BC are equal but 
not parallel. Prove that 

Q=S = i(R—P) sec ZADC. 

5. Along the sides of a regular hexagon taken in order 
six forces a, b, c, d, e, / are applied, show that they will be> 

equivalent to couple if 

e=a-f-b —d and/=c+d— a. 
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Calculate the moment of this couple in terms of a, 6 , c 
nd d. 

[An*. l{a-t-d-{ 2b-\-2c ), i=length of a side.) 

2 


6 . Forces P 4 , P 2 , P 3 , P 4 , P 5 . P 6 act along the sides of regu¬ 
lar hexagon taken in order. Show that they will be in equili¬ 
brium if 5jP=0 

and P x —P 4 =P 3 —P 6 =P 6 —P 2 . (Pub. Ser. Com.) 

7. The forces p». p*. p 3 act at the middle points of the 
sides a, 6 , c of the triangle ABC, and at right angles to these 
sides. Show that if they form a system in equilibrium with Q lf 
C 2 , Q 3 acting along the same sides, then 


Qi-4 A ^P^-PiW- (P 3 a- P 1 c)c 

and two similar equations, A being the area of the triangle 

(B.u!) 

8 . If three forces acting along and represented by the 

sides of the triangle ABC taken in order are in equilibrium with 
three forces each of magnitude X, which act along the tangent^ 
at A, B and C to the circumoirole of the triangle/ and whose 
■directions are all in the same sense of rotation, prove that the 
triangle ABC must be equilateral and find X in terms of the 
length of the side. [Ana. X=half the side. 

9. Three forces acting at the angular points of a triangle 
ABC along the tangents to the circumcircle, are equivalent to 
a couple. Show that they are in the ratio 

sin 2A : sin 2B : sin 20. 


For ? e f V3 P,V3 Q,V3 R act along the altitudes AD. 

* at* and f 5 rce , 8 P T R » Q“ p alon 8 the sides BC, 

CA, AB respectively of an equilateral triangle ABC. Show that 
the system is m equilibrium. 


11. Forces 2P cos 


B 


C 


2 J 2 Q cos ~ 2 ~ » 2R act along 

«ie internal bisectors of the angles A, B, C and forces R-Q 
P—R, Q—P act along the sides BC, CA, AB respeotivelv nf 
the triangle ABC. Show that the six forces are in equilibrium. 

. . i??™ 68 P * R act along the sides BC, CA, AB of a 

tnangle ABC and forces P'_ O* TV . 
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o is thb centre of the circumscribed' circle. Prove that if the 
six forces are in equilibrium, , 

’ *• P cos A-}-Q cos E + R cos C=0 


and 


PP' 


a 


+ 


QQ' 


RR' 

c 


=0 



*6.3* Three forces acting on a rigid body. 1} three forces 
acting on a rigid body keep it in equilibrium, thty must be 

coplanar. 

Let P, Q, R be the three forces, A 
any point on the line of action of P and B 
a point on that ot Q. 

As P and Q meet the line AB, they 
separately can have no tendency to turn 
the body about AB, and since P, Q, R A P 

in are equilibrium, they together can have no elfect to turn 
the body about AB, so that the third force R cannot turn the 

body about AB. 

Hence AB must meet the force R in some point, say G. 

Similarly if B x . is another point on Q, ABj must meet R, 
sav in C, so that the line of action of R must lie in a piano 
ABB or in other words the lines of action of Q and K are 
coplanar and they lie in a plane which passes through A. ' 

Similarly bv taking another point A, on P, it can be 
Droved that Q and R are coplanar and that their plane meets 
the line of action of P in A, so that the plane in which Q and R 
he. contains two points A and A, on thb hne of action o. P t.e., 
it contains the whole line of action of P. . % . 

- Henbe the three forces are coplanar. ' ( 

6 31. Conditions of equilibrium of three forces acting on 

a rigid, bqdy. . • . : < ’ , 'A‘ \ 

Prom the above.(Art 6*3) and articles 3.3 and 4.11, ( Lor. ^ 

itfoihiV, " - .... 

_..jif.’, .,forces . acting upon a . rigid; body are ii, 6 

fcnum, :,u , • ■. ■ :. ,<• 

co^ldmr. , , , y . 



i 




rr 
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(it) they must either meet at a point or be parallel . 

(it'i) (a) when concurrent , each is proportional to the sine 
of the angle between the other two . 


1 (6) when parallel , each is proportional to the distance between 
the other two. 


EXAMPLES XXIII 


1. A uniform cubical block of weight W rests on a smooth 
inclined plane with one of its edges horizontal and in contact with 
a smooth vertical wall. The inclination of the plane is 0 . Find 
the pressures on the plant and on the wall. 

ABGp is the section of the 
block made by a vertical plane. 
through its centre of gravity G, 
meeting the inclined plane in BG A 
and the wall in A. 

The forces acting on the block 
are .v— 

(*) the resiiltant reaction R. 
of the wall actihg at A along AO 

perp. to the wall, the wall being 
smooth. 

i 

(it) the weight W acting along a vertical line through G. 

(in) the resultant reaction S of the inclined plane perp. to 
.KG, the plane bemg smooth. 7 

The block being in equilibrium under three forces tho 

pohTt 3 Toth'? th ° BamC planC ABdD ’ and m«st meet afa 
p!ro ’to BC Th L reaCtl °, I i 15 °K T W cliucd P^nc is a force 

ofR and W fAvTT ro y='’ the point of intersection, 
na >\. (A ote that S. does not pass through G). 

Now by Lami’s theorem, we have 7 ' A y ’ r * • r ” * 

-- y : ' AGW i 

sm /_SO irV » siir^WoR ~ sin ^OK 



• . ?c r- 7 , bin /OUxl 

f B ’"*■ 1 to e^qcuneit ohiWr--o .« A 



*: r. i 


£ 

'V? i 
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ie R _ S W - 

sin 6 1 cos 0 

Hence R=W tan 0 and S=W sec 0 . 

2. A hemisphere of radius a and weight W is placed with 
its curved surface on a smooth table and a string of length l{<r) is 
attached to a point on its rim and to a point on the table. Find 
the position of equilibrium and prove that the tension of the 

6 


string is I W 


y-M-i*. 



Let the plane face of the hemisphere 
be inclined at an angles 0 to the horizontal 
since the hemisphere is in equilibrium under 
only three forces viz., its weight, the reac¬ 
tion of the table and the tension of the 
string, the forces must lie in the same 
vertical plane. 

Also, since the table is smooth, the reaction at the point 
of contact D must be normal to both, the surface of the table 
and that of the sphere, so that its line of action DC must be 
vertical. The weight of the hemisphere acting atG(CG=j}a) 
being also a vertical force, the third force, the tension T must 

•also be vertical. 

Thus the sphere will adjust itself such that the string EA 
48 vertical and lies in the vertical plane through C. 

Now DC—EA=a— l=a sin 9 . 

a—l * a—£ , 

8iQ «= „ or tan e== vi» 

Making moments about D, we have 

T.ED=W.DF 

t.e., T. a cos 0=W.CG sin 0=W.| a sin 0, 

#W (a-l) 


i 


T=s:£Wtan 0= 


V 2aZ-P 


2. A uniform eolide hemisphere of weight W has a particle 
•of the same weight attached to its rim. The hemisphere is 
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suspended from the centre of its plane face. Prove that in the 
position of equilibrium, the axis of the hemisphere is inclined 
at tan^d) to the vertical. 

3. A sphere of radius a, and weight W, rests on a smooth 

mclmed plane supported by a string of length l with one end 

attached to a point on the surface of the sphere and the other 

end fastened to a point on the plane. If‘the angle of incl na- 

tion of the plane to the horizontal is a, show that the tension 
ot the string is 

W(a-fZ)sin af V 

4. A board of weight W in the shape of a regular polygon 

the adjacent cornrr B being attached to the wall by a string 
ose length is equal to a side of the polygon. Show that the 
angle Q which AB makes with the wall is • 


tan 1 ^ — cofc 

. . . W 


*) 

n 


COt- 

n 


• , t 


and that the pressure at A is 

5. A picture frame, rectangular in shape; 1 rests afrainat a 
smooth veitica wall ; it is suspended Wt^o points^ nth e 

vsSts sutnjuf ,h * 1 » <* «"»«»"s 


u nil 



the ^Lo 8 n“f equmbriuT 6 6e0metriCal COnside -«- 



it 


rizUntnl r i»EL j nemtsp/ierical 1 bowl 

fzontal. rftnd lUe-^Mion of* equilibrium. 

....... .. * r,aVI8 84 ■'• «h,i M 


vftKe r6d. 

ntiw • .. w .* vfJANaft uJ,,, 

the centre *C. a Se0tlo “ «» bowl by a vertical plane through 
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In the position of equilibrium, let S fi 

the rod AB be inclined at an angle 0 
to the horizontal. 

The bowl and the rod both being •-£ 

cmooth, the reaction at D where the V / 

rod rests on the rim, must act along 
DO perpendicular to the rod at D. 

A V tUp reaction at A acts along AO, w 

the normal at A to the surface of the bowl. 

M DO being a right angle AO and DO must meet on the 

circumference of the circle DBF. 

Similarly the vertical through 0 and the horizontal lme 
through A must meet at F a point on the circumference 

The only other force being the weight of the rod the 

three forces must meet, i.e., the vertical from O must bisect 

the rod at G, . i /hat? 9/j 

Now 0 =Z.GAF-ZADC=Z.CAD, so that ZOAF=20. 

Since AO-2a and AG=J, we have 
AF=AO cos 20 and also=AG cos 0 
Hence 2a cos 20 = l cos 0, 

which gives *, the position of 

To find the reactions R and S, we apply 

, + R = - 
and get 8in Q c08 ^ cos 0 

bodies. ' ' ’ ' * ’ uA, , 

If D be any point in the base BC of 

a triangle ABC, BD=m, DC=», yV \ 

Z BAD=a. IDAC^P, then the fa 
angle J=^ADC is given by 
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( 1 ) 

( 2 ) 


(m+n) cot $=m cot a—n cot (3 
(w-f-n) cot 0=n cot B—m cot C 
In particular if D bisects BC, 

2 cot e t a -cot fi and * 2 CQt , =CQt B _ cot c _ 
resuUs he St “ dent “ advised to I— and remember tbesa 

ItTTJolaJ a°Z ft Wh r,, of gravity 

sphere. Tke rod suLnds an angU “*«» - 

Position of equilibrium. 9 1 the cen *re. Find its 

the Jea e etion r s fa R a n°d t et® T°° th ' 

BC^oZTotC tre g e £ ^ ^ 

anch that°AG=a anTo^T **“ ^sta 

centr!! nCe r ° d 8ubte “ ds an angle 2a at the 

' . ZCAB=^C3A=90°- a. 

zontal lcGB= 90 ^“ gle whioh the rod makes with 
Using formula (2, Art 6-a we have 
(o+6j oot ACGB=6 cot /CAT? 

” C+.) ^ J fffZn T* *** 

' " ST, * " ,ui “ b,i "“ a gto„ by 

(«+6) tan e =(6-o) tan a 7 

If rofa wire uniform i e ( 

.,7 V/ ’ 7/ S f we take moments a bon #■' a j w 

C«T 5 Joosa * 



the hori- 


( 
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EXAMPLES XXIV 

( * ! . 

. 1. A rod whose centre of gravity divides it into two- 

portions whose lengths are a and b (6>a), has a string tied 
to its ends and the string is slung over a smooth peg. Show 
that the angle Q which the rod makes with the horizon is 
given by 

(r i-\-b ) tan 0 = (6 — a) cot a 

where 2 a is the angle subtended at the peg in the position of 
equilibrium. 

2. A beam which is divided by its C. G. into two portions 
of lengths a and b rests in equilibrium on two smooth planet 
inclined at angles a, (3 respectively to the horizon, the planes 
intersecting in a horizontal line. Show that 0 the inclination 
of the beam to the horizon is given 


(a-ft) tan 0=6 cot /?--a cot a. 

3. A triangular lamina ABC is suspended from a point 
O by light strings fastened to the points A,B and hangs so 
that the side BC is vertical. Prove that, if c, (3 are the angles 
which the strings AO, BO make with the verticil, then 

2 cot a-cot (3 = 3 cot B. {Aligarh' 1943) 


4 A uniform rod AB is in equilibrium at an angle a with 

the horizontal with its upper end A resting against a smooth 
peer and its lower end B attached to a light cord which is tau¬ 
tened to a point C in the-same level as A. ; Prove .^hat the 
an<de (3 at which the cord is inclined to the horizontal is given 
by°the equation : tan/?=2 tan a-f cot a. , Q4m 

and show that ; AC(l-f 2 tan 2 a) = AB sec a. (D.U. 1940) 

5 Inside a smooth hollow sphere is placed a rod of 
weight VV equal in length to the radius of the sphere, the UUr. 
of the rod being at a point one third of its length from one 

end.' Find the position of equilibrium of the rod and also the 
pressures at the two ends., _ t ■ bii ; - A ” - 1 J ‘ 

• [Ans. At tan- 1 (3V3) with vertical; 2W/V7 ; , W/ V7.) 

6. A uniform heavy rod, whose length is equal to the 
diameter of/a smooth hemispherical bowl which is ^ed, mth ^ 
axis’Vertical,, feats .‘with one encf 'in-thb'bc&d and the other 

’ - BOJ •' 
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end outside the bowl. Prove that the inclination of the rod 
to the horizontal is about 30° 32'. 

7. A bowl is formed from a hollow sphere of radius a ; 
it is so fixed that the radius of the sphere drawn to each 
point in the rim makes an angle a with the vertical, and the 
radius drawn to a point A of the bowl makes an angle ft with 
the vertical. If a smooth uniform rod remains at rest when 
placed with one extremity at A, and with a point in its length 
on the rim of the bowl, show that the length of the rod is 

4 a sin ft sec \{a.—ft), (P.U. 1932) 

8 . Show that the greatest inclination to the horizon at 
which a uniform rod can rest partly within and partly with¬ 


out a fixed smooth 


hemispherical bowl is sin- 1 ^ -g . (D.U. 1934) 


• # 

9. ' A light rod rests wholly within a smooth hemispheri¬ 
cal bowl of radius r, and a weight W is clamped on the rod 
at a point whose distances from the • ends are a and b. Show 
that Qy the inclination of the rod to the horizon in the posi¬ 
tion of equilibrium is given by the equation 

2 \/r 2 —06 sin $=a—b. 

10. One end of a string of length l is attached to one 

end A of a smooth uniform rod of length a, and the other end 
of the string is attached to a light ring C which slides on the 
rod. The string passes over a small smooth pulley O, prov6 
that in the position of equilibrium the inclination 0 of the rod 
to the horizontal is given by a cos 3 $=l sin 6 •< * 

A string 16 ft. long has one end attached to the 
entremity of a smooth uniform heavy rod of length 10 ft. and 
at the other end carries a weightless ring, which slides on the 
rod. The rod is suspended by means of the string from h. 

smooth peg ; show that the angle 0 which the rod makes with 
the horizon is given by tan 0=4 
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CHAPTER VII 


THE SOLUTION OF PROBLEMS 


7 1. The set of conditions of equilibrium as given in 
k* ^ \ * s the most useful for solution of problems involving 
equilibrium of a rigid body under co-planar forces. This leads 
to the follow ng procedure :_ 


Equate to zero the sum of the resolved parts of the forces 
along two suitable perpeadicular lines. 

Equate to zero the sum of the moments of the forces 
about some suitable point. 

In addition to the three equation* so obtained, geometri¬ 
cal relation, holding between the bodies under consideration, 
may also be written down. 


All these will generally suffice to determine the positions 
of equilibrium and the magnitudes and directions of the un¬ 
known forces. 


The procedure can often be much simplified by the proper 
choice of the directions along which the forces are resolved. 
In general, horizontal and the vertical directions are the most 
suitable In problems involving an inclined plane the direc¬ 
tions along and perpendicular to the plane may be found 
convenient. 

The point about which moments are to be taken should 
be one which lies on the lines of action of as many forces as 
possible, so that as few of the forces as possible are intro¬ 
duced into the equation of moment. 

In case a body is hinged to a point, moment is generally 
taken about the hinged point so as to avoid the unknown re¬ 
action at the hinge. 

If a body is hinged along a line, moment is taken about 
the line joining the himges. 
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thb solutiok of problems 

Conditions of equilibrium are also satisfied if sum of the 
moments about three non-collinear points, in the plane ot the 
■forces, be equated to zero. 

This is sometimes more convenient, the points being suit¬ 
ably selected. 

7 2. We now give a set of easy examples on the direct 
application of the procedure indicated above. 

EXAMPLES XXV 

1. A uniform rod of weight W rests with its one end on a 
smooth inclined plane AB , and the other end against a smooth 
vertical wall BD , B being higher than A. A string is attached to 
the lower end of the rod and passing over the pulley at B supports 
a weight P. If 0 be the inclination of the rod to the vertical and 
a the inclination of the plane show that 


W tan 9—2 seca (P— W sin a). 

The forces acting on the rod CD {—2a) 
are :— 

S, the reaction of the wall, perpendicular to the wall at D ; 
R, the reaction of the inclined plane, perp. 
to the plane at C. 

P, the tension of the string acting along 
CB. 

W, the weight of the rod acting verti- 
-cally at its middle point. 

Taking moments about C, (through 
which two forces R and P pass), we have 

W. a sin 0=S 2a cos $ i.e., 

S=£W tan 9 .(1) 

Resolving along the plane CB, we have' 

P=W sin o-f-S oos a .(2) 

From (1) and (2), we get 

r sin d-p$W tan 9 cos a 
8^6 0 (P-Xtf t&i a) ' ’ J ' 


v.e 


P=W 

Slv tab £ =2 



t \ • 
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Note . If the reaction R were required, one more equation 
could be written down by resolving forces in a direction per* 
pendicular to the plane BC. : 

# * I * • t • 

Note °. If the plane were rough, the rod may rest in this 
position without the help of the string. In that case P will 
represent the force of friction and will be given by (2) 

2. A uniform beam AB of weight W rest3 oil a smooth 
floor at A and on a smooth inclined plane of inclination a at B. 
The beam is maintained in a position inclined at 0 to the 
horizontal by a string fastened to B vhich passes over a 
smooth pulley at the top of the plane, and supports a weight 
P hanging freelj*. Show that the beam will rest in all 
positions if 

2P=W sin a. 

3. A uniform rod AB of weight 20 lb. and of length 3 ft. 

is freely hinged at one end A and a weight of 20 lb is hung 
from the other end B; the rod is supported i t a horizontal 
position by a string BC attached to a fixed point C 15 in. 
vertically above A. Prove that the reaction at A is inclined 
to the horizon at an angle tan -1 !^) (P. U . 1925) 

4. A uniform rod AB of weight W is smoothly hinged to 

a fixed support at A and weight 2\V is suspended from B ; the 
red is held horizontally bv a string from B attached to a point C 
vertically abov? A. If AB = AC, find the magnitude of the re¬ 
action at A and show that its line of action makes tan _1 (-J with 
the horizontal. 1 [Ans. 2*55 WJ 

5. A uniform bar AB of weight W free to turn about A, 
has a small smooth light ring fixed to it at B. A light string 
attached to a point C on a level with A and such that AC=AB, 
passes through the ring and carries a particle of weight IV/10 
at the other end. Show that in the equilibrium position the 
bar is inclined to the vertical at an angle sin-’1/8. 

6. A beam AB of weight W is divided by its centre of 
gravity C into two portions AC and CB, whose lengths are a 
and b respecti ^ely. The beam rests in a vertical plane on a 
smooth floor AD and against a smooth vertical wali DB. A 
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•string is attached to a hook at D and the beam at a point P. 
If T be the tension of the string and 0 and <f> be the inclination 
of the beam and the string respectively to the horizon, sho^v 
'that 


T=W 


a cos $ 


-rr- (P . U . Supp. 1941) 


(a+b) sin [0—<f>) 

, 7. A circular disc BCD of radius a and weight W is 

supported by a band of inappreciable weight and thickness 
which surrounds the disc along the arc BCD and is fastened at 
its extremities to the point A in a vertical wall, the portion 
AD touching the wall and the plane of the disc being at right 
angles to the wall. If the length of the band not in contact 
with the disc be 21, show that the tension of the band is 

W a 2 +Z 2 

2 * J 2 

(D. U. 1940) 


8. A thin ring of radius R and weight W is placed round 
a vertical cylinder of radius r and is prevented from falling 
by a nail projecting horizontally from the cylinder. Show 
that the horizontal pressure between the cylinder and the ring 

is Wr/2 V R 2 —r 2 . 

9. A heavy rectangular board ABCD of uniform thickness 
and of weight W is supported at the middle point of AB, about 
which it can turn freelv in a vertical plane. Weig its P, Q 
(P>Q) are attached by strings to the corners B, D and hung 
freely. Prove that io the position of equilibrium, the inclina¬ 
tion of AB to the horizon will be 

, tan - 1 g C P -<« 

6(W-f 2Q) * 

where a and b are the lengths of the sides AB, AD of the 
rectangle. 


ft u 10 u A rectan S ular g ate of weight 40 lb. is 8 ft. wide and 4 
it. high. It is supported up >n two hinges one 6 in. below the- 

•a and *he other 6 above tbe bottom of one of the vertical 
sides. If all the weight of the gate 13 taken by the lower 
hinge, find the reaction at the upper hinge and the vertical! 

and horizontal reactions of the lower hinge. 

[Ans. o^ lb. wt.; 40 lb.; 53J lb. wt.} 
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11. A smooth hemispherical bowl, of diameter a is placed, 
so that its edge touches a vertical wall, a uniform rod AB of 
weight W is in equilibrium inclined t 60° to the horizon with 
one end A resting on the inner surface of the bowl and the 
other end B renting against the wall, show that the length of 

the rod must be o+a/V 13. 

Find the reactions against the wall and the bowl. 

[ Ans . W/2V3 ; \/13W/2V3.] 

15. A smooth tube of radius r l as hemispherical end. 
The tube is fixed vertically with the hemisdherlcal end at the 
bottom. A rod of length l is placed entirely in the tube and 
assumes a position of equilibrium, being incliLed at an angle 9 
to the horizontal. If a is the angle between the ieaction at 
the lower end and the horizontal, show that 

l cos 0=r (l-[-cos a) and tan a=2 tan 9. 

Prove that the centre of the rod is level with the centre 
•of the hemisphere when r=\/3 i/4. 

13. A uniform squar- plate ABCD of weight W is kept 
in equilibrium in a vertical plane with A resting on a smooth 
horizontal flloor and B against a smooth vertical wall perpen¬ 
dicular to the plate by means of a force P which acts parallel 
■to AB at a point in the side AD. If AB is inclined to the 
(horizontal at an angle of 60°, show that the least value of 

P is T V W (3\/3-l). 

*7.3. Equilibrium of Connected Bodies. When two or 
more bodies are in contact, the equilibrium of each is consider¬ 
ed separately, taking into account all^the forces which arise in 
virtue of its connection with the others, in addition to the 
special forces acting upon it. 

In some cases, however, it is found more useful to write 
-down the equations of equilibrium by taking two bodies together 
.regarding them as a single body. This avoids the appearance 
in the equations of equilibrium, of the unknown reactions be- 

-tween the bodies. 

Example (t) Two light rods AG, CB are 
■They stand in a verti :al plane with the ends A 


freely jointed at G. 
and B on a smooth 
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horizontal table pressing against two fixed obstacles. Prove that if 
‘■a vertical thrust P is applied at C, the horizontal thrust against 
■either obstacle is P cos A cos Bjsin C. 

If the lengths of the rods be varied, prove that when the angle 
■C is given, the thrust is a maximum when AC=CB. 

Let AC, BC be the rods. R A , 

R 2 the reactions of the obstacles 
and S A , S 2 the vertical reactions 
of the table, on the rods. 

To avoid the action at C, 

•we resolve horizontally and 
vertically for the whole system, 
we have, 

R*!—R<2=0 i.e., R A =R 2 . (1) 

which shows that the reaction of the obstacle on either rod is 
the same, 

and P=S 1 -|-S 2 .(2) 



Now, taking moments about C for one rod AC, we have 
R,.AC sin A=S 1 .AC cos A i.e., S^R^ tan A, 
Similarly for the rod BC, S 2 =R 2 tan B=R A tan B. 

•\ P=S 1 4-S 2 =R 1 (tan A+tan B) 

=R sin (A+B) 

1 cos A cos B 



sin C 

cos A cos B 


i.e., R 1 =R 2 =P cos A cos B/sin C. 

Now, since cos A cos B=£ (cos(A-f-B)-f cos(A—B)] 

=i [cos(A—B)—cos C], 

and C being given, R A or R 2 , will be a maximum when A=B 
< AC=BC. ) i 

Example (it) A sphere of weight W and fddiiii r is hung by 
•a string of length l, and d uniform rod of weight w and length 2a 
has one end attached to the same point and cahfreely turn about it . 
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If the rod rests touching the sphere , show that the angle Q made by 
the string with the vertical is given by the equation.- 

tan Q=w a cos 2 a/[ Wr—w a cos a sin a] 

where sec a=(Z-f-r)/r * ( B. TJ)' 


The rod AB and the sphere with centre 
C touch each other at D where the action 
and reaction are equal, each equal to say R. 


For the sphere, since R and W meet at 
C, the tension of the string EA, which is 
the only other force on it. must, also pass 
through C i e , CEA must be a straight line 
and CA=CE + EA=r+l. 

The angle which the string makes with 
the vertical =/CAL = 0. 

Let /.LAD, the angle which the rod 
makes with the vertical =<f> 

Then cos /ACD=sin (0-f^) 


Hence 


CD 

AC 


=cos a (given) 


r-M 

ZACD = a and <£=/CAD-0 


A 



= 90—a — 0. 

Taking moments about A for the whole system, we have 
W.CL=w.NG i.e., W (l+r) sin Q---=wa sin <f> 

Nov to express the result in the {.iven form we substitute, 
the values of l-\-r and <£ and gft 

W r sec a sin 0=wa cos (a-J-0) (cos a cos 0 —sin a sin 9) 

i.e., tan 0 =wa cos 2 at[Wr+wa sin a cos a]. 

EXAMPLES XXVI 

1 A sphere of weight W radius a hangs by a string of 
length b from a point A and a weight W' is also suspended by 
a string from the point A, the string being long enough for the 
weight W' to- hang below the sphere, show that the first string 
is inclined to the vertical at an angle 0, where 

(W+Wl sin 0==a W'. 
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2. Two equal uniform rods of length 8a are freely jointed- 
.^nd reBt symmetrically over two smooth pegs fixed m a hori¬ 
zontal line at a distance a apart.^ Show that each tod is inclined 
to the vertical at an angle of 30° 

3 Two smooth uniform rods OB, OC each of length l and 
weight W are smoothly jointed at O, and are placed symmetri¬ 
cally on a fixed horizontal rod of length 2 a, so as to form a 
letter A. A light vertical string connects the joint O to the 
mid-point of the fixed rod. When the rods OB, OC are inclined 
at 0 to the horizontal, show that the tension on T the string 
is given by 

T=W (— cos 3 0 — 2 
\ a 



4. Two equal uniform heavy rods, each of length 21 are 
smoothly jointed together at an end and are placed so as to rest 
-symmetrically over a smooth cylinder of radius a fixed with its 
axis horizontal. Stow that in the position of equilibrium the 
angle 0 between each rod and the vertical is given by 

l sin 3 0 =a cos 0 . 


, 5. Two equal beams AB, AC each of weight W connected • 

by a hinge at A, are. placed in a vertical plane with their extre- ! 
mi ties B and C resting on a smooth horizontal plane* They 
ate kept from falling by strings connecting B and C with the 
mid-paints of the oppo»*e beam. Show that the tension in 
-each string is *. , 

0 being the inclination of each beam to the horizon.. . .<. > , t 


6 . Two uniform bars AB, AC e *ch of length 2 l and weight 
W are freely jointed at,'A and stand in equilibrium in a vertical 
plane and their mid-points , are jointed, by, a lights elastic string « 
of; natural length 2 a and modulus A. K lf 2,0 be,, the angle, be- , 
1 >weeh the rods, show that .0 satis§es ;the $quatipji lT . n . . 

-‘JJ.'-J * , W _ l 

n *.t i«iit 'hi :ilT S.( 


J.V'l't T.U) 


tii sTmUxiA. [uniform,iodlAB 6 ft. I6ngl Weighjri^>ffl •jfb'j isfeihiotfr-' 
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tal line 10 ft. apart with B below AC, and a horizontal force 30 
lb. wt. is applied to the rod BC along the straight line joining 
the middle points of BC and Ali in the same sense. Find the 
horizontal and vertical components of the reaction at the hinge 

B. 

[Ans . 3 lb., 3£ lb.}, 

8. A hollow bottomless cylinder of mass M stands upright 
on the ground. Two equal smooth spheres are placed within 
it, one resting on the ground and the other supported by the 
cylinder and the other sphere. If the mass of either sphere be 
m, its radius a, and the radius of the cylinder %a, show that the 
cylinder is on the point of toppling over provided that 2m=3M. 

9. A cylindrical log of weight W and radius 4r lies on a 
smooth floor with its curved surface in cjntact with a smooth 
vertical wall A second cylindrical log of radius r and weight 
w lies on the floor besides the first log so that their curved sur¬ 
faces are touching. Both logs are smooth. A horizontal force 
P at a height r above the floor pushes the smaller log in the 
direction perpendicular and towards the wall. 

Prove that by increasing P to JW, the reaction between 
the larger log and the floor can be made zero. (H.C.) 

10. A uniform heavy rod of length 4 a and weight, W, can 
turn freely about one end A which is fixed ; to this end is. 
attached a string of length a which supports a shpere of radius 
« and weight W. Find the inclinations of the rod and the string 
to the vertical, the tension in the string, and the pressure be¬ 
tween the rod and the sphere. 

[Ana. 15°, 15°, W(V3+1)/V6 » WiV3-l)/V6] 

11 . Show that the power necessary to move a cylinder, of 
radius r and weight W, up a smooth plane inclined at an angle 
<z to the horizon by means of a light crowbar of length l inclined 
at an angle B to the horizon is Wr sin a/Zfl-f cos(a-f-/?)]. 

* . (P. IU922> 

12. The ends of two uniform rode of weight W per foot 
and of length $ *?d 8 ( ft. respectively are freely binged, and. the 
other ends fast on a smooth horizontal table. The middle 
pointe oj the Btriog V* connected by a string 5 ft. long. Find 
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the tension of the string when the rods are supposed to stand 
in a vertical plane. [Ans. 6fjW. (P. U. 1942], 

13. A pair of compasses rests across a smooth horizontal 
cylinder of radius r. Show that the fiictional couple at the 
joint to prevent slipping must be W(r cot a ccsec a —a ein a), 
where 2a is the angle between the legs and W the weight of 
each leg and a the distance of its C. G. from the joint. 

7*4. Problems involving friction. 

Example- (t). A uniform ladder rests against a vertical wall 
with its lower end or, a horizontal floor. Find the greatest angle 
the ladder can make with the vertical if the co-efficient of friction at 
the lower and upper ends are respectively y- and y-'. 

The ladder is supposed to rest in a vertical plane per¬ 
pendicular to the wall. 

Let AB be the ladder, 2a its length, W its weight acting 
at its middle point at G and $ its greatest inclination with the 
vertical. In this position the ladder is on the point of slipping 
such that the end A tends to move away from O. 

If R and S be the normal pressures at A and B, the 
frictions /xR and /x'S will act as shown. 

Resolving forces horizontally and ver¬ 
tically, we have 

S=/xR.(1), R+/x'S=W.(2) 

Taking moments about A, we get 

S. 2fl cos 0-f /x'S.2a sin $ 

=Wa sin $ .(3) 

From (1) and (2), we have 
r (*+I a / 1 ')=W and S(14 



Fron * (3) ten 9 —w=sfb 

2/» 

\—W 


2 MV 


(4> 


and 


Cor. (a) If the wall and the floor are equally rough /x==/*r 

- - -t*n 9 = -O. ** 1 r 


^ * tan A . „ 

W 1-tw* * =Un 
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i.e.y 0 =twice the angle of friction. 

(b) If the wall is smooth, M'=0 

tan 0 = 2m= 2 tan A- 

(c) In case the wall and the floor are both smooth, 

p = p'—0, 0=0 i.e , the ladder cannot rest in an inclined posi¬ 

tion, which is otherwise obvious. 

Example, (tt) If the ladder rests in the limiting position as 
given by equation {4), hew high can a man ascend without its 

slipping \ 

Let the ladder be on the point of slipping when the man 
has ascended a distance x. Let w be the weight of the man, 

the equations now become 

g—p.R M .(5) R-|-u'S=W-fw.(6) 

and S 2 a cos 9 + m'S.2 a sin 0 = Wa sin O+wx sin 0 , .(7) 

From (5) and ( 6 ) S(l+^')=M(W-i-w). 

Substituting this value of S, and value of 0 as given in 
-equation (4), in equation (7), we obtain, after simplification, 

X ~°So that the man, whatever his weight may be, eannot 
ascend more than half the length of the ladder 

‘ U*wlfkiptat lest with the axis horizontal on a plane of 
weight h„ holdinj the thread which comes off horizontally 

inclination a, by holdinj thxmr^ ^ ^ ^ ^ ^ 

Z'in 

this. way. 

v The real is full, so that 
it can be treated as .a cylin¬ 
der, the circle ABC is its ver¬ 
tical section through the 
middle, A being the point of 
contact with the plane, B 
the highest point and L the 

centre., ,r -via! - ; ^ : 

' Tlie forces Acting on the 

Teel are AS AT., 

the tension T acting -hoti* 



vr 
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zontally, meeting the plane, in D, the; weight ;W acting verti- ; 
cally at G, the resultant normal reaction R of the plane and 
the resultant frictional force F along the plane. 


Taking moments about C, we have 
• s T.CB=F.CA i.e., T=F 

Taking moments about D, we get 

R.AD=W.BD t.e., R=W 

Taking moments about A, we have 
W. AN=T.BN=T(BC-f CN) 


/ 

. ) ] i ‘i 


( 1 ) 

0 

( 2 ) 


Wa sin a = Tcos a) or T= _ sin a _ fc an 

1 + C08 a k 2 

F=T = W tan a - and from ( 2 ) F/R=tan -^-« 

Now for equilibrium, F<#*R t.e., /*>F/R t.e.,> tan ~ 

2 ■ 


Hence tiie least value of /*=tan 


2 


Nete. The solution has been simplified by taking moments . 
about three non-collinear points. , f 

EXAMPLES XXVII : 1 11 

. • - w . • f 

1 . A uniform ladder of length 15 ft. and mass 50 lb. ia 

placed with its upper end against a smooth vertical wall and 
its lower end on a rough horizontal plane at a distance of 3 
ft. from the wall ; a man of mass 10 stone stands at the top. 
iund the least co-efficient of friction in order that the ladder 
shall not slip [Aim.- 177] 1 

2* A man weighing 140 lb. climbs up a uniform ladder, 
ft. long and 70 lb. in weight, which rests against a rough 
vertical wall at an angle of 45°. If the co-efficient of friction 
at each end of the ladder is £, how far will the man be able to 
olimb up the ladder before it begins to slip ? \ . [Aim. 13 f t< 

3. A ladder which stands on horizontal ground, leaning 'i 
against a vertical wall, is so loaded that its- centre <of gravity r 
is at distances a and 6 from its lower and upper ends respeo- • 
lively. Show that if the ladder ia in limiting equilibrium, ita 
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inclination $ to the horizontal is given by tan (a+6)/A 

wVipi-r u U are the co-efficients of friction between the ladder 
and the’ground and between the ladder and the waJ.^ ^ 

4 . a x "vs 

XNSSa « r : £‘ b <& 

"*”■ S 1 r, l i;‘ “ ! k n :,:~“to .S.ti™., i,h «.* 

i tan a, the ladder cannot remain in eq ^ h blook OQ 

tS the y foot™f'the 1 ladder, provided that its weight 

exceeds w(^r tan a-l) 

the co efficient of friction between tne block and the floor teing 

a | s0 fJL * 

5 : A uniform rod oi weight W ^* “d The 
against a rough inclined plane f J W all BD, B being higher 

other end against a smooth vertical wal , ^ vertical ^ 

+v>on A If f) be the inclination ot me 
^e limiting position of equilibrium, show that 

tan 0=2 tan (A.— a )» 

Where \ is the angle of friction for the^lane. ^ x ^ ^ 
6 A uniform rod is in 

resting on a rough horizontal plane>andth If A be the 

rough plane inclined at an angl tioal plane show that 

the horizon is given bv 

sin (a— 2\) (D. U. 1939) 

tan 0 = ^ A.) 

7 A uniform ladder, of 7 smooth 

its foot on rough ground, and its uppe with the vertical 

vertical wall, the inclination of the 1“ h ladder at a 

bSing a. A force P 3^^ to draw the foot to the 

point distant c from the foot, so as 
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Wall, i If ^ the co*efficient of friction at the foot, prove that 
P must exceed 1 

' 1 W l 

ten a). (P. u. 1942) 

8. A uniform rod of length 7 rests in a vertical plane 
against (and over) a smooth horizontal bar at a height h, the 
lower end of the rod being on level ground. Show that if the 
rod is on the point of slipping when its inclination to the hori¬ 
zontal is 9 then the co-efficient of friction between the rod and 

„ j • l sin 2 9 tin 9 
the ground is jt——-—. 

4 h—L sin 29 cos 0 

,, , 9 - . A “ iform ladder of length 4a rests at an angle a to 

the horizontal against a smooth horizontal rail at a height A 

from the ground. If a be the angle of friction between the 

ground and the Udder, show that a ma „ 0 f twice the weight 
of the ladder may ascend a distance weignt 

2h sin A cosec (o+a) oosec 2a—a. (D. U. 1942) 

10. One end A of a heavy uniform rod AB can slide alono- 

a rough h°„ M „,aUod A C to which it is attached by a Hng® 
15 and C are joined by a string. If A Tin h* „ J * 

and r ° th 8 ° n ^ he , poinfc of slidin g> /* the co-efficifnt of g friction 
and a the angle between AB and the vertical, show that 10a 

l( _ tan a 

2+tan 2 a (f>. U. 1940) 

11. A heavy circular disc whose plane is vertical ; a i 

at rest on a rough inclined plane bv a atrin* n! 11 i ! kepfc 
plane and touching the circle, show tfiat the di 8 P w ll Jr the 
the plane if the co-efficient of friction be , ' P on 

where a is the slope of the plane ^ tha . n p i 

12. A sphere of weight W is nla-ccrl t934) 

inclined to the horizontal at an ang e * whichV CWg 

angle of friction, show that a weight - W sin 0 - 

;; * cos e-niTe .fastened to 

the sphere at the upper end of che diameter which i* i, 

plane 6 P “ e * jU3t PreTeni the S P here fc»m ro.lingVwTthl 


U. 1939) 
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13. A uniform rod slides with its ends .on two fixed equally 
roueh rods one being vertical and the other inclined at an apgle 
a to the horizon. Show that the inclination 9 to the homo 
of the moveable rod. when it is on the point of sliding, is given 

ty ; 1 j i -! 1 ■' > 8 

Izp2/J-tan a—/ a 2 , ; j,..) r 


tan Q— 2 (tan aztM) 


• 1 


14 A heavy rod of length 2 a lies over a rough peg with 
one extremity leading against an equally -ugh vertical wall; 
If a be the distance of the peg from the wall and ■ th 
efficient of friction, show that when the point of the 
contact with the wall is above the peg, then 

sin 3 0=cos 2 X ■ 

where 9 is the inclination of the rod to the wall and X the angle 
of friction. ' 

15 A uniform rod AB of weight W rests with the end B 
against a rough vertical wall and is held by a strmg OA 

r fVtbfr h od is th o e n the ^ its ^nation 

to’ the vertical and the tension of the string. 

_ m A 


[Ans. cot-i ; lWVl+9/^- 


16 . Two small fixed pegs are in a line fL^^and 

res^on the^dgiier^this Matter jieg^bemg^ lower ^.han th^C.G^f 

, p S fiow that if 

the rod is on the p lint of motion, 

ix[a -\-b) = {cl — b) tan 0. 

17 A uniform rod rests on two rough pegs A and■ : 
is inclined at an angle a to the horizon and the^ co-e^ 

equilibrium,*prove tfiatTmffid^poiot divides AB in the ratio 
(“an a) : (tan a_Fj.it being given that 

/x 1 >tan a >M 2 . 
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18. A uniform rod of length 2 a and weight W is placed 
against a smooth fixed cylinder with one end A resting on a 
rough horizontal plane, which passes through the centre of the 
cylinder. The rod mikes an angle 0 with the ground and d is 
the distance from the centre of the cylinder of the lower end ot 
the rod. Show that if the rod is on the point of slipping 

P sin <f> a 
W = sin ($ -|-<£) = T- 

where </> is the angle of fricti >a, and P, the pressure between 
the rod and the cylinder. 

19. In the last example, if the cylinder is rough instead, 
of smooth and <£' be the angle of frictioo for it, prove that 

a sin 0 sin (#—<£'+<£) =r sin <f> cos <f>' 
and show that tan 0>r/2a, r being the radius of the cylinder. 


20. A uniform plank of length 2 1 rests with one end A on 
a rough horizontal plane and across a fixed smooth cylinder, of 
a radius r, lying on the same plane. The plank makes an angle 
2 a with the plane and A. is the angle of fricti >n. Show that the 
equilibrium is possible if 

r sin A > l tan a cos 2a sin (2a-VA) (All. U.) 

2t. AB and AC are two equally rough wires of wich AB is 
horizontal and AC vertical Two rings of equal mass connected 
by a light inextensible string are free to move on AB and AC. 
Prove that in the position of limiting equilibrium the string 
makes an angle with the vertical equal to twice the angle of 
friction an i show that the tendon of the string in this position 
is equal to the weight of eaoh ring. 


7.41. A rod resting inside a rough sphere. A heavy rod , 
whose C. O. divides it into two parts a and b, rests inside a rough 
spherical bowl (in a vertical plane through the centre). Show that 

the greatest possible inclination Q , of the rod to the horizontal 
is given by 


(a+6) tan Q=b tan (a-f- a)— a tan (a—A) 
where A is the angle of friction. 

1 ‘ ‘' ■ r. j: 1 » M .'ll }• ii i’) 

Let AB be the rod, G its G.-G^«A€U iU j t GB=6 and 0 the 

X" G '' LS CO/ 
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greatest possible angle which the. rod • 
makes with the horizontal, so that in 
this position it is on the point of sliding 
down. 

At the point A let the resultant of 
the normal pressure R and the tangen¬ 
tial ftiction fJ -R act along AO, making 
an angle A with the normal AC. Simi¬ 
larly at B the resultant reaction acts 
along BO, making an angle A with the 
normal BC, Cbeing the centre of the bowl. 

Since these reactions meet at O, the vertical line through 
G, along which the weight acts, must also pass through O. 

Now ZACB=2a zCAG=ZCBG='0-a 

ZOAG = ZCAG-ZCAO=90-a-A, 
and zOBG=ZCBG+ZCBO=90-a+A, 
also zOGB=90— 0, AG=a and GB=6. 

Using the trigonometrical formula (2) Art. 6*41, we have 
(a+6) cot Z0GB=6 cot ZOAG —a cot ZOBG 
(a+6) tan 0=6 tan (a-|-A) — a tan (a— A) 

In particular, when the rod is uniform t.e., 0=6, we get 

2 tan 0 = tan (a-f-A)—tan (a—A) 

which gives 

sin 2A _ 

tan 6 ~~ cos 2a + cos 2A • 



EXAMPLES. 

1. A uniform rod of length 2a sin a rests within a rough 
vertical circle of radius a, show that the greatest possible inch- 
nation of the rod to the horizon is 


tan -1 




cos 2 a—M 2 sin 2 a 

where V- is the co-efficient of friction. . , • 

2. A heavy uniform rod rests within a roughmrcular nog 
fixed in a vertical plane ; the rod subtends an angle of 120 at 
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Ihe centre of the ring and in the limiting position of equilibrium 
is inclined to the horizon at an angle a. If y3M—tan <f>, P being 
ilie co-efficient of friction, show that 


tan a : tan 2<£=2 : 


3. A uniform rod is placed inside a rough cylindrical drum 
which is fixed with its axis horizontal. If the rod rests in a 
vertical plane perpendicular to the axis of the drum, show that 
its least possible inclination to the vertical is 


tan- 1 (cot 2 a. +cos/2 cosec 2A) 

where A is the angle of friction, and /? the angle the rod sub¬ 
tends at the nearest point of the axis of the drum. 

* 7.42. Two Jointed rods standing on a rough table. Two 

uniform rods AB, BC each of length 2a and of weights W l and W 2 
respectively (TF’ 2 > TF X ) are freely jointed together at B. The system 
stands in a vertical plane y with A and C on a rough horizontal 
table , each rod making an angle $ with the vertical The co-efficient 
of friction at both A and C is p. Show that equilibrium is possi¬ 
ble only if 

(Wj’+WJ tan 0.<(3 W x +W 2 )p. 

Let Ri, R 2 be the normal reactions 
and F lf F 2 the forces of friction at A 
and C. 

Since the reactions at B on the two 
rods are equal and opposite, they cancel 
each other when the system is taken as 
a whole. 

taking moments abont A, for 
both the rods, we have 



R 2 .4a sin 0=W 2 3a sin 0-t-Wi a sin 0 , t.e., R a =* • 

Similarly by taking moments about C, R 1= = 

Now taking moments about B, for the rod BC, we get 
F 2 .2a cos 0-fW 2 a sin 0=R a 2a sin 0 . 

which gives F a =(R,—JWJ tan tan $. 
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Similarly 


_ Wi+Wn , 

Fj= - - tan 0 . 


f . F, W,4-W, 4 ^ , F, _ Wj+W, . - „ 

• ‘ R* “3W X +Wi tan ° ^ 3W 2 +W a tan 9m 

Sinoe W 2 >Wj, so that^- will be first to 

AVJ Jt\»2 

attain the maximum limit M, t.e., the end A of the rod AB will 
be the first to slip. 

Hence the equilibrium of the system will be possible so 
F 

long as -=*-</*. 

t.e., (W 1 4*W.>) tan 0 ^(SWj+WJ/a. 

EXAMPLES 


1. In the above example-prove that the reaction at the 
hinge B is inclined at 

tan- 1 cot 6 with the horizontal. 

W 2 -f-Wi •' 

2. Two uniform rods AB, BC of equal lengths and weights 
W and 2W respectively, are smoothly hinged at B and rest in 
a vertical plane with the ends A and C on a rough horizontal 
plane. If the angle ABC is a right angle, find the horizontal 

' and vertical components of the reactions at A and C. Find 
also the least value of the co-efficient of friction between the 
rods and the table in order that the rods may be able to rest in 

this position. m 

[Arts. | W at A and C ; f W at A, { W at C ; ?]* 

3. Two uniform ladders OA, OB of the same length l and 
of the same weight W are smoothly jointed together at O, and 
stand with A and B in contact with a rough horizontal plane ; 
ix is the co efficient of friction between the plane and either end 
A or B If a man of weight W can stand anywhere on the 
ladder when A and B are at a distance 2a apart, prove that /* 


must not be less than 
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4. Two equal uniform ladders, are freely jointed at one 
end and stand with the other ends on a rough horizontal plane. 

A man whose weight is equal to that of one of the ladders 
ascends one of them. Prove that the other will slip first. • 

Tf it begins to slip when the man is half way up, prove 
that the co-efficient of friction is f tan a where 2a is the angle 

between the ladders. 

5. Two uniform heavy rods of length a are jointed to¬ 
gether by a smooth hinge and placed symmetrically over two 
smooth pegs at a distance b apart in a horizontal line If in 
the position of equilibrium, each rod is inclined at an angle 0 to 
the horizontal, prove that b=a cos 3 #. 

If the pegs are rough and the rods are still placed sym¬ 
metrically over the pegs, show that equilibrium is possible if 
and only if 

a cos 2 0(cos 0 — V- sin 0)<6<a cos 2 0(cos 0-f-/* sin 0). 

6. Two similar uniform straight rods AB, and BC, each of 
length 2a and weight VV, smoothly jointed at B, are in a verti¬ 
cal plane and rest in equilibrium on two rough pegs P and Q- 
where P is the middle point of AB and Q, is at a distance $ a 
from B along BC. The rods aro inclined to the horizon at an 
angle a where tan a=-£, and B is above the pegs. Calculate 
the normai components of the forces on the rods P and Q and 
show that the frictional component acts up one rod and down 
the other. 

If both rods are on the point of slipping, find the co¬ 
efficient of friction at each of the two pegs. 

< . [Ans. 2W/V5, 3W/V5 ; l, /,]. 

Miscellaneous Examples III. A 

1. A square of side 2a is placed u illi its plane vertical be¬ 
tween two smooth pegs which are in the same horizontal line andt 
at a distance c, show that tt will be in equilibrium when the in¬ 
clination of one of its edges to the horizon is either 45° or~ 



(All . U. ; P.D. 
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Let OABC be a square, E and F 
the pegs, and 0 the angle OA (=2a) 
makes with the horizontal. The reac¬ 
tion S and R at E and F and the weight 
'meet at D. 

Since EF=c, OF=c cos 0, 

OE=c sin 0 

We solve this problem in the 
following four ways :— 

First Method. Analytical. Let 
OA, OC be taken as the co-ordinate 

axes, then the co-ordinates of G are (a, a) and those of 

D(c cos 0, c sin 0). 

a _£ sin 0 '• 

the slope of the line DG=-- and since EF 

a — c cos o 

makes an angle 180 °—Q with the positive direction of OX, its 
.•slope is tan(180° — 0) =—tan 0. 

Now since DG and EF are perpendicular, we have 

a—c sin 0 , , .. , 

— (—tan 6) = -l 


l.e.y 

f- 


a—c cos 0 

( a—c sin 0) sin 0 = (a—c cos 0) cos 0 
a (cos 0 —sin 0)—c( cos 2 0—sin 2 0) .. 


(i) 


_ m 77 

This gives either cos 0 —sin 0=0 t.e., 0=—£ 


or c(cos 0+sin 0)—a , 

Squaring (2), we have 

c 2 (l+sin 20) 

.*. 0 


( 2 ) 


=a 2 t.e., c 2 sin 20 = 

i • -l a2 — c2 

—u sin* c 2 . 

Second Method. Statical (Art. 7-1). Resolving 
prep, to OA, we have 


a 


2 -c a 


forces 


R=W cos 0 
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Taking moments about E, we have 

R.DE=W(EO sin 0 - 4 -ON) 

N being the point where GW intersects the horizontal lino 
•through 0 

t.e., R.OF-W.EO sin 0 =W.OG cos (45°-l-0) 

W cos 0 .c cos 0 —W.c sin 0 .sin 0 —W \J2 a cos (45° 4-0) 

i.e.y c(cos 2 0 —sin 2 0 )=<z(cos 0 —sin 0 ), the same as ( 1 ) 

Third Method. Geometrical. Bv equating the length of 
ON obtained in two different ways, viz., ( i) horizontal projection 
of OG and (if) the sum of the horizontal projections cl O* 
and FD. Thus we have 

OG cos (45° 4- 0 )=OF cos 0 —FD sin 0 =c cos 2 0 — c sin 0 
a(cos 0 — sin 0 ) =c(cos 2 0 —sin 2 0 ), the same as ( 1 ). 

Fourth Method. By equaling to zero, the differential of 
the height of the C. G. from some fixed horizontal leval. (This 
is to be explained in Chap. IX.) 

Here EF is the fixed horizontal level, z, height of G 
■above EF=height of G above O—height of EF above O. 

i. e. z=OG sin (45° -f 0 ) —OF sin 0 

= y/2a sin (45°-4-0)—c cos 0 sin 0 
dz=y/2a cos (45 o -h0) — (c cos 2 0— c sin 2 0) 

This equated to zero gives the same result as (1). 

Note. Equation (2) (p. 154) can also be written as 
cV2 sin (0-4-45°)=a 


•which gives 


0 =sin - 1 


a 


7T 


cy/2 4 ’ 

a from in which the answer is sometimes roquired. 

2. A triangular lamina ABC has a right angle at C and 
Tests in a vertical plane with its sides in contact with two 
smooth pegs D, E in the same horizontal plane, the vertex 
*C being downwards. Prove that if, in equilibrium, AC makes 
an angle 0 with the horizon, 

AG oos 0 t-BC sin,0=3 DE cos 2 0 . 
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3. Two smooth planes are each inolined at 45° to the- 
upward vertical their line of intersection being horizontal. 
A cube of weight W and edge a is placed with one edge on 
each plane and its lowest face inclined at an angle 0 to the 
horizontal. Show that the magnitude of the couple required 
to keep the cube in position is W a sin 0 . 

4. AB, AC are two rods, each of length 2 a and weight 
4W, freely jointed at A, with B and C joined by two light 
strings, each of length 2a, to a particle of weight W. The 
system rests in equilibrium with the rods symetrically placed 
over two smooth pegs, in the same horizontal line and distant 
2c apart. Snow that the inclination of either rod to the 
vertical is given by 

sin 0 = (3c/4ay ff * 

5. AB, BC, CD are three equal rods freely joined at B- 

and C. The rods AB, CD rest on two pegs in the same hori¬ 
zontal line so that BC is horizontal. If a be the inclination 
of AB, ann f3 the inclination of the reaction at B to the horizon, 
prove that 3 tan a tan ($ = 1. 

6 . A uni orm rod AB of length 2a rests with the end A 
in contact with a smooth plane inclined at an angle a to the 
horizon. A point C of the rod rests against a smooth honzon- 
tal rail perpendicular to a line of greatest slope of the plane- 
Prove that, if the inclination of the rod to the vertical is 

0 , then 

a sin 0 cos 2 {0 — o)—b sin a. 

where 6 is the perpendicular distance of C from the plane. 

7. A uniform red AB is smoothly hinged to a point A 
in a smooth vertical wall ; at B is smoothly hinged another 
rod BC of half the length of AB and half its weight. The 

Cisin contact with the wall, (the rods being in a vert cal 

plane perp. to the wall). Prove that in the position of equili¬ 
brium the upper rod makes with the wall an angle sin - 1 ^r* 


Calculate the pressure at 
A and B. 


C and the reactions at the hinges 
{Ana i W ; W\/ 10/2 ; WV2/2. 
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8. : A rod AB of length l and weight W is hinged to a 

•fixed point at A and a.string of length J/V* connects its end B 
•to a dxed nointC- which is at a height y/2 i/3 vertically above - 
it Fin l what weight must be suspended from the middle » 
point of the string BC in order that the rod may be in equili¬ 
brium with B and C at the same level. [ Arts. W J2. 

9. Two smooth spheres of weights W, W' rest in contact 
in the angle between two smooth planes of inclinations a, a', 
respectively. Prove that in the position of equilibrium, the 
angle 0 made by the line joining the centres with the vertical 

is given by 

(W-i-W') cot 0=W' cot a— W cot a 

Given W'=20 lb., W=10 lb., a=30°, a'=45°, find 0• 

10. Two heavy uniform cylinders of radius a and weight 
W are placed in contact on the same level inside a smooth 
fixed cylinderioal shell of radius 3a ; a third equal cylinder 
is placed on the other two, the axes of all the cylinder being 
horizontal and parallel Sho w that the pressure between the 
-two lower cylinders is W/V3. 

11. Two equal heavy cylinders of radius r placed in contact 
on the same level inside a smooth fixed cylinder of radius 
R (> 2r) ; a third equal cylinder of radius r is placed on the 
other two, the axes of all the cylinders bein' horizontal and 
-parallel. Show that the two lower cylinders will not spearate 
if R< r(l+2V7). 

12. Two wheels of radius R are keyed to a co-axial shaft 
-of radius r, the whole weighing W lb. The wheels rest with 
the shaft horizontal on a rough inclined plane, which makes 
an angle a with the horizontal. The wheels are prevented 
from rolling down the plane by a light cord. One end of the 
cord is fixed to a point P on the plane and the part of the 
cord is wrapped round the shaft , the part of the chord bet¬ 
ween P and the shaft is perp. to the axis of the shaft and 
imakes an acute angle /? with the inclined plane. 

Consider the two possible cases, and show that the pull 
in the cord is either 


WR sin a 
R cos £ 


WR sin a 
R cos /?—r 


lb. or 


lb. {Roorkee), 
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13. Forces P. Q; R acting along the sides BC, CA,' AB of 
a triangle ABC are in equilibrium with forces P', Q', R' acting 
along AG, BG, CG, G being the C. G. of'the triangle. Prove 
that 

PF , QQ' , RR' 

AG.BC BG.CA T CG.AB 

14. Three uniform rods VA, VB, VC of total weight W 
are connected at V by a smooth weightless joint, and rests- 
in the form of a tripod on a rough horizontal table with 
their other ends at A, B, C points on the table. The pro¬ 
jection of V on the table is O, and the angles BOC, COA, 
AOB are respectively a, /i, y, also the rods make angles Q> <f> r 
ip respectively with the vertical. Prove that the frictions F x , 
f 2 , f 3 , at A, B, C are given by 

F, _ F a _ F , _ W __ 

Bin a sin 8 sin y “ sin a cot fl-p 8 * 11 (3 cot </>-Psin y cot 

P ( D.U. 1938) 

Miscellaneous Examples HI B 

(/x stands for the co-efficient of friction, \ for the anglo 
of friction). 

1. A uniform triangular plane ABC , of weight W , rests 
on a horizontal table, supported by three small pegs at the corner& 
A t B ,C. IVhat fraction of the weight is borne by each peg ? 

If the peg at A fits into a small smooth hole in the table r 
and if P is the co-efficient of friction at B and C , show that the 
least force acting along the tide BC , that will cause the plate a 
rotate about A is pa[b-\-c) W/6f\, where A denotes the area of 

the triangle. 

By taking moments about the sides, it can be seen that 
the reaction at each vetex is equal to £W. 

Suppose the plate is just on the point of rotation when a* 
force P acts along BC. 

Frictions of amount | p W at B and C acting perpendicu¬ 
lar to AB and AC oppose rotation. 


the solution of problems 


im 


Taking moments about A, we have 

p. -M^J^W.AB+^W.AC 
BO 

whioh gives P= jKHc)W/ A- 

2. (a) A circular cylinder of radius a and weight W rests- 
with its axis horizontal on a rough horizontal plane in contact 
with an equally rough vertical surface. Show that the least- 
value of the couple to rotate the cylinder is M(l + M)flW/ (1-fP- 2 ).. 

( 6 ) If the cylinder is placed on two equally rough, 
planes, each inclined at an angle a to the horizontal, the least 
couple to turn it about its axis is £Wa sin 2 a sec a. 

3. A circular cylinder of radius a and weight W rests 

with its axis horizontal on a rough inolined plane of inclination 
a. Show that the cylinder cannot be held at rest by a couple 
alone if p. < tan a and find the moment of the couple that 
will hold it at rest if P >tan a. (Ans. Wa sin a 

4 . A uniform sphere rests on a rough plane of inclination 

a ; the highest point of the sphere beiog attached by a hori¬ 
zontal string to a point in the plane. Find the inclination of 
the plane if the sphere is on the point of slipping, the angle o f 
friction being A. Find also the ratio of the tension of the 
string to the weight of the sphere {Ans. 2A» tan A] 

5. A sphere rests on a rough horizontal plane and its- 
highest point is joined to a peg fixed in the plane by a tight 
cord parallel to the plane. Show that, if the plane bo gradually 
tilted about a line in it perpendicular to the direction of the 
cord, the sphere will not slip until the inclination bo comes 
equal to tan* l 2 /*, where p is the co-efficient of friction. 

6 . A circular cylinder of radius a has its centre of gravity 
G at a distance — from the middle point O of the axis of the 

cylinder and equidistant from the plane ends. The cylinder 
rests in equilibrium on a rough inclined plane with OG hori¬ 
zontal, the axis of the cylinder being horizontal. Find the 
inclination of the plane to the horizontal and the lea t per¬ 
missible value of the co-efficient of friction. [ Ans. 30°,— 77 — 
— iV ,j . .y.3 
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7. A homogeneous hemisphere rests in limiting equili¬ 
brium with its curved surface on a j;ough inclined plane such 
that its plane face is vertical. Show tl at the co-efficient of 

friction is 3 Jy/5o. (P» 1928) 

8 . A sphere, whose radius is a and whose G. G. is at a 
distance c from the centre O rests in limiting equilibrium on a 
rough plane inclined at an angle a to the horizon. Show that 

it may be turned through an angle 2 cos * 1 
be in equilibrium. 

9. A bow is formed of an arc AB of a circle, which 
subtends an angle 2 a at the centre O of the circle, and its chord 
(both having the same mass per unit length). If the bow be 
hung with its arc over a rough peg, prove that the point o 
contact may be anywhere in the arc CD, which subtends an 
angle 2/3 at G, the C.G. of the whole bow, such that 


( “ and still 

(Agra U .) 


. . p _ (a-f.sin a) sin A. " ' • 

sin [i (l-^_cos a) sin a 

provided that X makes this fraction less than unity. {fi. U.) 

[For C. G. of the bow see Ex. Art. »‘bj. 

10 If the segment of a sphere of radius a and height a /2 is 
supported with iis curved surface on a needle point, show 
the greatest angle at which the base can be «otart 
horizontal, so as to make equilibrium possible is sm In “-V 
where X, the angle of limiting friction is supposed to be 

than sin , u . ^ For q q 0 f t h e segment see Cor. Art. 8 71]. 

11. A uniform circular ring of weight W and radius a hangs 

in a vertical plane from two rough pegs m the same *'°gu°w 

tal plane at a distance 26 apart, where 6 is less than a. bho 
that it is possible to fix a suitable weight w to the ring in sue 
a way that one peg may be removed without disturbing the 
ring.^if, and only if, the angle of friction at the remaining p g 

is not, less than si a-^b/a). f hnrizoQm 

Find the value of w, it is attached at the end of a horizon 


ital diameter. 
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12. (o) A solid homogeneous hemisphere rests on a rough 

"horizontal plane against a smooth vertical wall. Show that, 
if the co-efficient of friction be greater than §, the hemisphere 
can rest in any position and, if it be less, the least angle that 
the base of the hemisphere can make with the vertical is 


cos-' 


8/x 
3 ‘ 


(P. U . Hons.) 


12. (6) A solid hemisphere rests with its base in an inclined 

position at an angle 6 to the horizontal, its curved surface res¬ 
ting on a horizontal plane and against a vertical plane. If the 
hemisphere is on the point of slipping, show that 

c sin 

where a is the radius, c the distance of the C. G. on the axis 
of symmetry from the centre and p, are the co-efficients of 
friction for horizontal and vertical planes. 


If and c=3a/8, show that there is no position of 

equilibrium for the hemisphere if o/ A > V31 — 4. 

13. A heavy ball has a fine vertical hole drilled through it, 
along a chord subtending an angle 2 a, at the centre, and it can 
slide up and down a vertical wire which fits loosely in the hole. 
If \ be the angle of friction, prove that the ball can remain in 
equilibrium, without any other support, if a is not greater 

than (All U.) 

14. (a) A drawer of length iis to be pulled out by a single 
force P parallel to the drawer, bhow that if the force is 
applied at a distance greater than lj2p from the middle of the 
end, the drawer will not move however great P may be. 

14. (6) A light shallow rectangular drawer is of width a 

while its length from front to back is l. It can be pulled out 
by two knobs attached to the front at equal distances / from 
the sides. If a tension parallel to the sides is applied to <,nlv 
one of the knob?, prove that the drawer will jam, if the col 
efficient of friction between the sides and casing exceed* 
l l\ a t})* (I. S E ) 

, A girder AB of length l is being lifted from the 

ground by means of a cham fastened to the end A and passing 

over a fixed pulley at the height h ( > 1 ) vertically above thf 
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initial position of A on the ground. If 0 is the inclination* of 
the girder to the horizontal when the end B begins to slip, prove 
that the co-efficient of friction fJ- between the girder and the 
ground is given by equation 

i u[h+l sin 0 — 21 tan 0] =2(1— cos 0 ). 

16. A uniform bar AB rests with its ends on two equally 
rough planes of equal inclination a which face each other, in 
a plane perp. to their line of intersection. If A <<*, prove 
that the limiting inclination 0 of the bar to the horizontal is 
given by 


si n 2 a _ 

tan 0 — y g-jj sin (a—A) 

17. A uniform rod of length 21, one end of which is on a 
rough horizontal plane, rest9 against a smooth horizontal rail 
at the point which is distant J from the other end. The rod 
is at ri<'ht angle to the rail and is inclined at an angle of 45 
to the horizontal. If At is the co-efficient of friction between 
the rod and the horizontal plane, prove that 


If a gradually increasing horizontal force directed away 
from the rail is applied at the point of the rod distant Jl from 
the lower end in the vertical plane containing the rod, prove 
that the rod will ultimately rotate about its lower end or wUI 
slide according as P- is greater than or less than 2. 

18 State the laws of limiting friction. A uniform rod of 

length 2a rests with one end A on a rough plane of inclination 
a to the horizontal, and lies in a vertical plane throug * 
of greatest slope of the plane It is supported by a .m jOth 
pe^ at distance c from the end in contact with the plane. Sh 
that if the end of the rod is about to slip up the plane and A 
is the angle of friction, the inclination 0 of the rod to the ho 

zontal is given by 

c sin (a-f-A)=fl cos 0 sin (0+“+A). ( D.U. 194 ) 

19. A small ring of weight w, fixed to one end A cfa um- 
form rod AB of weight W, can slide along a rough rod GA 

connects ££ AB° can 

be in equilibrium inclined at an angle 0 to the vertical i 

W tan 0 </*(3W-f4 w) 
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where is the co-eflf ? cient of friction between the ring and the 
rod CAX. 

20. A trolley has four wheels and the axles 2a apart. The 
C. G. is half way between the axles and h above the ground 
when the trolley stands on level. It is found that the trolley 
just slips down a slope Q with the upper wheels locked and 
down a slope <j> when the lower wheels alone are locked. 
Show that 


ten 6= 2a+W and Un 2 a-M ' ^ oorkee ’> 

21. A uniform bar ABCD of length 5a rests at B and C across 
two rough parallel horizontal rails which are at the same level 
and distant 2a apart, eo that AB=BC=2a, CD=a. The co¬ 
efficients of friction at B and C are and /* 2 respectively. If 
a slowly increasing force is applied at A parallel to the rails, 
show that equilibrium is broken by slipping at B if 2/* 1 >3A t 2 . 

22. Two equally rough pegs A and B are at a distance 2a 
apart in a straight line inclined at an angle $ to the vertical. 
A rod passes over the peg A and under the peg B and is just 
kept from sliding down by the friction at the pegs. Prove 


that the C. G. of the rod must be at a distance a ^ 

from the upper peg A, where is the co-efficient of friction 
between the rod and the pegs. 


23. A thin uniform rod passes over one peg and under 
another, the coefficient of friction between each peg and the 
rod being n. The distance between the pegs is a and the line 
joining them makes an angle /? with the horizontal. Show that 
equilibrium is not possible unless the length of the rod is 


a 


greater than— (/*4-tan (3). 


(P.U. 1926) 


24. A straight uniform rod weighing 10 lb. of ne<di<rib] e 
cross section rests along a line of greatest slope on a* plan 
inclined to the horizontal at an angle of 60°. The an<de 
friction between the rod and the plane is 30°. The rod ' 
prevented from slipping by a horizontal force of 10 lb wt 
applied at the upper end and in the vertical plane of the rod 
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Find the magnitude of the resultant reaction of the plane and 
the angle which this reaction makes with the rod. 

[Ana. 10\/2 1b. 75°.] 

25. Two rough particles connected by a light string rest 
on an inclined plane. If their weights and corresponding co¬ 
efficients of friction are W 1 W 2 . P 2 respectively, show that 
the greatest inclination of the plane for equilibrium is 


W 1 -fW 2 


P. U. 1940 


26. Two small rings of weight W and 4W are threaded on 
a rough horizontal wire, the co-efficients of friction between 
the wire and the two rings are f and £ respectively. The ends 
of a li<dit inextensible string are attached to the rings and a 
weight” to is suspended from the middle point of the string. 
The two portions of the string are each inclined at an angle ot 

45° to the vertical. 

Prove that if the weight w is gradually increased, equili¬ 
brium is broken by sliding one of the rings and state which 
ring slides first. 1*™. ring of wt. W . 

° 27 A light rod of rength l is supported horizontally be¬ 
tween 'two rough planes, at right angles to eac ^° n t fl h ^ n8 °^ 
inclined to the horizon at an angle a and the mclinatio 
both being greater than A, the angle of friction. Show that 
the length of that portion of the rod on which a weight may 
placed without disturbing equilibrium is l sin 2 a sin z\. 

8 A ri id framework in the form of a rhombus of side 

« and acute angle a, rests on a rough peg whose co-efficehtol 
friction is P. Show that the distance between the two extreme 
“ns which the point of contact with the peg can havens 

op sin a. ' 

29 A glass rod is balanced partly in and partly out ot a 

cylindrical tumbler, with the lower end resting against the 

vertical side of the tumbler. If a, /? be the greatest and the 
least angles which the rod can make with the vertical, show 

that the angle of friction is 

... sin 3 a-sin 3 (3 _ (Agra 1936) 

2 tan sin 2 a cos a 4-sin 2 f3 cos ,3 


CENTl.E OF GRAVITY 


165 


in A heavy uniform elliptic wire (axes 2 a, 26) ib hung 
30 . a nea y if tho wire can be in 

of «, ffi oonuo. * to. m. «* 

co-efficient of Motion -«*_”*,* >“ ““ (J ,„ MOT, 

31 A uniform ring of weight W, has a bead of weight* 

,. u a in. tVnp rim The rin^ is placed over a rough peg* 

Illw that U wi l hang in equilibrium with any point in contact 
w^peg,"ide^ the" angle of friction between the peg 

and the ring is greater than sin-MlW+ui). ' 

32 A cycloid is placed with its axis vertical and vertex 

downwards. Show that a particle can rest » n lUt “"y P 0 “‘ 
which is not higher than 2a sin* \ above the lowest point 
where X is the angle of friction and a is the radius of the 

generating circle of the cycloid. (9 * 


CHAPTER VIII 

CENTRE OF GRAVITY 

8.1. Centre of Gravity. Every material body consists of 
an infinite number of particles each of them being attracted 
by the force of gravity towards the centre ot the earth. If a 
body is small enough as compared with the size of the earth, 
these forces acting on the different particles are practically 
parallel and are proportional to the masses of the particles. 
The centre of these parallel forces or weights is known as the 
czrilre of gravity (C. G.) of the body. 

8.11. C. G. is a fixed point relative to a bocy. If we 

change the po sition of a body, the forces of attraction at 
different particles still remain parallel although their direction 
relative to the body is not the same. But since the centre of 
parallel forces is independent of the direction of the forces, 
therefore the C. G. of the body will remain the same in what¬ 
ever position the body is placed. Hence the G. G. of a body 
is a fixed point relative to the body. 

8.12. Non-Existence of C. G- If a body is not small 
enough as compared to the size of the earth but is very large. 
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such as a mountain, then the forces due to gravity on the 
various particles of the body are neither parallel (being directed 
towards the centre of the earth,) nor are they proportional to 
their masses. In this case we have a system of non-coplanar 
and nun-parallel forces, so that the system may not even 
compound into a single force Such a body may, therefore, 
have no centre of gravity. 

8.13 Centre of Mass. In the case of a big body which 
does not possess any C. G., we introduce the idea of its centre 
of mass, we suppose a hypothetical sy.‘tern of parallel forces 
acting at different particles of the b idy and proportional to 
their masses. The centre of this system of parallel forces is 
known as the centre of mass (C. M.). 

The position of the centre of mass of a body depends on 
the masses of its particles and their positions relative to each 
other. 

The bodies we deal with being usually small, there is no 
distinction between C. G. and C. M., so that the two coincide. 

Note. It is always correct to speak of the centre of 
gravity of a body as its centre of mass, but not vice versa. 

8*2. Position of C. G- The following articles are usefully 
employed in finding the position of the 0. G. of a system o 
particles or of bodies, the position of whose centres of gravity 
are separately known. 

8'21. C. G. of particles placed along a straight line. Let 

a number of particles of masses m lt m 2 

m 3 .be placed along the straight line OX, 

at distances x lt x 2 , x 3 > .from a fixed 

point O in the line and let the resultant 
weight act at G at a distance x from O. 

As the positicn of the C. G. is indepen- 
dent of the position of the line, we suppose, for the sake ol 
simplicity, that the line OX is placed horizontally. 

Since the moment of the resultant weight about 0 is equal 
to the sum of the moments of the separate weights, we have 

( w il7“b w 20+ w 3l7 +. )x=m 1 gx 1 -\-m 2 gx 2 -\-m 2 gx :i -\- . 
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i.e. x w 1 +w 2 + m 3+-*- 

822. C. G. .1 P"'*' ’iTJomO Vb! 

s "'" to r <• «,<«; t 

pendicular axes in the plane, are {x v yj, (* 2 , y 2 ), C 3* 2/a 

Since the position of the C. G. of ZJ _ * 

the particles remains the same in 0>- A 

whatever position the plane be situat- / | t y f 

ed, let us suppose, for the sake ot / 
simplicity , that the plane is horizontal. /* xj 

Let" OZ be the vertical line Y ^ 

through O, parallel to which all the 

weights act and let (.r, y) be the co-ordinates of the C. G. ot tho 
particles. 

Then taking moments about OY, we have 
{m L g +w 2 9+r?vy +.-T* 

* =m 1 gx 1 -\-ni' 2 gx i - : rTn a gXz-\- . 

— . ^ mx . 

X ' e ' + + . 

Similarly by taking moments about OX, we get 

— nuyi-\-m<iy*+?ndJ z + . ___?!??#_. 

y . 

8 23. C. G. of a compound body or C. G. of a remain** 
der. To find the C. G. of the whole when that of each ot its 
.given parts is known or to find the C. G. of the remainder when 
a portion whose C. G. is known has been removed, are two 
special cases of 8.21. The mass of the portion removed is 
taken as negative. 

The method is illustrated by the following examples 

Example. (0 A metallic uniform * circular disc of radius 
a is placed on a square plate of the same material and side 4a, 

*The bodies are always supposed to bo of uniform donsity unless 
• otherwise stated. 
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touching the two adjacent sides . Find the distance of the C. G „ 
of the composite body Jrom 0, the centre of the square . 

Let m be the mass per unit area. Then m lt 

the mass of the square plate = 16a 2 m, acting 
at O. 

m 2 , the mass of the disc = 77a 2 /?i acting at C, 

(OC 

Measuring distance from O along OC, we 
have by Art. 8*21. the required distance 

~ __ rn 1 x 1 -{-m^r 2 xO -\-m z y/2a 

Wj+TWj ~ W 2 -{-W 2 

wa 2 mxV2fl '\f2na 

~~l6a 2 m-\-Trahn ~~ 16-f-7r. 

Example, {it) From a uniform circular disc of radius a> 
a circular hole, having a radius of the disc as diameter is punched. 
Find the C. G. of the remainder. 

Let m be the mass per unit area, and 
G the required C. G. Now m lt the mass of 
the whole disc = 7ra 2 w acting at O. and m 2 
the mass of the portion punched 

ira 2 ,. . ~ 

= — - - m, acting at ('. 

Regarding m 2 negative and measuring 
distances from A along AC, we have 




:r=AG = 


m x x x — ?n.yX 2 rra 2 m X a — £ -natm X fa 


m l —m 2 


7 7ahn—\ Trdhn 


=f a or GO = ga. 

The same result can also be obtained by regarding the 
total mass as composed of two parts \ira 2 m acting at C and the 
remaining £77 a 2 m acting at G. Then since O is the position oi 
their resultant, we have 

1 7T a*m x G O = J77a 2 m.OC = \ na 9 m X \a 

GOa. 


which gives 


CEKTBE of gravity 


16& 


8 24 ». W» <* ~.ft 

joining the point of suspension and the G. u. oj 

vertical in the line of the string. *„„f„ rpKq _ 

In this case the body is acted upon by only two forces 
(I) the tension of the string acting at the point of 

pension , # , o 

lii) the weight of the body acting at its C. 0,. 

two 

equal and opposite. Bu fc thi nagse3 through the point of 

»of 5. 

Similarly it is easy to see that when a body is supported 

at a point and no force other than that , ^/^of' heTody 
the line joining the point of support and the C. G. of the y 

is vertical. , , , •. 

Example, (t) A square plate is suspended at one of its 

corned a weight equal to its own, is suspended from an adja- 

'cenTcorner. Find the point in which the vertical through the point 

< ofs j mpension cuts the,opposite diagonal of the square. 

The plate ABCD of weight W is suspended from A and a 

weight also equal to W is suspended from D. 

The C. G. of the two weights must 
lie somewhere on OD, where O is the —|\ 

centre of the plate. |\ 

Let the vertical through A meet OD \ ! \ 

in K then since the C. G. must also lie on \ \ 

this vertical line, K is the C. G. of the \ \ /[vA 

weights. \ r 

Hence W.OK=W.KD ~ X 

or OK=KD. W 

Hence AK divides the diagonal BD 
in the ratio 3:1. 

EXAMPLES XXVIII 


1. A pendulum consists of a wire of length 2ft. and weight 
12 oz. to which is affixed a circular bob of wt. 2 lb., the centre 
of the circle being at a distance of $ ft. from one end of the 
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wire. Find the distance of its C. G. from the other end of the 
w * re * (A ns. 2^ It. 

2. The sides BC, CD of a uniform square larni&a ABCD, 
centre O, are bisec; ed at Band F and the square portion 

’ OECF is cut from the lamina Prove that the distance of tha 
■ C. G. of the remaining portion from A is £OA. 

3. From a body of weight W, a piece of w ight w is cut 
off and moved to a distance x, show that C. G. of the whole is 
thereby moved a distance xw /W in that direction. 

4. A uniform circular lamina of radius 3 a and centre 0 
has a hole in the form of an equilateral triangle of side 2a with 
one vertex at O. Prove that the distance of the 0. G. from 0 

2d 

,S 0ir-V3‘ 

5. A uniform flat circular plate of radius 2ft. has a cir¬ 

cular hole of radius 6 in., the centre of the hole being 1ft. from 
the cenire of the plate. Find the distance of the C. G. from 
the centre of the plate. [Ans. 0-8 in. 

6 From a uniform circular disc of radius a is cut a 
•circular hole of radius r which touches the rim of the disc. If 
the C. G. of the remainder is on the rim of the hole, prove that 

r 2 -}-ar=a 2 . 

7. A solid cousists of a sphere of radius r containing a 
spherical cavity of radius b , the two spheres having internal 
contact. Find the position of the C. G. of the solid. 

Show that when 6-»r, the C. G. moves towards a point of 
trisection of the common diameter. 

8. A uniform square board whose side is 1 ft. weighs 2 lb. 

and has weights 1, 2, 3. 4 lb. placed at the corners A, B, C, D 
respectively. Find the distances of the C. G. of the body from 
the sides AB and AD. [Ans. 8 in, 6 in. 

9. Masses 5, 4, 6, 2, 7, 3 are placed at the corners A, B, 

C, D, E, F of a regular hexagon. Find the position of their 
centre of mass. [Ans. The centre. 

10. Parti«les of masses p, r-\-m, q, p-*-m y r, g-fm are placed 
at the angular points of a regular hexagon taken one way round. 
Show that the C. G. coincides with the centre of the hexagon. 
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11. A fine uniform wire 24 A^beln^&s3 : *4: 5^ 

of a triangle ABC the ^ lde £ce& at the corners A, B and 

Particles of weights p, g, »* P nnohaneed prove that 
C and it is found that the C. G. is unchanged, pro 

Ft 


p i q ; r —9 i 8 i 7. 


f ._ O ft \ on a and of uniform linear density 
12. A piece of wire 3 tt. ion CD of a regu lar 

is bent eo as to fo m three sid distance of the C. G. 

hexagon. Find the prependicular distance oi 

3ar&wfir&ss*’ ’ h " " 

-a JLSVSATg 

lively fastened at B and C, show that ,n the posiiion « 
equilibrium BC makes with the hoi izontal an angle tan W3- 


14. A number of heavy part.eles are situated at give 

fixed points, and another heavy particle moves ® }° n S a Jf^, 
straight line. Prove that the 0 G. of the whole system also 

moves along a certain straight line. 


15. A uniform rod Id in. long is bent so 
parts 8 and 10 inches long are at right angles to one another; 
Find the distance between the centres ot mass of the new 
shape and that of the original. 

r ( Ans . 2 51 in. 


8.3. C.G. of a triangular lamina. Consider a uniform 
triangular lamina ABC. Take an ele¬ 
ment of its area in the form of a strip 
TQQ'P' parallel to BC. Then sinco 
the median AD bisects all straight 
lines paralled to BC, the centre of 
gravity of all strips parallel to BC lies 
on AD. Hence the C. G. of the whole 
lamina li =5S on AD. Similarly the C.G. 
of the lamina lies on the median 
through B or C, so that the required 
<C. G. is the point of intersection of the medians. 
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Hence C. G. of the triangular lamina is the point G on 
AJJ, one of its medians, such that AG= 2GD or AG=§AD. 

f ii 'The C . Q. of a triangular lamina is the same as that 

oj three particles of equal mass placed at its vertices 

Let us consider three particles, each of mass m, placed at 
e vertices A, B and C. The particles at B and C are equiva. 
lent to a particle of mass 2m placed at D. Now the C. G. 
o mass m at A and 2m at D is some point G' on AD such 
that ?nAG'=2m GD, i e. AG'=2G'D. Therefore the point 
^ is the same as G, the C. G. of the triangle. 

In problems concerning the weight and the C. G. of a 
triangular lamina, the lamina can be replaced by three isolated 
particles each equal to one-third of the weight of the lamina, 
placed at the vertices. 

Cor. The C. G. ( f a triangular lamina is the same aa 
that of three particles of equal mass placed at the middle 
points oi the sides. 

Ex. Prove that if the C. G. of three particles placed at 
each of the angular points of a triangle coincides with the C. G. 
of the triangle, the pai tides have equal masses. (D. XJ.) 

8.32. The C. G- of a wire in the form of a triangle. The 

weights of the wires forming the sides 
are proportional to their lengths and 
act at thdr midlle points, so that weights 
wb ,wc of the rods AO and .^B act at 
their middle points E and F. Their C. G. 
is the point G in EF such that 

ar&.GE= u;c. FG. 

FG_ b _ 2DF_ DF 

GE c 2DE DE 

i.e.y DG bisects the angle FDE. 

Now we have weights wa placed at D 
at G, therefore C. G. of the whole wire 
bisector of /EDF of the triangle DEF. 

Similarly it can be shown that the C. 
nal bisector of either of the angles E or F of DEF. 



and w(b+c) placed 
must lie on DG, the 

G. lies on the inter- 
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Hence the C. 0. of the wire ABC is the incerUre of the 
A DEF formed by joining the middle points of the sides of the 

/\ ABC. 

Ex. Show that if the weight of one of the sides is suppos- 
•ed to be i.agative, the C. G. is an excentre of the triangle 
formed by joining the middle points of the sides. 

8 4. C. G- of a quandrilateral lamina. Let E be the 

middle point of the diagonal BD 
of the quadrilatral ABCD and 
•G lf G 2 the C.G’s of the triangles 
ABD aDd CBD, then GjE = ^AE, 

G 2 E=|CE ...(f) 

Join G^o meeting BD in K. 

Cutoff GjjG—GjK orG,G=G 2 K, 
then G is the required C. G. of 
the given quadrilateral. 

For, from (t) G X G 2 is parallel to the diagonal AC which 
intersects BD in O. 

If AL, CM be perpendiculars drawn from A and C on 
BD, we have 

AABD_ AL_ AO_ KGj_GG 3 

acbd CM CO KG 2 GG x ’ 

t.c., A ABD x GG 1= ACBD x GG 2 , 

Hence G is the C. G. of the quadrilateral. 

8.41. The C. G. of a quadrilateral lamina is the same as 
ihat of four particles of equal mass placed at the vertices and a 
Jitfh particle of equal and negative mass placed at the intersection 
of the diagonals . 

Let 33 m^ be the masses of the triangles ABD and 
CBD, 
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Replace A ABD by masses, 
eaou equal to m v placed at A, B 
aud D. 

Similarly replace A CBD by 
masses each equal to ra 2 , placed B, 
C, L>. 

Thus we have masses, 

7 /ij at A, nu at C, ( m^+m 2 ) at 
13, ana ( 2 ) at 

Now introduce particles m 2 at A, 
at 0. 


8 



8 


?7i l at C and—(wij+TWo)' 


kince 


AO _ A ABD __ m 1 
CO ACBD m 2 * 


/. 0 is the C. G. of mass m 2 at A and m l at C, 

Thus the particles of masses, m 2 placed at A, m l placed 
at C and a particle of negative mass m 1 +m 2 placed at 0,. 

balance. 


Hence with the introduction of these additional particles 
the quadrilateral lamina becomes equivalent to four equal 
masses, eacn equal to m L +m 2 , say m, placed at the Vertices 
A B, C and D and an equal but negative mass placed at U. 

8 42. Example, (i) //*„ * 2 . * 3 . * 4 . be the distances of 
the four corners and the point af intersection of the diagonals oja 
quadrilateral from a straight line in its plane , show that the 
distance of the 0. G. from the same Itne is 


x — - 3 

(P. U. Hons. 1935)- 

Replace the quadrilateral by four particles, each of mass 
w pS at the Corners and a fifth particle of mass-m 

placed at 0. . . , f 

Since the position of the C. G. of a body .s independent 

of its position, tne lamina may be taken as horizontal. 
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* the weights of the masses about 

Taking moments of the "Mg the given line 

the given line, *, the distance of the C. G. fro 
is given ^ m _ m) ~ 

which gives the result. 

8.43. The C. G. of a trapezium. Let 2a, 26 be t e eng is 
and E, F the middle points of the & £ B 

parallel sides AB, DC of the trapezium 

ABCD. 

The weights of the triangles ABF, 

ADF and BCF are proportional to 2a, 

b and b respectively, let them be 2 aw % l -- p C 

bw, and bw. f 

Replacing the triangles by particles equal to one-third o 

the weights placed at the angular points, we have — 5 — » a 
each of the points A and B ; -*«> at each of C and D and 

2 °+™ w at F. 

o 

Again the weights at A and B are equivalent to a weight 

4 ? ± it j w at the middle po.nt E and the weights at D, C and F 
3 

2d + 46 A T? 

are together equivalent to--— 

Thus G, the C. G. of the trapezium, which is the same as 

that of 1° l- 2b w at E and -f 4 - » at F, lies on EF, such that. 

3 3 

^± 26 irxEG^t-»XGI' 

3 «> 

EG_2a+46_o-i-26 

GF 4a'-4-2 b 2a 4-b 
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EXAMPLES XXIX 


1. The co-ordinates of the vertices of a triangle are 

■(*„ 2/i), (* 2 > 2 / 2 ). 2/a)> ahow tnat ( y) the co-ordinates of 

its C. G. aro given by _ 

x =J(*id-:r 2 +X 3 ). 2/=H2/i+2/2+2/3)* 

2. Show that in the triangle ABC, right angled at C, the 
•distance of its C. G. lrom a line through A perp. to AB 13 

cos A+6 sec A). 

3. The side CB of the triangle ABC makes an angle 0 
with a fixed line CX in the plane. Show that the distance 01 
the C. G. of the triangle from CX is 

J[o sin Q-\-b sin (0-|-CjJ. 

4. Prove that the C. G. of the triangle formed by joining 
the middle points of the sides of the triangle is the same as the 
G. G. of the original triangle. 

5. The C G. of a quadrilateral lies on one of its diagonals. 
Show that this diagonal bisects the quadrilateral. 

6 . Tf one diagonal of a quadrilateral bisects the other and 
its C. G. be at the middle point of the bisecting diagonal, 
show that the quadrilateral is a parallelogram. 

7. A uniform quadrilateral plate ABCD is such that the 
diagonal AC bisects it and BD cuts it into two parts in the 
ratio of 2:1. Show that its C. G divides AC m the ratio of 


5:4. 

8. G is the C. G. of a uniform quadrilateral plate G' is the 
C. G. ol four equal particles placed at its corners, and O is the 
intersection of its diagonals. Prove that O, G and G are m 
the same straight line, and that 

OG'=3 GG'. {?• u - 1938 ) 

9. If the C. G of a four-sided figure coincides with one of 
its angular points, show that the distances of this point and ot 

the opposite angular point from the line joining the other two 

angular points are as 1 : 2. * ' 

10. If the C. G. of a quadrilateral is the same as that of 
four equal particles placed at its angular points, show t a 
the quadrilateral must be a parallelogram. 
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11. Prove tfhat if equal triangles be out from the corners of 

a given triangle by lines drawn parallel to the respective sides, 

the C. G. of the remainder will coincide with that of the given 
triangle. ' •' 

12. A piece of uniform wire is bent in the shape of an 
isosceles triangle whose sides are a, a and 6. Show that the 
distanoe of the C. G. from the base of the triangle is 

»V“ ! — ib*l(2a+b). 


_ „ 13 ; . wire u p eQt “to the form of a triangle. If 

thi'in the diatances of its C. G. from the three side? and r, 
the m-radius, show that * 

4xyz — r i (x-\-y-\-z)=r 3 . 

AD*t ,ll“ nif ° rm Wir ,° i8 , bent into the form of a triangle ABC. 
tnd the Zn ^G P nf il. CUla - *°- BC ’ (D bein 8 between B and C 

ta „ce b f the o „ a ® ^ ^ CU ^ aWa y- Sh °w that the dis- 
iance ox tne u G. of the remainder from BC is 

c(ft-fp) sin B jfoc+ib cos 2 

I..'i ABo a “ <i “ t tVS‘f? !*• I” 1 ” AD 


DG = 


l 


2s 2 


3 3(l+x) 


where AD=Z, AD'= X . 

to £ the 8 ,a e e A SofBC Wde p ^ £wo parts by joining 

SrSen^ri^ ABE - 

11 A (P - V ■ 1931 

[Ans. aV2/41 
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18 A triangular lamina ABC is suspended successively 
from' A and B such that the two positions of any lmem the . 

lamina are perpendicular to one another. Prove that. ■ ’ ' 

a 2_|_(,2==5c 2 ; a, b, c being the sides of the triangle. (P. V.. 19,40). 


19. From a uniform square, lamina (l ABCE a frfengiil 
portion ABE is cut away, u here D is the mid-point of CE. 
the lamina ABCB is freely suspended from A, show that AB 
will be inclined to the vertical at an angle tan- bi). 

I 1 ' • 1 ' a I - • 


20 ABCB is a lamina' in the form of a tr pezium with AD 

that the inclination of BC to the vertical in the position ot 

equilibrium is tan- 1 (t)* , v. 

21 Prove the following construction foe, ,the 

a trapezium ABCB of which the sides AB, DC are paraUel . 

Produce AB to E making BE= DC, and CD to FmsbngDP 
=AB Then the C. G. is the point of intersection of bF with 

the line joining the middle points of AB and CD. 

22 Prove that the C. G. of a uniform triangular lamina of 

circle, is at the centroid of the triangle. 

9 , Wrom a triangular board of uniform thickness, the por- 

pr?ve°Zf thedistance'of the aol'of thelemainder from the 
side a is 


A 2s 3 —3^raA 
3 as * 


T.B ’ " 


where A is the area andTthe semi-perimeter of the board 

of ■ maLs. 


U» 'i , 


,, *bi 


— x 

x = 


j. i* i* 
• * \ \ 


’ < 


%my 

y = 


. « \ (> r 

%m * r 






.. L l 

j • 1 i 


.iV.'i 'i 


iniip- 

ill S3* 


a » 
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If instead of !a system of isolated patftloles distributed at 
separate points, we are to deal with a eoritimk>if&distribution* 
of, ^n, the position of the C,.G. is calculated with the 

help of integration, as illustrated by the follo wing’articles. * 

8.51. C G bfarod J! ‘ ’''V '* U: • *- 

(t)'Let >thh> rod- ; be un»/orw, itsi mass per unit loncth beiner 

m and let 2a be its length, .f ■ ,< t [n»«;•,«, ~ , 

* , L ? fc PQ==Sx ' be an elfement of the'rod, then the mass of' 

thts element=/?i$.c and' the* distance •«: j «.« • <ri 
from A of the C. G of the element is r — ' 1 ** 

,.. ..... 

-. x , the distance of C. G. of the rod from A 1 ,f l • . . 

2 a , 

x.mdx :-.W1 



X 


<[ 


r 

•/io 


2 a 


2 a 2 v. - ' '• l 

= -—=a. - — L '* 


indx 


"at* **“'»• “• ~»h 


1 * Ztt // J| • . | 

J I" 1 xjcxdx ni f 

■*, r ijy: i* < i Jj, 


- * 

c kx$x r 


ascfc 

* * i 

i 


: . 


8.52* :> Ci G. of a-tetrahedron I st no rraib'ii ' 1 

the tetrahedron in the form of » ®f nB “ I ® B aa element/,. 

* nil 


of the tetrahedron in thTSSrfa ttZZT 
lar lemma abc parallel to the base ABcfof 4 

the tetrahedron’ABCD. a >• ® W 8 ® o{ . ; ( 

yertex'ii'with G, t‘he C. G. of*’'’ V J 



• U moil I : »; ea# 
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X 


x rndx 


... the mass of the lamina abc can be replaced by the mass 
of a single particle at q . 

Also by geometry, the area or the mass of the lamina abc 

is proportional to the square of the distance Dq. 

Hence by dividing the tetrahedron into laminae such as 
abc, we can regard the tetrahedron 

equivalent to the rod DG(=6), its --—_—g- 

density varying as the square of the H x q 

distance of the C. G. of the tetrahedron from 

I) along DG 

! f x.kx 2 dx 

O _3 /, 

_ = ------ 

,jmd x X kx 2 dx 

„ .-aft 

the ratio 3: 1 from the vertex. 

t*. C. G. Of . J"“Sr »".“KS;: 

* DG from r 

Example. Show that in ^din^the 0. G. of ^ £ 

1”5 mediafn'with its density varying as the distance from 
the vertex. Hence find its C. G. 

8 54 The G. G. of a tetrahedron is the same as the C. G, } 

the ratio 3 : 1 fr° m D - 


4*1 


r>.rn- 


oaftiUn o* **■ ' 


tta SnSSl’itteSS'X" 

SSJjTo 0 itfcftf *““3 *-“*• 


in 



Then, by symmetry, the C. G. of the 
wire will lie on 00. 

Let ZCOP=0, /COQ=0+S0, and let « 
be the mass per unit length. < « 

approximately =® cos $. . . ,, , 

• ■= the distance of the C. G. of the whole arc 
• • 


T 


a 


triadO 


11 ' 


from O along 00= 


— a 


a sin a 


r a 

I madO 


A 


e ' • 


K \ • ,l«M t; 


— a 


In the particular case of a semi-circular are, a being ^ 


— a_2a 

77 77 


2 -v | 

— ~ H _ 1_ _- 

Example 


an g le U i Ihe •«. 

_ » f ‘-‘ohfyrd J»»* n.'AMxfnrm wnffil ' ‘ J '' r 


By symmetry, the C. G, of the chor 1, the are and the 
whole bow lies on OC, C being the middle point of the aic AB. 

Let m be the mass per unit length of the wire, then 
•> : the mass of the-chord ==m.2a sin a. 

^ the distance of its G ; G.fr6m»0=ttCOei^J'n Wlvo bio 

m%y the mass of the arc=m. o. 2a=2maa 
x %i the distance of its C. G. from 0 =(a sina)/a 
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’/. .*Ui iJ:» To Mliol ^r*1 

_ . - ■ :.. ** ( > *,• 1 1 ; •»•) l ii, 

_ 2am sin a.o cos a4-2am a.a sin a/ce f > . r 


<*• v 

< S .v 2am sin a-f 2ama 

\ 

(1+C08 a) 


/- 


sin a*fa 


-• ; \v. ./• ; { .ifT 

.! •( V no «>il iliv or v 

. •' J V 00 ’’ .v ‘iO » IvJ 

1 .*.J r, 

8.61. C. G. of a Sector of a Circle. I ^et C be the sector 

of radius a and centre 0. Let J C be the 

middle point of the arc AB and let ZA0B=2a 
(in radians), then by symmetry the C. G. of the ! 
sector must lie on OC. , r 

Let m be the mass per unit area and let 
ZCOP=0, then the mass of the element OPQ of O' 
the sector = rn.{a 2 80- Taking the sectorial ele¬ 
ment OPQ to be approximately equal to A OPQ, 
the distance of the C. G. of this element from O 
along OC = fa cos 0 . * v ' * L 

x =the distance of the C. G. from 0 along OC. 



•I 


I f a 

I fa cos 0. m\a 2 d0 
** a ' ‘ 

X a 

m \a 2 d0 

— & . * 


f ! 1 

1 fll 


_2 sin a 

— ~7r~ a - 

3 a 




Cor. In the case of a semi-circxdar lamina a-=^ an & 


_ 4 a 

x = 3x 


• 11 t \ 


•-.*! 


;r 


8*611 The sanie result can also be obtained byt tl\p 
of double integration as follows :-r- i - - ■ i'i . x 

V.' C---. Tin '*•'« 1 O -vr (I ->i't 


use 


.. (r\ :r- .n)- f . 1 Tin .0 .0 i rift 


V r^ll -.'Xlf 1 T ■ 

btf GBJLVtfTY 

! 

Co-ordinates of P (r, 9). and of 
<i'(r+Sr, 9+89). ' ■ lf 


1&3 


»r • •*' 


Hence-maea-of the* element PP Q Q 

=m8r* r80 r 

and the distance of its C. G. from O ftlQAg 
OC=r cob e . . 




r 


a d 


,, t v. U ‘ 


— a 


Sli 

H It* v 


ir u poiiWf ’-f %ooB0d$ " ,JJ 

.hiru.") 3.ii JS ..2 ••in a 

Bence 1 1 ,., a ; - Trr TT ••• -3 « 

■ v . t f 

J J* j * 

l\\ u .'Tn->edlW«*A BtUjniilBT 

\ l iExaniple-. - Pind (Ae. Cjt?; o/’o <t l c»rcfc fa, Ww 

ak\dejnety<in the form of a strip bounded by tttdn r and r+8r. 

” 8.62. C. C. of a Segment of :aicirde. • O ‘bfethp, 
centre and C, the.'Hiiddle po^njb of i the aio AB * 

•of the segment Ac!Rq i-ih o r Ieli-oda .**•<» \ - ,1 ‘* A^fh • 

.irFLn&fVXr V 1 ' -.Hi Aimll ■ 4 * 1 

• Taking' the element in the form, of ^ atrip lueiiyMM r 1 JJY 
PQQ' P' parallel to t he chord AB at, a distance j 1~ “K 

from O, we.have the mass of* thfe‘ element=m2y $x \ J 

where m is the mass per unit area and \ / 

x 2_l_y 2 _ a * r . . . I \ m \/pr 

x. the distance of C. r <£. # from O along OC ' * 

j\t=s- - — “V ^ i'-'v 

A '\ n- * I 

if*' I rf® ^ v --- 

J x.2y dx f , • J a*Vfl*-j» <Ec 

rcnol e-ill tqocnol-i •aril m ! •; _ ,enoj vroifo 1 ! (it) 


/j r 

iV 


i/.f. •> /> 

lueiu/e 

. Adt 


caned ciii fqSmol-i il m *•;_ ,enoj yroifo ’i (it) 

rf a riiiou oriJ 'io m b n O Q ‘IQ Jled a la 

J ‘ 2 U &. li-lLiV/ 

^ acoso aco8o .. . »» T 

jneaielp edi lo «Mtm edJ x &&isi Jinn r^q 01H »i 'm u 

.r> 3W *?> \JvS.i«^= 
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—i(a*-a^)3 


\x y a 2 —ar 2 -}-^* sin- 1 


2 a 

3 



n 


• \« 


> . A I 


t ' » 


sin 8 a 


O 


a — em a cos a 


xue same result can also be oh^Jn^ .. 

segmem as the difference of the sector OACB^an^The triangle 

„ 7 / C * G * a right circular cone. Let a be the semi- 

vertical angle, O, the vertex and h M 

the height of the cone!' ? * -A 

9 

Taking the axis of the cone as the 0 
axis of x, the equation of the straight 
line OA is y=z tan o. ' - 



O 


(») i Solid cone. Let ns take an r * 
element of the cone in the form of a disc PP'Q'Q, of radius y 
and thickne-s Sx f situated at a distance x from O, perpendicu¬ 
lar to the axis. If m is the mass per unit volume, the mass 
of the element = a* y 2 $x.m 

Hence x the distance of the C. G. from O along Or. 


t 


TTtfdx 


:i 


r n 

J ' rry'dx 


1 


J 


x.*x tan 2 a dx 

° -=i» 


r 2 tan 2 a dx 




(it) Hollow cone. Here we take the element in the form 
of a belt PP'Q Q on the surface of the cone. * > 

Width of the element=PP'=Sr sec a. 

If m is the mass per unit area, the mass of the element 
=m.2Try Sr sec a. 
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lienee x— 


X h f ‘ 4 

x.2rrmy sec a^dx | x.a: tan o cfcc ‘ 


-I*. 


I ft* 

I 27T j tny sec dx 


X 


x tan a dx 


8 71* C. G. of a hemisphere. Let 00, the line through 
the centre 0, perpendicular to the plane AOB 15^ p 
be the axis of x . Equation of the circle ACB 

is ■_ —i 

Take an element in the form of a disc, 

PP'Q'Q of radius y and thickness 8r, 

(situated parallel to the base at a distance x 
from it. If m be the mass per unit volume, 
mass of the element=m7ry* Sx. 



r 


dx 


x 


• • 


x= 




dx 


x: 


-=S« 


dx 


Cor. For C. O. of a segment of a sphere of height J a, the 
limits of integration are ?/rom \a to a and x=f la. 

J * * 1 ‘ jL mmdk ' * •' 1 1 • • * ' ‘ . r ) \ > 4 | * ) J • ; , T \ • • . j % \ , • / , v , , . i • , r- , 

8.72. C. G. of a spherical cap. Let the plane AB (perpen¬ 
dicular to the plane of the paper) cut a 
spherical cap ACB. Let OX, perpendi¬ 
cular to the base AB meet the purved 
surface in 0.' Let us take PP'Q'Q, a n 

element of the surface parallel to-the 
base AB. 

' l “" Let /POP— r - ■ 

fimt ( are^,.the mass of the belt=m 27 r a sin $ ad Ut 

IT /AAB •' V U1J Oj i JiHlTr- 

id^AAQB^a^the^io 0 y^ripp from O to a* 

0 along OO u ;Li io 
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r r a 

^ o 


m v 

,m2na sin 0 ad$ 


t\ 


f ! 

I m.2na sin 0 ad0 

o 

• r/' a 

I sin 0 cos 0 d0 

J o " _ .1 •/ 


• • i 

• \ 


O 


\ 

I 

•i 

1 


ODH 'I ! 


\ o 


a 


* 


1—cos 2 a 
1 —COS a 


i • . j f O -JO )tH.V* ■Jll.i 

a-f a cos a /r. rfi 

^ * - • t • ' *- # \ ,F 


• > \ 




1 5 r 

'll) < I : J'-" 


i.e., the C. G. bisects the axis of the cap ; the same result 
can be obtained by using cartesian co-ordinates. v 


1 <) !i 

7 r 


MM 

In the particular case of a hollow hemisphere, a being -g—> 

I 


U\ 


a;== 


2 : 


rr- *, 


• • 




Cor. TAe <7. G. of spherical zone '• lies midway between its 
■ two parallel bounding planes . * 

. r v ..EXAMPLES XXX ; ... 

1. A uniform wire i 9 bent into the form of a circular aro 
and two bounding radii and the C. G. of the whole is foun 
•to be at the centre. Show that the angle subtended by the 

. arc at the centre is tan _1 (—$). , / , , . j. ^ 

2 If a sector rf a circle balance about the; chord of, the 
. arc, prove that the half angle a of the sector is determined by 

1 2 tan o=3a. • * ■ ' ' 1 ’ ,n 1 " 

’ 1 i A Sc|**d 

3 i ; a cone, whose height is equal to four times the Radius 
of its base, is hung from a point in the circumference of its 
base. Show that it will rest with its base and &xis 

inclined to the vertical. (P.O.lM) 

# ' v I 


4 A solid of uniform density is built up of a hen l 1 ®P 1 ? e 5® 

lircular cylinder of radius t and height 


of radius r, and a right circular cylinder 



:? CENTER QF jQ&tVXTCj !• * ( \Kl 


>l$7 


^ °j rcu J a f ba,ee of' the hemisphere* i!Kind the ppj&ition 
•of the C* G. of thesolid*,.:* ». ( m * ■ 1( » rt 


i • i *«• ? 




• r Am ' Ai "j. *’ a‘ 2 h*—r 2 '-' -* r! ‘ ■ 

LAn3. At a distance £. from the common.ib^se. 

r A hollow right circular cone, without base, of mass M, 

and made of thin metalic sheet is placed with its axis vertical 
rand vertex downwards. Water is poured, in*tq ft up-to a depth 
■of one-half of the vertical height Prove that, if. the C. G, of 

ITS h * th6 tte ’iwater. tbe 

lamin 6 ; J r0 ™ a f>emi.cireular.lamina of radiue 2a, a circular 
lamma of radius a is removed. Find the position of the C G. 
Of the remainder. ’ - (D. If. 19») 

distlnce ^^y® from tHe dianJeter. 

diameterls SBfsJMrtta ,irtlit ! d . by 1 a ' tfemi-difole 1 wh'ofo 

4e r r P centre of the semi-cirole AB. , Find 

^he C. G, of any one pf^he three figures sq formed. ■ 

• } , t. . f . _ • * *7 f */i *»i fji j i »i 1 ’f • *• r 

M upon the diameter AB of a aemi- 

are removed. Find the C G of theawathat £ left 
[Atw. With centre as origin and'AB; as, ^axis, 

(nl. « .1 y =2a/ *■ where AP=26 and AB=2a], ' 

O and G 4B o is p a tria “s le > n3 «f*b9d in a circle whose centre is 

COA pmt vl 4 .. a ’t95.? ,r ® rfc ^ e Q- G s of the sectors AOB BOP an l 
respective ly„ prove, that , 5 , , t ' T u x ni 

• Mi .. AB . ifin n a ’' ■ ' f ;l f'n \ 


AB i. BC , CA . „ 

L T rvn == 3 jr V* 


11 i i 


'■——1 1 y | vA 

1 1 lOGjTl OG,T 4 OGL~< ' ■; . r 

|A T> ^ $ ff* •" ft| fO ) J ff knur 

q " d s !**• * 

[4as. d,stant.-4r^2/9,,from theoent^. 
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m ^ _ 

i 11. An inkwell'consists of a cube of glass of edge 4a, Jith 

a hemispherical hollow of radius a. the centre of the carvedi 
surface is in one face of the cube. Find the height of the G. G- 
of the inkwell above the base. (Take U • 1942 ' 


[4715. 


_189 

1 200 a - 


12 Find the C. G. of the surface and the volume of th* 
part of a uniform sphere of radius d, included between two 
parallel planes at distances b and c from its centre. 

64-c 3 (&+c)l2a 2 -6 2 -c 2 ) 

[Ans.~-> ‘ —3^2-.(6 a +6c+c 2 ) 

13 A uniform sphere of radius a, is divided into two parts 
by a plane distant c from is centre. Show that the. distance 
between the centres of gravity of the two parts is 3aV(4a 2 -c ). 

What happens when c=0 and when c a ? 

ii .i ff u: ni t 

cr a *5sr24ist •<«» «•« 

prove that 7^=3j^ , . 

15 -V uniform rod of length l with its cross-section a circle 

is sharpened at one end like a pencil, to * tufhT of thfc 

t h 41 —%h (D. U. 1940)’ 

• ' “4 ’ 3 l—'lK 

16 Two tangents are drawn to a circle of radius «. 

arvs* - ~ 

ween them is at a distance from the centre equal to 


a 

3 


tan 2 a sin a 
tan a—a 


■) 

tu l 


I • r • 

. 17. i; Distinguish between centre of parallel 
jravity, and centre of inass. i ■. . - 


forces, centre of 

■ it L' u i 



CENTRE OF .GRAVITY: 
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A uniform bowl has for its inner and outer surface con¬ 
centric hemispheres of radii a and b \ prove that the distance 
•of its C. G. from the geomatric centre is 

3(a+6) (a*+6>) 

<A*r* 1940) 

18. A thin uniform rod is bent at one end to form a walk¬ 
ing stiok with a semi circular handle. The straight portion 
AB is of length 21 and the portion BC is of radius a (less than l). 

The straight line joining the ends B and C of the semi-circular 
portion is perpendicular to AB. 

The stick hangs freely with the end C supported on a 
horizontal table. Prove that the straight part makes an angle 
<0 with the vortical where 

A a(na-\-4l) 

tan0== 2(i 2 -a*T* ( D . U. 1941) 

19. The radii of the ends of a frustum of a uniform right 
circular cone of vertical angle 2a are a and 3a. If the frustum 
can rest in equilibrium with its curved surface in contact 

with a horizontal plane, show that 

30 cos 2 u > 13. 

20. From a hollow right circular cone of semi-vertioal 
angle a, a frustum is cut off by two planes perpendicular to 
the axis. If A and B are the centres and a and 6 the radii 
of the plane ends and G the C. G. of the curved surface of the 
frustum, prove that 

(t) G divides the axis AB in the ratio 

'. : a+2b : b+2a. 

(ii) the distance of G from the plane midway between the 1 

ends is * 

(a—6)* cot a / 6(a-b&). 

Miscellaneous Examples IV* 

1. Prove that the resultant of co-planar forces, represent¬ 
ed by XiOAp X 1 OA t .(.,..AaOA D is represented by , . , 

(Ai-f A 2 -K" 4 -Aa)OG where G i3 : the 0. G. of the mas& 0! » at t 
Aj-X® at Aj..i...An at Aa. . jiu.., ■ /. r,,i ; j , i > 
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Two co-planar ^forces are represented by XAA\ fiBB'. 
Prove that oil; G^ Go are the, centres of gravity of masses A., A 1 * ‘ 
at A, B and of masses A* A*- at A', B' y their resulrant is repre-1 • 
seated in magnitude and directioi, bjit. not, in general, in line 
of,action,foy (A+M)GG'. * /. (L. U.) 

2. If Ai+Ao-bAa =1= 0, show that the resultant of forces 
AjlOA, A 2 @B> A 3 GG along the sides OA, OB, OC of a. tetrahedron 
OABC is (Ai-hAa-hAs); OD along OD,i' where D is the centroid: ', 
of particles of musses A x , A 2 » A.v at A, B, C- respectively. : H t* 

Deduce that, if in addition forces AjBC, l 2 0A, l 3 AB act 
along BC, CA, AB respectively, the resultants of the two- ,; f 
sets intetseot if A 1 Aid-^A 3 +^ 3 A 3 =0 - . > ‘ -• 

j • ^ # • m 0 t * # i ^ V | * i 1 ' 

3. Wove that the distance of the C. G. of a uniform, 
cube of edge a from one corner of the cube is ay/ 3/2. 

Eight equal uniform cubes of edge a are placed together 
to form a larger cube of edge 2a, If one of the small cubes 
is removed* prove that the distance from the centre of the 
large cube of the C. G. of the remainder is a\J 3/14. . ’i <■> 

*• # * * . j • 1 j f 9 

4. (n-j-1) bricks of the same size are piled one above:’ 
another in a vertical plane so that they rest, each one over¬ 
lapping the one below by as much as possible. 

Prove that if 2 a is the length of each brick, the lowest- 
buj> one overlaps the lowest by a length a/n. , ^ \ / 

Show also that if each brick overlaps the one next-below ; 
by a length a/n, the greatest number of bricks thatcan be A 

piled up is 2n—1. U * jy -'> 

5. A uniform square lamina ABCD of side a and centre 
G, ..can -turn, freely;.in a vertical plane about a fixed point at 

C It rests with the point B on a smooth horizontal table, # 
with A lower than C and CA inclined to the horizontal at- 
cot- 1 Prove that the reaction at C is not altered when the 

portion OCD is removed.- 

'6 A unifofih prism whose cross-section is an isosceles 
triangle ABC right-angled at A, rests with -the planeifoco, ■ 
•containing AC; on a horizontal table. D is the middle points;^ 
of A B and E is a point in AC distant x from 1 A.. . The prisn^ - 


fcor. 


■i .fWWtiW RWWLi >'X v :? •, * 




is Cjuf by t ..plane - .passing j through DB parallel to its fcdges 4 «: 
and €ne portion ADE is removed. Wove that the remaining, 
part will topple over if x is greater than (3— \/5 )a where* 
AC=2a. 

1 V • * t 

- ' . __ 

7. A frustum j of /.a t right' circular cone of vertical angle 
2a is obtained by cutting the cone by a plane parallel to the 
base ht a distance h/n from the vertex, h being the height of 
the complete cone, , . r 

pi the frustum is placed with its owrved surface in contac.t 
with a horizontal table, prove that it will not iopple over if ” 

:• li ’ .1 4( n s_•* • • 1 • -nil 


COS* a > 


5(^—1) 


of 


.. V'. 


j A thin uniform rod .of length l is. bent. into. the. form. 

» are wh °se radi V s ajs large compared tp l. Prove.,* 
that th6 displacement of the C. G. is P/24a approximately. 

" n ® ,1lu • ;: ' ‘ . •' /; ; (ail iKy\ 

9. ABCD is a square of side 2a. A circle is drawn with 

™ ' Kad the Ci ’ G ’ of the portion of the 

area of the square which is not within this circle 

[ Ane. 4 V2a/3(4- *) from A along AG’ 

. 10 * Shoto how to cut off from a uniform cylinder a cohe 
whose base coincides with that of the cylinder, that the 

nf *h. ™ th6 r solid ma y coincide w.th the vertex 

the cone, Ratio of their heights=2— y/2. (Bri u ) 

u Fl . nd the vertical • angle of the cone in oider that O O 

rth'.h.vs. , 's?;jz;. < ““ s “• p, “" b, c 

, ...K* A hollow conical vessel,* of ; perp. height A 

.h.. z jsuftafa m^vsrsLiSR. 

2i*/3(3Z+4r). . ^,U ynnU v 

r J 3, . ? er P 1 e “ dl 0 “ 1 a« are di awn from the angular nointa A R 
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i SI 


be the distances of the C. G. of this triangle from the sides, _ 
by c, prove that 


Mfi't 

-0A 


_x__ y _ 2 

o 2 cos(B—C) 6* cos(C—A) c 2 cos (A—B)’ 


(Lucknow U. 


14 . The bisectors of the angles of a triangle of sides a t b, c 
and area A» meet the opposite sides in D, E and F. Prove that 
the distance of the C. G. of the triangle DEF from the side a is 

2(2 a+6+c) A/3 (a+6)(a4-c). 

8.8. C. G. when density varies. When the density of a 
body varies according to some law of variation, it is expressed 
in terms of the variable or variables involved in the integrals 
-determining the C. G. of the body. 

Example. Find the C, G, of a semi-circular area when the 

• density :— . j 

(a) varies as the square of the distance from the centre ; 

(b) varies as the square of the distance from the diameter ; 

(c) varies as the distance from one end of the diameter. 

(a) The density being a function of the 
distance from the centre, we take element in 
the from of a semi-circular ring bounded by 
radii r and r+$r then p t the density of the 
■ element=&r 2 , 

and mass of the element -nr dr. 

Distance of the C. G. of this element from 



O along 0c= — 


U '\ 

1 / o 
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[! flii -- 


t.l 


t »r i '• ’> 'fi 


■ j 


. . , t <$ ,»> t■ »' ‘ • 

ibnjnvjq ' 


M l 


XI 

{ v , -cii *’h> \ 
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r C a 2 r , 

1 pnrdr I 


pnr dr 


r 


. kr 2 dr 


r«dr 


* r a 

X. rMr 


8a 

On 


■x = n 


Aliter. Taking the element in the from PP'Q'Q=r80§r 

c a r^ 2 J . ..i V 

I. | r cos Q.P rdQdr 

__ J *o Ji -n\2 . v fip>. 

"“V r W*-.-~~ Wh6re P = ir ‘ i 

II p rd$ dr /^P P \ 

J o r/2- \ • PTTrf 

1S •f 7r/2 • <1 / 

5® I i cos 0 d$ " 

t-7t/2 A— 


i iij i 


. f hiit 


7t/2 



’/W 2 V. 

I® 5 

1. cos 0 d0 


•'Vw/2 

v '> »•: 

/• 7r /2 . 

i® 4 

X v <** 


*./2.. 


8a 
5 *• 


^ r 0 * e ae ? 8,ty bein 8 a Action of the distance 
from the diameter, we take an element in the « ' 

form of a strip parallel to the diameter at a die- 

fance x from it. \ 

Here p=ka\ and mass of the element y \ 

—k3?.2ydx. , Ohr-IHC- 


r 


X — 


. x.lcx* 2 ydx f « dx ' 

®_- *^~Q 1 - 1 ' i* . A 

/ ° • To aionUTo7,, 

ix*2ydx J x* dx 


ife* 

Jfiovr 


o.KLS 
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Patting x=a cos 0, we have 

7t/2 

r cos 3 0 sin. 2 - 0 d 0 


x 


tt/2 

J' cos 2 0 sin 2 e do 


32p 


- - 

ia r=2a cob ^ 

For the element PP'Q'Q. if 0 p=r > 
then p =fcr and the mass=*r rd|? dr 

Since there is no symmetry, we find 

both x and y for the C. G. 


t 



I 


7t/2 


X = 


• /* w / 2 f 2a C0S 0 r cos $.k/*d0dr f; ' cos 3 OdO 

J o __3a 0 _L- 6 ® 

2 


X tt/ 2 - 2a cos 0 

X fcr dr 


x 


o 1 o 

7r/2 


tt/2 . 5. 

cos 3 0 do 
o ) 

tt/2 


f 2a 008 t Sin <ar 2 d0 dr T ' cps‘ 9 sin 9 d0. 

_ o _- = 3 “ -; /2 - 

y - . W2 r 2a cos 0j _ 2 ^ ^ J cos’ t dg 


X {. \JU V V 

fcr 2 d0 dr 


9a 

20 


j j 1 • 

; I • Centre of Gravity in general- 

Vi * deal w ith general methods of finding the- 

JSt .K ” of * -»• * 

volume of revolution. 




cBtofeBo* aftAVftr 

8 . 9 f. C. O. 6 ?* wfrd ftf the fbrnj df a 

Wv £ he the-mass per unit, length of 
the wire A.PQ3. Measuring the length qf 
the wire from a fixed pt. A on it, let 

PQ~fis, and the co-ordinates of 

( x > 2/). ^ 

Mass of the element PQ=p 



x = 


— and y =— 


x pt* 


x 


* V 

*, 


In case , is constant, {. e., the wife is. of uaiform de asit y . 

X «*» ^ - 


a; = 


x 


and 


I. 


y = 


cartesian 


x 








In polar co-ordinates, 

-J 


J ,+ ( 2 )'- * 


l l' 


)V 


< > 


A . 


li 


i 


■•••..(j 


A. 


• • 


A , _ w ML J i .< 

And for parametrio eauafion * 

*“/(*). (/) quation of a curve in the for 

w I ^ « # 




^96 elementaby, analytical. statics 

can find the position of the G. G. of any given ourve, the integ¬ 
ration being performed within proper limits. 

C 8.911. Example- (i) Find the C. G. of the portion of the: 

5_i_«a^— fari.nn in the first Quadrant, 


Here 


dy 

dx 


=-m ! 

d«= / l+y* / x* dx. 


-(f)* 


da:. 



X 


9 1 2 
i- j: ■(#• 

X '*“£ £)** S. 


dx 


x 




2a 

5 


dx 


• _ ' _ 2a 

By symmetry y = a- — 5 


The same resalt can also be obtained by taking parametric 
equates “=a sin3 ,, ,cos» B, of the same curve. 

d$=3a sin 0 cos 0 d0, 


when x=0, 0=0, and when x=a, 0=i * • 


• • 


:c = 


i xds - 

r n /2 

J a sin 3 0.3a sin 0 i 

J 0 

f ds 

r K J2 

1 3a sin 0 cos 0 dQ 

Ji 

)j o . 

• r 

r * I' 2 . „ 

l yds 

I a cos 3 0. 3a sin 0 

4 

^ 0 

- *+ 

m 

( 

r x /2 

x*. 

I 3a sin 0 cos 0 d0 


2a 


2a 
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mple («) Find the position of the O. O. of the. arc of the 
<ardiod r—{\-\-cos 0). 


X 



=2 X a ( 1 + cos o) cos e oo»|^yi/ 44 IF!, bb^J d$m 

0 > ® l >1. 

Puttiog 0=2<f> and simplifying, we have !f j- ^ i; . 

r r T / 2 " k hr */2 

J 2aj cos 3 <£(2 cos 2 <£ — l)cty / l.h cos <f> d<t>=^- 


By symmetry y =0, 




■ r> . 


/V) 


_ > ' 

Example (wi) 7/ the density of a cyloidal arc s*=Pay, vanu 
cw s 2 , find the position of the C. O. of the cycloid « 

Here at any point P, ‘^ 
the densiy p=ks 2 - 

.i 'S .« 

The whole length of the cycloid 

being 8a, 5 varies from-4a to. 4a. . -. ., . lu[j ( ,, 

eiojoov iibwi 
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By symmetry the C. G. lies on they-aiis, ue.-, * =0 

4 a 

40 (— htds ~ 4 ° 

ylpds) J ■ kadS 

, — -4 a 

and y = 


X 


o 


8a 






J 4<i 

pds 

-4a 


X 


4a 


8a 4a 


Jcs 2 d8 


x 


6 a 
5 




a 


8.92- C. G. of a plane area. 

(ai When the area is bounded by the ourve y=/(x), the 
axis of x and the ordinates x=a and x=b. B 

We take the element of the area in ri 
the form of a strip PNN'Q of width 8* 
parallel to the axis of y, at a distance x 

from it, 8 A, the area of the strip=y8x and 





ap- 


the oo-ordinatjes of its C. G. are 
proxlmately. 

Let p be the mass per unit area, we have 

• .‘jV T 1 « /I 0 

XxpdA y pxy-fo 


L NN'N X 


X 

1 


X 


py.dx 


a 


*x 


and y = 


a 


L 


X 


a 


(6) When the area is bounde i by the curve r^-f(O) and 
radii vectors # = a anc ^ ^ 
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We take the element of the area in y 
"the form of the sector vFQ where OP=r 
ZXOP=>0 and ZPOQ=80 _ ‘j 

Here 8 A, area of the element ==|r*S0, 
and the co-ordinates of its C. G. are 


approximately |r cos $, Jr sin 0 

r P 

I |r 60s 0 . pirHld 

^ a 

x = 



r P 


cos 0 d$ 


Hence 


rP 

l P\r'd 0 • 
^ a 


_ 2 

-7 


• r P 

J fir'd# 


a 

p 


J |r sin $. p \ r 2 dx X ■ yflf 3 din 0d0 


and 


V =* 


rP 
I p|r*dx 
J k 


_ a 

— X* 


f /? 

J. _ 


.1 



and y --__ C * & 

X J 

ydx — x/2 


'f *12 

coB t xdzj2Jy . . cos tc&c=^ % 

8 


-tt/2 


,Sample, (it) Find tJie distance of the C. O. of the area 
of the cardtodr=za(l+cns 0 ) from its cusp O, when the density 
vanes as the nth power of the distance from O. ** 

(P.U. Hons . 1937.) 

aus cn/ 


f v x ’ • 

o SR1NAGA 

^ A .C- NO. 
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As the density v ries as r n , we take the element of area, 
in the 1 form PQQ'P' of area rdfldr. The ; ; ' M ‘ “ 

density p for the element —kr u . 


density p 

By symmetry the C. G. lies on 
OX, i.e.. y=0 and * for the cardiod is 
the same as x of the C. G. of the upper 
half of the curve, for which 0 varies 
from 0 to w and r from 0 to 
r=a(l-f cos 0)- >• 



JJr cos 0 . prdedr J JV* cos 0. Icr‘d0dr 


KJ * = 


j'j'prd0dr 


XX Jcr n .rdQdr 


X* /tf ji f A. 

X J r " 2 COB6drde C"+2) a J (l+cosS)"*»cosflii« 


o 

x 


XX 


.irt- 


l drdO 


(n+3) ( 14 -cos 0 ) Q+l 


2a(n+2) 

n+3 


X 


*/2 


(cos <^>) 2n+6 (2cos 2 ^>—l)d^> 


o 


' 1 

where 0=2<£ 


x 


7T /2 


) (cos ^J 20 * 4 ^ v | 

(n+2)(2n+5)a ' < 

(7i+3)(n-}-4) 

In case the area is uniform n=0 and x =5a/6: 



20fc 


t. 


GEN' BB OF GRAVITY 


Example- , (it i) Find the C, G. of the 
area included between the parabola y^-ax,. 
and the line y—x. 

Co-ordinates of A, the point of 
intersection of the parabola and the 
straight line are (a, a). 0 

We take an element PQQ'P' of the 
enclosed area. Let LQ— y x —x and LP 

=y 2 =Vax. 

Area of the element = s {y 2 —yi)dx and 

being small, the co-ordinates of its C. G. are^r, t 



Ji 


j^itt/,—yJdz J* z(\/ax—z)dx 

1 — • 

j*(y*—yi)dx J* (y/ax—x)dx 


2a 

5 


and y — 


■sj 


i i (ax—x*)dx 
J o _ 

• r ° —, . 

1 {y/ax — x)dx 


~ l<*- 


• ' . • , I 

8.93. C. G. of the volume and surface of revolution. 

Suppose a solid is formed by the revolution of the curve- 
y=Kx) about the axis of a:, and suppose it 1 
is bounded by the ordinates x=a and 

/*•-h 


x=b. 


\ 


. ,i a) fiDd the , C - °- °f the volume 
of i the solid, we .take the element of its 

volume in the form of a disc PP'Q'Q 

perpendicular to OX, at a distance * 
lrom O. 

_ Since this disc is formed by the revo¬ 
lution qf the ordinate MP=y about OX, 




) 
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volume of the disc of thifckrtess $z= X ijr 2 8x, and \>y feyinlnetry 
ita C. G. lies on OX, 






( b ) To find the C. G. of the surface of the solid , we take 
the element in the form of a belt PP'Q'Q oil the siirfacfe. The 
width of the belt=l*Q = 8S and its area=2 ttijSs. 



The limits for 8 bein£ taken oil the curve y — f(z) cor^s- 
ponding to x=a and x =&-. 

8.931. Example (0 Find the C. 0. of t /* ■ voi ** 

•the revolution of the pohrtioh of the parabola y 2 —^ax y c&j ojj ' 2 / 
ordinate x—h t about the axis of x. {Agra, 




CBN THE OF <JB.XVUTY 


80ft 


Example- Find 'the centroid of'the surface fotmed by 

the revolution of one loop of the lemniscate r 2 =a 2 cos 2 0 , about 
‘/he initicd line. 

Ti e cartesian co ordiflateb (r, y) 
of any point P(r» 0 ) are given by 
-#=rcos 0, y=r sin 0 > and for the 

arc APO, 0 varies from 0 to ^. 

4 



-Also?- = 


£ J r2+ (tef~ J a * 009 29 + 


a 4 nn 2 20 
a 2 cos 20 


a 


Vcos 20 


I /+ • X /4 

J xyds J r cos 0 . r sin 0 . 


^Now x — 


a 


Vcos 20 


d 0 


f 


s 


K/4: 


r sin 0 . 


d 0 


Vcos 20 

p * 1^ ' •• / •* 'A 

2 sin 20 Vcos 20 d0/a* J 


x/4 J 

sin 0 d 0 

I " o 

(*.• r 2 =a 2 cos 20 ) 


2 

3 


— 008*20 


x/4 


a 

¥■ 




—cos 0 


7t/4 

i o 


6 


a ' ^ g(24-V 2) 

A- A) 6 

* V2/ 


EXAMPLES XXXI 


ibe fol.o^g ° f the G ‘ ° f the «« boui.ded by 

" ’ Wi <M^=a» .WtW6e- 


u . V 
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(ti) t/=sin x between #=0, x= x and the X-axis^ 

[Ans. x— x /2, y= x [Su 

(*^) J 6 between axes * 

[Ans. x= . a i 5 t y =6/5* 

(iv) ^ X P os ^' ve Q ua drant. 

Ans * — y - 

— 5a 

(v) y 2 (2a—x)—x? and its asymptote. Ans . 3 = -jj. 

(vi) the loop of t/ 2 (a J rx)=x 2 {a x). 

[Ans. x = a(3 x —8)/3(4— x )► 

(vu)Jhe_iLardiod r=a(l-fcos 0). Ans. x =5 a/6. 

128\/2a 

(t»tt) One loop of r=a cos 20. «. ^ n5 - x — 105 * 

(**) One loop of r 2 =a 2 cos 20. A 9 ra • i937 ‘ 

- ™V2 

.4 ns. x =■—y • 


Ans. 


Ans. x = 


2. Find the C. G. of a plate of uniform density 
qu idrant of an ellipse bounded by its term-axes. (Agra. W- ) 

[Ans. (4o/3 ir , 46 3 *> 

3.. Find the C. G. of the area bounded by the P^bola 
y z —^ux y the axis of x and the latus-rectum. \ • 

y , [Ans. 3fl/5, 3«/4. 

/I Tf the density of a circular lamina varies as the nth- 

powCT of' the distance from a point O cn 

show that the C. G. of the lamina divides the d.ame ^ jg39) 

O in the ratio n + 2 : 2. # , 

5. If the density of a complete £ t *f 

square of the distance from a point O on the arc, P 
c q G. divides the diameter through 0 m the ratio of 3 . . 



) '1 .. CENTRE OF. GRAVITY \C.< I 


205 


i ; 6 . Find the position • of the 0. G. of the (t) aro, («) area 
<of the cycloid, x==a(^+sin 0), y—a( 1 — cos#), which lies in the 
positive quadrant. 

4 

\[Ans. ~)«. f = ^ - 

_ 7 a 

■ ■■ ■ y = o • 


7. Find the C. G. of the areas enclosed by the curves :_ 

({) y*=ax and x 2 ~by. [ Ans. !)o^6^/20, 9 a$ b ^/20. 

(u) y 2 =ax and y 2 =2ox—x 2 . 

L Ana. 15 * -44) a\ 5(3 jt -8 ), a/(3 ?r —8) 

(«.) s»+j,*-2az=0, and **+2,*—2&X=0. where o and b are 

positive. . [ Ans. a8 + a6 +^ >> _4 a*-fa 6 -f 6 > 

a +* 3 w (o+ 6 ) 

8 . Find the C. G. of a solid formed by revolving the 
•quadrant of the ellipse J t|* =i about its (i, major 

< <f) minor axi3 ‘ (Ana. (i) (Jo, 0 ) ! (« ; ( 0 , | 6 ). 

9. Find the C. G. .of; the volumes formed by the revoln 

iiion of.:—. v u * 

* *4 a 


x=c. 


W "V 2 =^. abou' the X-axis between the origin and 


[Ana. x =- c . 


(ti) cycloid z=a( 0 +sin 9).y=a(l-cos *), about the 
•axis of y. [ Ana. 63 it *-64 


9ir*-16 ‘ 


a • 

(T* 


(m) r=a(l 4 -cos 0 ) about the X axis. [Ans. — 40 

’ ‘ m ‘ " # •. ; ... 5 . * 

10. Find the C. G. of the solid formed by the revolution 
of the area bounded by the porabola v**=4ax th« revolution 

the latus rectum, about the Tains rectum ’ JAlL ^imf. 

[ Ans. x = o,^= 6 a/ 8 , 
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11. Find the* G. G» of the surf&oe formedi by tHerovolution. 

o(,a^a(0+8ia Oh «*=soOl— oo*. 9) about the axis of y. 

. - 2a 15*-8 

lA.ns. 

12. Find the C. G. of a sphere of radius a whose density 

varies as-the distance from a tangent plane. 

[ Ans. At a distance 6a/o from toe plane. 

13 Find the G. G. of a hemisphere of radius a whose 
density varies as the square of the distance irom she centre 

of the complete sphere. f ^ ^ distance 5 o /12 from the base 

14, Find the C. G. of the catenary s=c tan ^ between 

v2+> i. i wv*+i)+y.i. 

15 If G is the C. G. of, «. Vd of 

r W cos 2 0, prove that OG bisects the ar gle POQ, O bemg 

the nole ol the curve. „ ... 

16 Find the C. G. of a lamina in the form of a pos.tive 

r , / X \| , / JLU = 1. When the density 

quadrant of the curve I— 1 +1 ^ I 

■ i i is kxv [Ans. 128a/429, 1286/429.] 

- “r a.. 

,upi....»ita- »"»>*• “ to 

Ikh res|ifct lo 'b« boundary of fbo druo- 

v: - - * 

and replaced with its ed c e i the^C. G. of the resulting 

with its vertex outwards j show that the ^ ^ sphe re it * 

system will coincide with the centr (/) v Uon8m 1Q3 8> 

qOS a==3/5ii : ‘ 



CHAPTER IX 

VIRTUAL WORK. STA^tt-FIY QE EQUILIBRIUM 

forced S saMto TtZ™ ? > 

° f W ° rk > 8Uch - oatdXohani 4 

The work done by a constant force emtfii- 

the force, and the displacement of its point of annl^ J pr ° duct °f 
direction of the force. J P ° f a TPUcaUon in. the. 

<to„ L '‘ P U ““ * “» »>.- i IV. rh. work 

..to XtrStfl'T " “>• »0 Hoe of 

ai-tva* 

angle e to\hiTn®^f * UQe inoli,led ttt an 

force then ' - tIie 

W=F.AN=F.s cos 0 . 

Since P.i coa e=s.F c 0a e> 

the w°rk done by the force is eqwl to the A<< --- 

product of the d splacem o nt nnrl th* ~ ^ ^ 

<A« direction of the displacement. «/<*« force, in, 

If 0 is obtuse, VV is negative ]£ ono 

of gravity an,a body"of wd^ht^ 6 the W ° rJ *' d ° ne by tha f Proe- 
When the body rite/ventcaV a diatance /^'w=1 ti. 
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rthe body slides down a length l of an inclined plane of inclina¬ 
tion a to the horizontal, W=u>. i sin a=wh, where h is t e 
vertical distance in the direction of the force. 

When a=0, W=0, i.e., if the body moves along a horizon¬ 
tal plane the force of gravity does no work. 

9.11. Work done by a variable force- Suppose the force 

varies and acts along the line AB _ p q 

•on a particle which moves along ^ x $ar & 

Tthe a, the small amount of 

work S W, done by the force F when the particle moves a small 
Jsunce ax from P, is approximately equal to *8x, 

j e §W=F-8-c, 

' " the total amount of work done by the variable force 
F when the particle moves from the point x P 

x=b is given by 

W= I .Fete ‘ 

JJ a ‘ 

9.12. Work done in stretching an elastic string 

Let one end of the string be fixed and let it be stretc e 

by pul ing it at the other ena. ^ , t it be 

Let l be the natural length of the' c h e tension 

etretched to a length l+x. ihe extern 

I of the string is A -* vhich varies as x, the extension of the 

string beyond its natural length. 

Now as the string is being tenrion of toe 

an agent as any instant is always equal to U>e 

string at that instant. otrptohing the 

• S W, the small amount of work done in stretching 

string a further distance 8* =18*. 


.*.e. 


SW=A^- Bx. 
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W, the total work done in stretching the string from a 
length l to a length l-\-x is given by 


W 


r j%X 

' o 


A ~ . dx = | 


l 


l 


( 1 ) 


So that the work done in stretching an elastic strinq varies 
•as the square of the extension. 

Now the work done for an extension ; 


and the work done for an extension x 2 = 



l 




^ the WOrk done “ ^creasing the extension from 


= i ~~T~ x 2 2 —i 


l-z * i ~ 1 

- 4 

: ___A_5i±£? „ v 

, ~~ l 2 ' x a *i)* . 

« 

T Xl “ the lnitial tension and -j-x, is the final tension. 

’ - 'r ' 1 2 2 19 the mean of tho initial and final tensions 

and x 2 —x 1 is the extension produced. 

he extension. J aL and fi nal tension* and 

. I * ~ 2 18 also the tension for an extension ^i^ 

therefore the work done is also equal to the product of the 
tension at—^-^and the extension. 

^ such IS tL^UC.ajX W thM 9 °a d-L eHiCal di *P lac *- 
4one is Wh. J through a distance h, the wor 
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Let the body consist of an infinite number of particles off 
weights w l9 w 2 ......w a . Let z^ z 2 .z Q be the heights of th* 

particles and z the height of the C. G. of the body above a- 
given horizontal plane, in the initial position# 

Let the same heights be z/, z 2 ',.z' n and z' in the second 

position. 

Then W -\~ 1 V 2 ~\~ . 

W Z =W l Z 1 -\- W , 2 2 2. -\-WnZn 

and W z =w^z 1 ' -\-WoZ 2 -r.-t“W>nZ Q 

the work done by the weights of the particles 
= W 1 {Z 1 ~Z 1 ') J r W 2 (z 2 — Z 2 ') 4-. -{-WniZn—Zn') 


=W (z-z')=Wh. 


9 3 . Work done by a couple. Let a couple of moments G 

1 1 _ A _ _ A 1 




m 

B 


C 

A 



^ O* fiuin uvuv - 

be represented by two equal forces, 
each equal to P acting at the ends of 
the arm AB. Suppose that it is shif- 
ted to the position in which its arm 
takes up the position A'B'. Let Q be 
the angle between AB, A'B', the two 
positions of the arm. 

To arrive at the final position A'B', p 

suppose that the couple is at first displaced such that its arm 
AB hi shifted to a parallel position A C. The work done by 
tdre equal and opposite forces P during this displacement is 

Z6r0 Now let the arm A'C turn about A' through a small angle 
xa so that the point C undergoes a small displacement equal 
AP Z to the direction of the force P at C. The force P at A 
does no work as its point of application is not displaced and 
the small amount of work done by the other force is 
P.A'CS0=P-AB80=G 80. 

Hence the total amount of work done by the couple till 

r £>0 

A'C has turned through a finite angle = J G.d0=G. 0. 
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the mnm’ l h VIu rk don ? by a cou P le is e ^ ual to the product of 

Of th“ coupL 0 turna. COUP ““ thr ° Ugh Wbich tbe arm 

The sum °f tfie wor ks done by a number of co-vlannr 

‘zfgszzz •*« to «• 

Let the particle be displaced from A 

to 0 and let the forces P, Q.etc. 

inclined at angle a, (1 . e tc., with AO 

forces R te , th ® resuItaQ t of the 

lorces making an angle g with AO. 

force's** 8 SUm °* tho WOrks done b y the 



=P. AL-f Q. A.VI+.. 

=P. AO cos a+Q. ao cos f}+ . 

=AO(P cos a -|- Q, cos /3-f-.) 

=AOxsum of the resolved parts of the forces along AO 
- AO x resolved part of the resultant alonv AO ’ 

c r r R ;;:! =B - A0 pos e=work done ° ty the *•«**«*. 

work Zm by t)l forJL'vanxshL! 0 ^ *" e? “ l7,6r ‘“ m > total 

Cor. 2. Since P.AO cos a 

= action*o| 0 p° n ° f the di8 P 1 -ement on the line of 
displacements a L lf the’ Section omT th ® P ro J eotio °3 of the 

* - ’"*•£ fcsT- - 

fWr=Pdp +Qd?+ . =Xpd ^ 

EXAMPLES XXXIX 

W uj a % 

< .• W(sin a-}-/4. cog a). 1 1 • 13 

2* Prove that the work done in strfttnhinrr i 

™ in stretching an elastic string 
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of natural length l and modulus A from tension T x to tension 


T„ is 


1 

2 A 


(T 2 *-t?). 


3. A spiral spring requires a force of one pound weight to 
stretch it one inch. How much work is done in stretching lU 

inches more ? l Ana - * lb ,’ ] 

4 A body whose mass is m falls vertically to the earth s 
surface from a height a equal to the radius of the earth bhow 
that | mga units of work is done by the earth’s attraction which 
varies inversely as the square of the distance from the earth 

centre. 

5. A cylindrical cork of length l and radius o is slowly ex¬ 
tracted from the neck of a bottle. If the normal pressure per 

unit area between the bottle and the ““extracted part of the 

cork at any instant be constant and equal 1 h ^ 

work done in extracting it is * P wnere r 

of friction. . . , . 

c a i oa( j 0 f two tons is suspended by a vertical c ai , 

300 ft long, the chain itself weighing 6 lb. per ft. * n g 

uptheloadt'o the top, how many foot-pounds of work is done. 

P 7. A block weighing 6 lb. rests on a^gh honzonta. 

plane, the co-efficient of friction being i by a f 

unstretched length 4 ft., " h °- ^ d 8 10 tho block and is pull- 

equal to the weight of 8 lb. is laae instant 

ed horizontally. How much work « d » “P 
when the block is just on the point of moving ? 

Find also the total amount of work when the block 
been dragged very slowly to a distance ofo It. ^ ^ _ u ft lb] 

„ . .... , Worf . If a particle is in equilibrium under 

9 5. Virtual Work. f nroPS an d the particle is 

the action of a number of ^°'P , forces remain constant 

-^■^fgartruKSE.—- - 

total work done by the forces is zero. (Art. ■) body 

cr a^TemA e number of problems in 
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Statics are very much simplified by imagining the system at 
rest, to undergo a slight displacement and then equating th6 
total work done by the forces to zero. 

iSince the displacement is only imaginary and not a real 
one, the total work so obtained is known as the Virtu'll Work 
and the method adopted is known as the principle of Virtual 
Work, which can be stated as follows :— 

If a system of co-planar forces acting on a rigid body or a 
system of connected bodies is in equilibrium, and if the sgstem 
undergoes a slight displacement consistent with its geometrical con¬ 
ditions, then the algebraic sum of the Virtual Works of the forces 
is zero and conversely if this algebraic sum is zero, the forces ac. 
ting on the system are in equilibrium. 

9 51. Proof of the principle of Virtual Work for a system of 
co-planar forces noting on a rigid body. 

The most general displacement of a body is equivalent to 
a rotation about some point and a 
translation along some line. 

Let the body be roated through 
an angle 80 about O and then translated 
distances §a, 8 b parallel to the fixed 
axes OX, OY where 8 a t 8b and 86 are 
small quantities. 

Let the point A with cartesian co¬ 
ordinates (x, y) and polar co-ordinates (r, 0 ), be the point of 
application of a force P before displacement and let 

y+8y) be the point of application of P after displace¬ 
ment, 

then x—r cos 0 y= r sin Q 

and Sx=r co9(0 + S6) + 8a-r cos 0 

“ r (cos 0 cos 80—sin 0 sin 80)— r cos 0 -\-8a 

= —rsin0.80+8a ‘ ; 

— 8a y80, neglecting small quantities of the second 

and higher orders* 

Similarly Sy=r sin (9 + 80)+8i>-r s i n e=sbi _ xSg _ 
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If X, Y be the components of P parallel to OX, OY, then 
the virtual work of P 

=XSx-\-Y 8y=X (8a—2/80)4-Y (8&-fa:80) 

=X8a-fY 8b + 89 (xY—yX). 

Similarly we obtain the virtual work of the other forces, 
8a, 8b and 89 being the same for their displaced point of appli¬ 
cation. 

the Virtual Work of the whole system 
= SaSX + S& ZY+89Z[xY— yX). 

Now if the forces are in equilibrium then by Art. 6*1 
2X=0, SY=0 and S(*Y—so that the virtual work 

vanishes. 

Conversely, let the virtual work be zero 

t. e., Sa2X+8&2Y-f802(zY—y)=0 

for all displacements. 

Considering, the displacement to take place parallel to 

X-axis only t so that 8b =0 and 80=0, 

then Sa2X=0 or %X=0. 

i.e., the sum of the resolved parts of the forces parallel to 
OX vanishes. 

Similarly considering displacement parallel to Y-axis only 
we get s;Y=0, 

i.e , the sum of the resolved parts of the forces parallel to 
OY vanishes. 

Finally considering displtcement of pure rotation 89 about 
O, we get SfaY— yX) =0 

i. e., the sum of the moments of the forces about 0 

vanishes. 

Thus the conditions of equilibrium are satisfied and there¬ 
fore the system of forces is in equilibrium. 

* 9*52. Without neglecting second and higher powers of 
Sa, 8b and 80, we have 

8 z=r cos(0-b80) + Sa-r cos 0 
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= 8a+x cos 86—y sin 86—x 

=sa+* I 1-f^+lr-- 


[ 


h[ 1- 


— 8a~y8B—f^ (S9) , + 3 3/ , (S0) 3 - 


Similarly 


Sy=8b+xse- -% 1 ( S 0)*-~(sg) 3 + 


work done by the force P 

=X$x+Y8y 


=X$a+Y8&+80(*Y-yX )—(xX fyY) + 


2 ! 


»nd the total work done 


=Sa2X+S&2 Y +8$X(xY — yX) — % (xX+Yy) -f-. 

We find that if the system is in equilibrium, i. e., SX, vY 
•and S(^Y— yX) all vanish, the work done * 

= - J ff'S(*X+j,Y)+. 

which is a small quantity of at least the second order as com¬ 
pared to $0. 

Thus for a system of forces in equilibrium , the virtual work 

xs not exactly zero but is a small quantity of at least the second 

•order, conversely if the virtual work of a system of forces is 

a small quantity of at least the second order the forces are in 
•equilibrium. 


Example. For what sort of displacement is the work done 
by a system of co-planar forces in equilibrium, exactly zero ? 


vlrtuallork.° rCeS ’”“ 3 ' 6e ° miUei in the *PPl™Hon of 


• ,. T f° ad ^ a ntage of the principle of virtual work lies mainlv 
“ the fact that a certain number of forces can be avoided in 
writing the equations of equilibriums” * T ' 

o SR IN V. A s o ; 

^ ACC- 110. ^ >/ 

H y* / 
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The following are some of the important cases of forces 
which do not appear in the equation of virtual work. 

1. The reaction of any smooth surface upon a body which 
slides on the surface. i 

The reaction being normal and therefore at right angles to 
the direction of displacement, will do no work 

2. The reaction of a fixed surface upon which a body rolls 
without sliding. 

In this case, the point of contact remains instantaneously 
at rest, so that the displacement in the direction of the reaction 
is of an order higher than the firtt. Hence the work done by 
the reaction at the point of contact is negligible. 

3. The mutual reaction between any two bodies which roll 
upon one another. 

In ibis case both the bodies are taken into account and the 
action and reaction being equal and opposite, the virtual work 
is zero. 

4. The tension of an inextensible string. 

Let the string AB be displaced 
to the position A'B', inclined at 
an angle $ to AB so that the- 
points of application A and B of 
tension T are displaced to A' and B' 
respectively. 

Draw A'L, B'M perpendicular ^ 
to AB. 

The work done 

=T.AL-T.BM=T(AB —LB)-T(LM-LB) 

=T.(AB —LM) =T.(AB —A'B' cos d) 

=T.AB(l—cos 0) V A'B'=AB 

=t.ab( 1-1+-|i.f.) 

= 0 to the first order of small quantity 

Note. Tn problems where the tension acting along an 
inextensible string is required, we suppose the string to 




VIRTUAL WOBK 


21 T 


removed and replaced by the force of ,tension T. The”virtual- 
work of T is then calculated consistent with geometrical 
conditions. 

9 54. ■ If cl body or a system of bodies are under the action of 
no force other than the weights of the bodies of the ays 'em and the 
mutual actions and reactions between hem, the positions of equili¬ 
brium correspond to the maxima or minima values of the height 
of the C. G. of the system above a fixed horizontal level 

Let W be the total weight, 7 the height of C G. of the 
system above a fired horizontal level, d z , the virtual displace¬ 
ment of the C. G. 

Then, since the work of the mutual actions and reactions 
does not appear in the equation of virtual wor.c, by Art. 92 
the virtual work of the system is W dz . 

In an equilibrium position this vanishes, 

• ■ W dz =0 or d z =0 

• • 

so that z is a maximum or a minimum. 

It may be noted that srnce W 7 is the potential energy of 
the system, the positions of equilibrium also correspond to the 
maxima or minima values of the potential energy of the system. 

9 55- The application of the principle of virtual work is 
illustrated by the following examples :— 

Example, (t) A uniform beam of length 2a, rests in equili¬ 
brium against a smooth vertical wall and upon a smooth peg at a 
distance b from the wall. Show that in the position of equilibrium 

the beam is inclined to the wall at an angle 

Let the rod AB(=2a) be inclined at an 
angel 0 to the wall. 

Z the height of its C. G. above the fixed 
peg P=AG cos 0—AM=AG cos 0—PM cot 0 

=a cos 0—6 cot 0 

, 7. dT = (— a sin 0-J-6 cosec* Q)d$ 

For equilibrium d z =0, 
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H b cosec 2 0— a sin 0=0 



sin 3 



The same result can otherwise be obtained bv taking 
moments about A and resolving vertically or merely from the 
geometry of the figure. 

The simplicity of the method of virtual work lies in the 
Tact that the reactions at A and P do not appear in the 
equation. 

Example (it) Four equal heavy uniform rods are hinged to¬ 
gether to form a rhoumbus A BCD and the frame is supported 
from A. The corners A and C are connected by an inelastic 
string to prevent the frame from collapsing. Find the tension in 
■the string. 

Let 2 a be the length, and W the weight of each rod. 

A being fixed, we measure distances 
from it. 

Let x be the depth below A of the C. G. 
of either of the upper rods. Then the depth 
of the C. G. of either nf the lower rods is 3x 
and AC = 4x, so that the virtual work of the 
-weights of the two upper and two lower rods 
are 

2Wgx and 2W8(3s)=6W8x. 

To find the tension in the string, we imagine the string to 
fbe removed and a force T applied at C along CA. 

The virtual work of T =— Ts(4x) =—4T8x. 

The sign is taken negative, for the displacement of C is m 
a direction opposite to that in which T a?ts. 

Hence the equation of virtual work is 

2Ws*-f 6W8.e_4TSr=0 *.«•. 8Ws*=4TSs 

'• T=2W. 

• • 

Example, (in) A rod A B is movable about a pivot at A 
*ind to B is attached a siring whose other end is tied to a rt ^* 
The ring slides along a smooth horizontal wire passing through A , 
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:prove that the horizontal force necessary to keep the ring at rest is 

W cos a cos ft 
2 sin (a+ft) 

cohere W is the weight of the rod and a, (3 the inclination of the 
'rod and the string to the horizontal . ( P. U. 1938, 48.) 

Let a be the length of the rod . __ L C r 

and 6 that of the string, then 

AC=a cos a -h cos {3, 

-and the depth of the C. G. of the 

rod below A——-sin a. 



t. e.. 
Note. 


2 

Here a and b remain constant and a and ft vary, 
by the principle of Virtual work, we have 
W§(£a sin a)+F§ (acos a -\~b cos ft)=0 

or £ W a cos a da=F. a sin a da-f-F.6 sin ft dft .(1) 

Also since a sin a=BL==6 sin ft 

a cos a da=b cos ft dft .(2) 

• rn f . a cos a sin ft i 

> cos ft / 

F=W cos a cos ft/2 sin ( a-\-ft ). 

The weight of the ring does not appear in the 
equation of virtual work as its point of application C slides 
along a horizontal line. 

EXAMPLES XXXIII 

1. A regular hexagon consists of six equal ro^s which 
are each of weight W and are freely jointed together. The 
hexagon rests in a vertical plane and AB is in contact with 
a horizontal table ; if C and F be connected by a light string 
prove that its tension is W\/3; 

2. Four equal rods each of length a are hung from an 
angular point which is connected by an elastic string with 
Z* ??P™te point. If the rods hang in the form of a square 

Zf .jf h f ° m ° du ' U3 ° f elasticity of the string be equal to the 
weight of a rod, find the unstretched length of the string. 

Ans. a V2/3. {D.U. 1938) 
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3. A square frame work,.formed of uniform heavy rods 
of equal weights W joined together, is hung by one corner. 
A weight W is suspended from each of the three lower cor¬ 
ners and the shape of the square is preserved by a light rod 
along the horizontal diagonal. Find i's tension. 

[Ana. 4W (All.Ufl 

4. AB and AC are uniform rods of weight w per unit 
length and their lengths are 6 and 8 units respectively. They 
are freely hinged at A and the ends B and C rest on a smooth 
horizontal table. Their middle points E and F are connected by 
a string 5 units. Find the tension of the string. ( Ali. U. 1043)] 

[A ns. 6£§ w. 


5. ABCD is a parallelogram of freely jointed rods, a point 
P on AB is joined to a point Q on CD by a string and R 
on AD to S on BC by another string. If the tensions in the 
string be T and T', show that for equilibrium 

T AP—DQ_T' BS-AR 
PQ* AB RS* AD 

(D. U. 1925) 

6- A frame, formed of four light rods, each of length 
a freely jointed at A, B, C, D is suspended at A. A mass 
m is suspended from B and D by two strings each of length l 


and l > ~ . The frame is kept in the form of a square by 
^ 2 

a string AC. Apply the method of virtual workto find the 

tension T in AC and' sho v that when l=a V5, T = 2 m .7 

( I.C.S. 192S) 



7. A frame work of n equal weightless rods freely jointed 
together is maintained in the form of a regular polygon by 
equal forces P applied at the middle point of each rod at 
right angles to it. Prove that the tension or thrust in each 

rod is IP c Qt —• (Bombay 1934). 

8. ABCD is a rhombus formed with four rods each of 
leDgt i l and weight s, joined by smooth hinges. A weight 
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W. is attached to the lowest hinge C and the frame rests on 
•two smooth pegs in a horizontal line and B and D are joined , 
by a string. If the distance of the pegs apart i 2d, and the ; 
angle at A is 2a, show that the tension in the string is , 

tan a [^ (W+4u>) cosec» «-(W+2w).] (Agm 1M6) 

9. Two equal rods AB, BC, each of weight W, are freely 
jointed at B and stand in a vertical plane with their leet A, C 
resting on a smooth horizontal plane. They are kept in posi¬ 
tion by a light rod connecting A with the middle point of 
BC. By the method of virtual work show that the tension 

in the connecting rod is £W\/l-r9 tan 2 0. 

10. A smooth sphere of radius r and weight W rests in 
a horizontal circular hole of radius a. A string is wrapped 
once round the sphere a bove the hole and pulled tight. Show 
that the tension in the string which will just raise the sphere is 

W a 

2 if Vr*—a 2 * ( Prescott ) 

11. A solid hemisphere is supported by a string fixed to 
a point on its rim and to puint on a smooth vertical wall 
with which the curved surface of the hemisphere is in contact. 
If <£, $ are the inclinations of the string and the plane base of 
the hemisphere to the vertical, prove by the application of the 
principle of virtual work that 

tan <£ = 2+tan d. ( P. U. Hons. 1937). 

12. A flat semi-circular board with its plane vertical 
and curved edge upwards rests on a smooth horizontal plane 
and is pressed at two given points of its circumference by 
two beams which slide in smooth vertical tubes. If the board 
is in equilibrium, find the ratio of the weights of the beams. 

(P. U. Hons. 1934) 

\Ans. tan $ : tan <f> where 0 , <f> are the angles made with 
the horizontal by the radii through the points of contact. 

13. A smooth circular cylinder of radius h is fixed parallel 
»to a smooth wall with its axis horizontal and at a distance o 
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from the wall. A smooth uniform heavy rod of length 2 a rests- 
on the cylinder with one end on the wall and in a plane perpen¬ 
dicular to the wall show that it* inclination 0 to the horizontal 
is given by a cos 3 04-6 sin $=c. < 

14. Two small smooth rings of equal weight slide on a. 

fixed elliptic wire, whose major axis is vertical, and they are 
connected by a string which passes over a small smooth peg 
at the upper focus, bhow that the rings will be in equilibrium 
wherever they are placed. (Agra 1938> 

15. An endless chain of weight w rests in the form oF 
a circular band round a smooth vertical cone which has its 
vertex upwards. Find the tension in the chain due to its 
own weignt, assuming the vertical angle of the cone to be 2a. 


[Ans 


1 

2 7T 


w cot a- 


16. A freely jointed frame work is formed of five equal 
uniform rods each of weight W. The frame work is suspen¬ 
ded from one corner which is also joined to the middle point 
of the opposite side by an inextensible string., if the two 
upper and the two lower rods make angles 0 and <j> respectively, 
with the vertical, prove that the tension of the string is to 
the weight of the rod as 

4 tan 0 4-2 tan <f> : tan 0-j-tan </>. (D.U. 1924) 

17. A string ol length a forms the shorter diagonal of a 
rhombus formed of four uniform rods, each of length 6 and 
weight W, which are hinged together. If one of the rods be 
supported in a horizontal position prove that the tension of 

, . . 2W 26*—a 2 

the string is - y ( (£>. V . 1933 ). 

18. Three equal uniform rods AB, BC, CD each of weight 
w are freely jointed together at B and C and rest in a vertical 
plane, A and D being in contact with a smooth horizontal table. 
Two equal light strings AC and BD help to support the frame¬ 
work so that AB and CD are each inclined at an angle a to the 
horizontal. Show that if a mass of weight W be placed on BC 
at its middle point, then the tension of each string will be of 
magnitude 


(m> 4-JW) cos a cosec |a. 
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19. Three rigid rods AB, BC, CD each of length 2a, are- 
smoothly jointed at B and C. The system is placed in a vertical 
plane so that the rods AB CD are in contact with two smooth 
pegs distant 2c apart in the same horizontal line, the rods AB„ 
CDmake equal angles a with the horizon. Prove that the ten-' 
sion of the string AD which will mainta n this configuration is. 


iW 


— u ' 

r 3c 

cosec a sec 2 a !-(3+2 cos 3 a) 

l a ' J ( D.U . 


1926), 


20. AB, BC are two beams, o, weight W, and W„ res¬ 

pectively, lreely jointed at B and standing m a vertical*plane 
with their ends A and C on a smooth horizontal plane, equili¬ 
brium being maintained by a light rope joining tUeir mid¬ 
points A load W 3 is placed at B, and the centres of mass, 
of ttm beams are at D and E, respectively, where AD ; DB = 
BE : EC=a : 6. If 0 is the angle BAC and </> the angle BCA 
show that the tension in the rope is *' 

2LaWi+6W 2 +(a+6) W 3 ]/(a+&) (tan 0+tan <f>). 

21. Two equal rods each of weight wl and length L are 
hinged together and placed astride a smooth horizontal c Win- 
drioal peg of radius r. Then the lower ends are t.ed together 
by a string and the rods are kept at the same inclination 

to the horizontal. Find the tension in the spring and ftht 
string is slack, show that + satisfies the equation 

tan 3 </>+tan <}> — l/2r. 

22. Two smooth wires OA and OB are fixed in a vertical 

plane and are inclined at equal angles a to the verticil Two 
equal heavy uniform rods KC and KC are smooth I v hi j 
at C and the ends H and K are constrained r hlI J ged 

OA and OB respectively by meins of small smooth wdghfesf 
rings; the weight of each rod is W, and an additi, „ Y gi , s 
W is attached at 0. Show that in the symmecl' ? 

of equilibrium each rod is inclined at an angle Q to the w *1 
given by tan cot a. g 9 the , 7 e c rfcl caA 

23. A roof truss of two equal beams AB AC *. 
gether by ligbt rods joining B, C to IS, D points in Atf AR 
respectively, such that AD=AE=AB/n. The weight of 
roof and the truss together may be assumed to be’unifoimly 
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distributed along AB, AC and to be of amount w per unit 
length. Prove that the stress in CD or BE is 

£ n w sec a. CD 

where a is the angle of inclination of AB or AC to the vertical. 
It is supposed that there is no horizontal reaction between the 
wall and the truss. 


9.6. Principle of Energy. When a j article undergoes dis¬ 
placement under the action of a conservative system of coplanar 
forces, the sum of its kinetic and potential energies remains 
. constant. 


At any point P (. x, y) occupied by the particle at any 
instant let ds be the displacement and F be the component of 
the forces in the direction ot ds, then the small work done by 
the forces is F .d*. 


If X, Y be the component of the forces in the direction 
of the co-ordinate axes and dx, dy the displacements in 
these directions, then by Art. 9.4 the work done is also equal 
to Xdx + Y dy. 


the total work done in a finite-displacement when 
the particle moves from a point A (x lt y x ) to another point 

■B (x 2 , y 2 ) is 

B r B 

Fds = I (Xdx+Ydy) .(1) 

A J A 



If v be the velocity of the particle in the position P and 


tn be its mass, then F=mt; 





where u x ‘ u 2 are the velocities of the particle at A and B resp 
lively. 
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• _ . 

The expression %mv 2 is defined to be the Kinetic Energy of 
a body of moss m, moving with a velocity v. 

Thus the left hand side of equation (1) i.e. the work done 
by the f rces, is equivalent to the change in the kinetic ' energies 
in the two positions. We denote it by K — K where K 

stands for the kinetic energy. 

Now imagine that there is some function of x and y 

av , _ 9 v 


•denoted by V such that, X = — -— and Y=_ 


8* 

r B B 

I, (Xd*+Ydy) = - I 
J A J A 

B 


dy 


< 


dx 


d v) 


= - f dv=VA-y B , 


(3) 


So that the nature of the forces is such that the work done 
by them depends only on the initial and final positions A and 
if and does not depend on the path followed by the partiole 
^uch forces are known as Conservative Forces and V is known as 

Hie rotential Function. 

1 he . r ‘g ht ha nd side of equation (1) i.e., the work done 

the f p^ticle. eqUlValent l ° l le Cha,n9e in the Potential Energy of 


From (2) and (3), we have 


K 


K = V - V 

A V A V B 


or 


k h + = K. + v 


constant. the ^ ° f the kinetic and potential energies remain 

parties. tte ° rem Ca “ b ° BXtended for a system of 

_ „ ??' Slabil *ty of Equilibrium. Let us consider the ease nf 
a sphere resting on a horizontal toki<* Tf •* • tue 03,50 °* 

& sift r 
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ouppuse ' lb la 

or below 0. The weight 
being balanced by the 
equal and opposite reac¬ 
tion at the point of 
contact A, the sphere is 
in equilibrium. Suppose 
now it is slightly dis¬ 
placed from this position, 

two cases arise according a» v_*. « « *-'*■ ■ ,v * v " ~• 

(i) When the C. G. is below O, say at G lt the weight W 
acting at G x and the equal and opposite reaction at B form a 
couple which tends to bring the sphere back to its original 
position of equilibrium. In.this cate the equilibrium of the 

sphere is said to be stable. 

(H) When the 0. G. is above O, say at G 2 , the weight W 
actme at G, and the equal and opposite reaction at B lorm a 
couple which tends to displace the sphere away from its 
original position of equilibrium. In this case the equilibrium is 

said to be Unstable. 

Now suppose the sphere to be uniform, so that its C. G. is 

at the centre O. The reaction and the weight both pass 

through the centre and act along the same vertical line, so that 

even if the sphere is displaced the coniition of equilibrium stdl 

holds and the sphere continues to remain in equilibrium. In 

such cases the equilibrium is said to be Neutral. 

9 71 Conditions of Stability of Equilibrium. We suppose 
, o ricrid bodv or a system ot connected 

aarcsr a »• “»»*- 

energy of the system is a function of 0. 

Now suppose that for a certain value of 0 the system .8 in 
under the action of a system of coplanar forces. 
Let 0 change to 0 + 80, bo that the system undergors a slight 
displacement consistent with its geometrical conditions. 

Let SV be the change in the P. E. which is also the magni¬ 
tude of the amount of work done in displacing the system. By 
principle of virtual work, we have 5 V=0 t.e., V is a max,- 
mum or minimum for equilibrium. 


ofF EQtriLTBBHJM ■ 2$#-' 


When released from its displaced position thd system, being 
not in epuilibrium, must move and acquire kinetic energy. 

By Art 9.6 this kinetic energy is acquired at the expense 
of the potential energy, so that the potential energy of the 
system will decrease. 

Now we consider two cases :— 

(1) Let the P. E. of the system in its original position 
of equilibrium be a minimum. 

In this case as the system moves from its displaced .posi¬ 
tion, the P. E decreases, and tends to attain its original 
minimum value so that the system returns to its former position 
and therefore, the original position of equilibrium was stable. 

(2) Let the P. E. of the system in its original posit on be 

a maximum. In this case as the system moves from its dis¬ 
placed position, the P. E. decreases, so that the system tends* 
to move away from its original position of maximum P E 
and therefore the equilibrium was unstable. ' * 

Thus we have proved that the positions of equilibrium df 
system are the portions of its maximum or minimum potential 
energy , the equilibrium being stable or unstable occording as the 
poiential energy is a minimum or a maximum. v 

9 72. In Art. 9*54, we proved that in problems where we are 
concerned mainly with the weights of the system, the system is 

in equilibrium when z the height of its C. G. above a fixed 


horizontal level is 
now learn that 


a maximum or a minimum i.e., — z -=0. Wo 

d$’ 

the equilibrium will be stable or unstable 


according as z is a minimum or a maximum, i.e 
tive or negative. 




111 certain simple cases such as given in Art. 97 the sta¬ 
bility of equilibrium can be easily determined by takimr 
moments about the point of contact. K 


. 9.73. Example (i) A homogeneous solid is built up of a 

foMhf P h ere $ radlus . * and right circular cone of radius a and 

height h on the same circular base as the hemisphere. The solid 
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is placed upright on a horizontal plane. When is the equilibrium 
stable ? 

Let G lt G 2 be the centres of gravity of the hemisphere 
and the cone, **C the point of contact of the ^ 

body in the displaced position. 

The surface of contact being spherical, 
the reaction must pass through O, the centre 
of the sphere. 

Now OG 1 == |a, QG 2 ={h. 

The equilibrium will evidently be stable 

if WiDOW^CE. 

The solid being uniform W 4 , W 2 are 
proportional to the volumes of the hemisphere and the cone. 
Also DC and CE are proportional to OG 1 and OG 2 . 
for stability 

§7ra 3 xia>$*-a 2 ^Xi/t 

or a 2 >£/* 2 t.e. KV3o. 

Example (H) In Ex. (t) Art 9.55, prove that the equilibrium 
is unstable. 

It has been shown that 

T =a cos 0 — b cot 6 , 

a sin 0+6 cosec 2 0 and sin 3 0 = — for equilibrium. 

d.Q 

• Differentiating again, we have 


As 

O 


do 2 


= — a cos 0—26 cosec 2 0 cot 0. 

= —cos 0 (a+ 26 cosec 3 0) = — cos 0 ^ a-\-2b X ^ j 

— __3 a cos 0 , which is negative, 0 being acute. 

Thus 2 is a maximum, and equilibrium is unstable. 

t- 1 A R ia uniform rod of length 6u and weight 

w freely abZ afixed point in *%***%* 
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VO 


to a particle C of weight to. Show that if W ia less than 2w there 

will be stable equilibrium with AB inclined to the horizontal at an 
angle 

. .W -\-w 

tan - 1 —-. 

4 w 

.. AB be . rod . O the point about which it turns. Q 

its C. G and 0 its inclination to the 
horizon. 

Since BG=3a, CB=CA= 5 a 
.% CG=4a. 

Also since AO=2a, AG=3a 
•\ OG=a. 

The depth of G below the hori¬ 
zontal level through the fixed point O. 

=OG sin 0 =a sin 0 ; 
and the depth of C below O 

=OG sin 0 -f-CG C os g 
=a sin 0 -f- 4a cos 0 . 

g 9 

V, the potential energy of the system 

““Wo sin 0 —w [a sin 0 -f 4 o cos 0 ) 
dV . 

*** ~do - W ° 0030 ~ wa cos 0+4&W sin 0 

Equating this to zero, we obtain tan g— — 

. . 4u> * 

gives the position of equilibrium 

d*V 

sin 0 -\ -4aw cos 0 

Stable, ,S po8ltlve ' 80 that v > 9 minimum and equilibrium is 
T aking moments about O, we have «..OK=WOG=oW 


which 


a 


OK= 


But since OK<2a, 


aW 

w 


r • 


W<2u>. 




. * * Jr .L 
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* Example (**) A uniform rod AB of weight W and length 0> 
is smoothly hinged at the end A, while B is connected to a Jkm 
point C, which is at a distance 2a vertically above A, by a yght 
elastic string of nature length } a. If the modulus of elasticity of 
the strinq is 4 W, prove that there are three positions of equilibrium 
in one of which the rod is inclined to the vertical at an angle 
cos-\ 29/06). Examine their stibilily . 


Let x be the length of the string BC, and Q, the angle which, 
the rod AB makes with the vertical in the position C 

of equilibrium. 

**..*-—■ • 

The height of the C. G. of the rod above 

A = -^- cos 0. r .* 

The Pot. energy of the elastm strjiig 

W (x—la) 2 

~" 2 5 \a * (Art. 9.12) 

V, the Pot. energy of the system 

= W.-|- cos 0+^ (x— Ja) 2 
dV - _ . 2W 



• • 


/ a \dx 

d0 =?-iWasin 0 +-^ ( x 2 J 49 


l I.M 


But from the figure, x 2 =4a 2 ~\-a 2 —4a 2 co9 0 , 




Hence 


dV 

4e 


d<X 0 9 * rt 

x — =2a 2 sm 0. 
d0 

2W 




= -J Wa sin 0+jj—• 2a 2 sin O—jr 


W 2a 2 sin 0 




— -±- aW sin 
5 


*-(H) 


.......(3) 


Also ^=4 oWoos 
d0 2 5 


/ q a \ _ . a 2a 2 sin 0 ,. v 

0j(J—V/ +|aW 8m *• a? * 


x 
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Equating (3) to z$ro, j?e get sin 0=0, »,e., 0=Q, or k 
«nd x=4af3. ' ' • ” ' 

when 0 = 0 , x=a, d*V/d0 2 is—ve, equilibrium is unstable ; 
"when 0 = 7 r , x=3a, d 2 Vfd 0 2 -is—ve, equilibrium i9 unstable; 

, 4a ■ 29 dfV . , .... . . 

when x=—, cos 9 =^ , is-f ve. equilibrium is stable. 

f < , . t 

Example (t>) An isosceles triangular lamina of angle 2 a and 
height h rests between two smooth pegs at the same level t distant 2 c 
apart ; prove that if . . 

3c 6eo a<^<6c cosec 2a 

then oblique positions of equilibrium exist , which are unstable . 
Discuss the stability of the vertical position. 

Let OAB be the triangle, G its centre 1 
of,gravity and 0 the angle ydiich OG 
makes with >the horizontal line PQ. 

tDraw OL (—p) perpendicular from 
O on*QP, then ' ‘ ' ’ 

ZOPL=0+a and Z.OQL=0—< a, 
and 2c=PQ=LQ—LP 

r=P cpt ( 0 — a)— p cot (04-a) 

sin 2a/ S in sinT^-a), 

4.e. t p=OL=c (cos 2a—cos 20)-cO8e6'2a. ^ ' 

Now 2 =heighfc ot G above PQ=OG sin 0 —OL 

...r 2 " . . . 

= ^ h sin 0—c(cos 2a—cos 20) cosec 2a. 

. d~ z 2 

- * h cos 9— 2 c sin 20 cosec 2a 

= 2^08 0 (£ h— 2c cosec 2a sin 0 ) ' 

M ffM. I * • i .| | ' v/ 



For equiUbrium, this=0 i.e., either 0 =- 

2 


11 


i ‘i 


or sin B— 

v r 


>A sin i2a 




tic 


dp ~ 2 sin 6 (l*-2c cosec 2 a 8 )-4c cos >0 coscc 2a (X) 
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When 0 = ^- , is positive if A<6c cosec 2a, so that 

the vertical position of equilibrium is stable if 

A<6c cosec 2a. 

For the oblique position of equilibrium since 


sin 0 = 


h sin 2a 


-the first term in (1) vanishes and 

6 c cosec 2a 


the second term is evidently negative, so that this position pf 
equilibrium is unstable. 

Now since sin 0<1 A<6c cosec 2a. Also from the figure, 
since 0>a, sin 0>sin a 

.*. h sin 2a>6c sin a i.e., A>3c sec a. . 


Exam ple. ( vi) A rocking stonz rests on a fixed stone , the con¬ 
tact being rough , and the common normal at the point of contact 
being vertical. If p , p' bp the radii of curvature of the surfaces 
of the two stones at t.e point of contact , and if h be the height of 
the C. G . of the movable stone, show that the equilibrium of the 

rocking stone is stable if 

Let C, C' be the centres of curvature of the two stones at 
the point A, G the C. G. of the 
movable stone, where AG=A. 

In the position of equilibrium, 

CC', the common normal it verti¬ 
cal, A is the point of contact and 
G lies on AC. 

Lei. the upper stone be slight¬ 
ly displaced by rolling (without 
sliding), so that A now occupies 
the position A' and B is the point 
of contact. 

In this position, let the common normal C'BC, and A'C 
make angles d and 0-i-<f> respectively with the vertical. 

Now since the arc A'B=AB, C'B =/)', BC =p, 

p'0—p<t> 



(1> 
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If z be the height of G above O', we have 
2=C'C cos 0 —CG cos ( 0 -f- <f>) ' 

=(p+/>') 009 6 —{p—h) cos (0+<f>) 

V CG=AC-AG=p-ft.~ 


=(p+p') cos 0 — {p—h) cos ^1-f — J0 from (1) 

*'* p') 9 ' m0 +(p— h ) ( l + p ) 8in (* + y)o 

0=0, is an evident position of equilibrium. 

J^i 33 —0>+/>') cos0-f-(p—&) ^1-b ^ j cos ^ 1+^ )0. 

— — (p+p') + (p—/t)(p4-p') f -i when 0=0. 

P 


s 


For stability of equilibrium at 0=0, should be positive- 


• • 



or 


(P+P'Y ^ (P~h)>(p+p') 

(P+p'Hp—A)>p* or pp’>h (p-fp') 

-i > -+ 

h, p p 


, Cwf* w H^e»*Ae upper etone rests on a horizontal plane 

^ cowd^ion 0/ stability becomes ft<p. Further- 
if the surface of the rocking stone in contact with the horizontal ' 
p/ane t« spherical of radius r , fc<r. (See Art. 9 * 7 ) 

(*0 If the upper stone has a plane surface in contact 
with a fixed sphere p-> 00. Fence *fte equilibrium is stable 
v «<p • 


t , . examples XXXIV 

1. A uniform solid consists of a cone and a hemisphere 

ShowthL if 6 ^ .®' 1 ?° geth , er 80 that the b^es coincide, 
ohow that if the vertical Angle of the cone is >60° the solid! 

t n Uprigh ^ P° aition * Placed with the 

surface of the hemisnhara nn a K^rivnntni 



r234 


ELEMENTARY ANALYTICAL STATICS 


2. A solid of uniform density is built up of a hemisphere 
of radius r, and a right circular cylinder of radius r and 
height h on the same circular base as the hemisphere. Show 
that the solid vill rest in any position with the surface of 

the hemisphere in contact with a horizontal plane, provided 
r=A v '2. r 

3. A hemispherical piece of wood, of radius a, lying on a 

horizontal plane is in a neutral equilibrium when a metallic 
disc of the same radius and thickness h is placed just over 
the plane portion. What is the ratio of the densities of the 
substances of the sphere and the disc. [Ans. 2A 2 /o a 

4. A solid of uniform density in the form of a portion 
of a paraboloid of revolution bounded by a plane perpendi¬ 
cular to the ,axis js placed withjts vertex rating on a hori¬ 
zontal plane and with its axis vertical. Determine the height 
of the solid in order that equilibrium should be stable. 

[atis. Less than Jth latus rectum of the generating parabola 

5. A solid frustum of a paraboloid of revolution, of 
height h and latus r.cbum 4a, rests with its vertex on the 
vertex of a paraboloid of revolution whose latus rectum is 46 ; 
show that the equilibrium is.stable if 

^ a-pb' (D. U. 1939) 

6 . Show that a rough uniform plank of ithickness.6, rest¬ 
ing horizontally on the top of a circular cylinder of radius a 
\will be in stable equilibrium if 6<2a. 

7. Two equal uniform rods are firmly joined at one end 
eo that the angle between them is a and they rest in a vertical 
plane on a smooth sphere of radius r. Show that they are ip 
stable or unstable equilibrium according as the length of 
either rod is greater or leas than 4 r. cpE.ec a. 

8. A uniform square board of mass M is supported in a 

vertical nlane on two smooth pegs at the sanle horizontal 
level. The distance between the pegs is a and the diagonal 
-of the square is D>4a. If one diagonal is vertical and a mass 
m is attached to its lover end, prove that the equilibrium is 
ratable, if 4am>M(D—4a). (Pub. Ser. Com. 1938) 
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9. A small ting P of mass m, slides on a smooth circular 

■wire of radius a in;a> vertical plane. A dight string, attached 
~to P passes over p. small smooth peg at .O, the highest point 
-pf the* wire, and a particle Q of mass 3m is suspended fi^>m 
the other end of the string. Prove th^t.whon P is vertically 
helow O, the system is in unstable equilibrium. (/fa* U r ) 

10. A bead of mass tn slides upon a smooth circular 
hoop fixed in a vertical plane and is attached to a particle of 
mass 2m by a light inextensible string which parses through 
a smooth ring fixed mid-way between the centre of the bQP[P 
and its highest point, the heavier particle hanging vertically 

•ibelow the ring (Find the positions of equilibrium and deter¬ 
mine which are stable and which are unstable. ' ' 

[Ana. Inclination of radius to vertical 0, n , both stable ; 

cos _1 £, unstable. 

11. A bead of weight w is threaded on a smooth circular 
wire of radius a .which i£ ;fix;ed inia vertical pUue. l^he bead 

1,8 attached by .a light elastic, string iflf unstretched length—- and 

f • ' . 4 . • | t # • 

.modulus k to a fi?ced point vertically, abnyp, and at a ^isianfi® 

from the centre of. the wire. Qivon that $%w > A. < iw, ehw 
Jtqat .the bead can rest in equilibrium in Jour different popi- 
>tiuns and investigate the stability of the equilibrium when th® 
bead is at the highest and the lowest points of the wire. ( H.C .) 

: [An«. ^Unstable.] 

12. A uniform rod ,of weight W and length 2g, can turn 
freely about pne end A, which is fitted. ,A light inextensible 
•string attached to the other end passes through a smooth 
'ring fi^ed at,a point C, distant 2a.from A,and at the same 
'level as A and carries at its other end a weight T VW. When 
•the rod is inclined at an angle Q to the horizontal and below 
»C!, j^how itbat the.systemiaunifttfthlc equilibrium when 8 cos.0=1. 

■ ** i* .(i. u4) 

13. A rod AB of'length 2a is pivoted to a wall at A and 

Ate ,end B .is .connected«by .an clastic fitting ,qfnatural -length,! 
-and modulus x to a point C at a height 2a vertically above A. 
Jrove that if i( i W+&)<4aX, there aretwo-positions of equlli- 
tuawa cpf whioh*»e in which .unstable, and the 
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other is stable ; but if this condition is not satisfied, equili¬ 
brium is possible only when ZBAC= * and it is stable. ( I.S.E .) 

14. Three equal and uniform bars AB, BC, CD, each of 
length 2 a are smoothly jointed at B, C and rest with BC 
horizontal and AB, CD each on small smooth pegs at the same 
level at a distance 2 (a-f6) apart. 

Show that, if2a>36, there are two positions of equili¬ 
brium, and determine which of them is stable. 

. If 2a =36, show that there is only one position of equili¬ 
brium and that it is unstable. 

15. Three equal particles repelling each other according 
to the nth power of the distance, are connected together by 
three equal elastic strings. Find the position of equilibrium. 

and show that it is stable if —— where a is the unstret- 

p—a 

ched and p, the stretched length of the string. 


16. A uniform plate in the form of an equilateral triangle 
is placed in a vertical plane with two of its sides in contact 
with two smooth pegs on the same horizontal level. The side 
of the plate is a and the distance between the pegs is c Prove 
that the position of equilibrium with one side horizontal is- 
stable if a< '£. {Pub, Cer. Com. 1939> 

17. An isosceles triangular lamina with its plane vertical 
rests vertex downwards between two smooth pegs in the same 
horizontal line ; show that there will be equilibrium if the 
base raa es an angle sin- 1 (cos 2 a) with the vertical, 2a being 
the vertical angle of the lamina and length of the ba*e being 
three times the distance between the pegs. Is the equilibrium 
stable or unstable ? [Ans. Unstable- 


18. A conical plug of height h and semi-vertical a is at 
rest in a circular hole of radius a. Show that the vertical 
position of equilibrium is one of stability or instability accor- 

ing as 16a ^ 3 h sin 2a and that the position of equilibrium 

when the axis is inclined to the vertical is stable if 16a<3Asin2a. 

19. Show that the work done by a system of co-planar 
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forces is equal to the increase in the potential energy of the 
system. 1 

An elastic string of mass m and modulus E rests unstret- 
•ched in the form of a circle of radius a. It is now acted on 
by a repulsive force situated in its centre whose magnitude 
is M(distance)- 2 . Prove that the radius of the circle when it 
next comes to rest is a root of the equation 



(. D.U. Hons . 1926) 


CHAPTER X 

4 

Equilibrium of String* 

I. THE CATENARY 

101 Strings, ropes and chains frequently form cart of 
the system of bodies with which problems in Statics are con 
•cerned. it is therefore important and even interesting to 
discuss the equilibrium of strings under the effect of force, 
acting on them. In the first instance, we consider onlv f 
particular case, namely, the discussion of the nature of th! 
■curve m whch a string hangs freely between two points (not 
in the same vertical line) under the action of gravity alone 
buch a curve is called a Catenary or a Chainette. 7 

We shall assume that the strings and chains discussed in 
this chapter are perfectly flexible i.e., they offer no res7stan“ 

what-soever to bending at any point. The action across 
section of such a string is only tangetial to the string. & y 

We shall also assume the normal section at overv nnine 
■curved°line'. a the f ° rm ° f the »>. taJn 

A chain whose links are small and perfect]v 
approximates to these ideal conditions and 4 be treated'Ufa 

A string or a chain is regarded as uniform when its u*. 
mit length is constant throughout its length Wei ghfc 


;per unit 
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10 11. Equation of a Catendry. A uniform inextehtibM 

heavy string hangs freely under the action of gravity ; to find ^in¬ 
equation of the curve it assumes. 

Let A be the lowest point and P any 
string. Let w be its weight per unit 
length and the angle which the 
tangent at P makes with the horizon¬ 
tal. 

The forces acting on the portion 
AP=s of the string are :— 

(a) the tension T at P acting along 
the tangent at P. 

(b) the tension T 0 at A acting horizontally. 

(c) the weight, ws • acting along a vertical line passing 
through the C. G. ot the portion AP and through the point 


where the two tensions meet. 

Resolving vertically, we have 

T sin if/=ws . (iy 

Resolving horizontally, we have 

T co9 tf/=T 0 =ivc .(2V 

Where T 0 is taken to be equal to a weight of length o of 
the string. 

Dividing (1) by (2) we obtain s=c tan ^ . (3) 

which is the intrinsic equation of the catenary. 


This is usually known as the common catenary, the lowest 
point A is known as the vertex and c is known as tho 

parameter. 

10 12. Suspension Bridge. An interesting problem is affor¬ 
ded by the kind of bridges (usually met with among the mlle> 
in which the horizontal roadway is suspended from a pair of 
cables by a number of vertical chains, the ends of the cables- 
being attached to the tops of rigid piers. 


other point on the 
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In this case, for the sake of simplicity, we neglect the 
weightB of the chaihs and cables and 
suppose the weight of the bridge to 
be distributed evenly along its length. 

Considering the equilibrium of a 
portion of a cable and taking the 
weight of each element to be propor¬ 
tional to its horizontal projection, we 
proceed as before. 

(*> y) be the co-ordinate* of P (Fig. Art. 10*11) with re- 

ference to the horizontal and vertical lines through A, we now 
obtain 



and 
so that 


T sin tp=-wx 
T cos p=l— wc 


x 


=tan \J/ = 
c r dx 


but since y =0 when x—U 


0 . 


equaUon 06 ^ ° ab ‘ e a9SUmeS the parabMio from g^en by th* 

x*=2cy ^ 

The curve is therefore knowd as the Parabolic Catenary. 

10 13. Relation between x, y and f. 


From Calculus we have — 


the equation a=c tan ip, 

ds 

—c sec 2 ip. 


sd 


=C03 ^ 5T =3iQ * a “d from 


we get 


ds 


dip 

dy __ dy 
dip ds 
integrating, we have. 


dip ~~ & * n ^* c sec 2 ip =c tan ip sec ip 


y=c sec p-\-h 


stance" bTlo^thTv^T * 5 ? h ™ tal at ■ 

hence &=0. so tbal wheQ ^=° y = c and 


y=c sec ip 


(B) 
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Again 


dx 

dtp 


dx 

ds 


ds • ' • '•:* t nl 

=cos ip.c sec 2 ip=c sec tp 


dtp 


x=c log (sec «A+tan 'P) t ....(6) 

the con tant of integration being zero since a;=0, when 

••^= 0 . • • i.ii 

The horizontal line at a depth c below A which is taken as 
the axis of x, is known as the directrix of the Catenary, 

When a catenary is formed by suspending the string from 
two points B and 0 in the same level, the distance BO is called 
the Span and the depth of the vertex below BO is called 

the Sag. 

1014. Cartesian equation of the catenary. This can be 
.obtained by eliminating tp from (o) and (6). 

x 


Form (6), we get, e =sec i^+tan tp 

x 


’ r sec 2 tp —tan 2 tp . 

e c = -, . . ~ —sec tp -tan tp . 


i. 


sec tp- j-tan tp 
Hence by addition, 


sec tp 




X JE 

C , C 

e e 


) =eosh-f 


f. 


But from (5) sec tp=y/c 


i k 


j;j 


(7) 


. y — c cosh 

Second Method. The same equation can also be obtained 
;from (3) as follows 


dy 


=cp, where p— 


dy 


V . 


We have s=c tan *A=c dx 

Differentiating with respect to x , we have 

• -S— 
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integrating, we get 


—-=c sinh-'p, 


yi+?’ 

the constant of integration being zero, for x=0 when p=0. 

, • dy 

V i-e. 


. =sinh X 
dx c 


Integrating again, we have 

y—c cosh—— \-k . 

c 

But when a;=0, y=c .*. k— 0 and y~c cosh —— 

e 

10*15. Relation between y and s. From equations (5) 
y—c sec \f/ and (3) s—c tan we have 

y 2 — « 2 =c 2 (sec 2 if/— tan 2 $) =c 2 

y 2 =c 2 +s 2 .(8). 

This relation between y and s finds frequent application in - 

the solution of problems and can also be obtained bv usimr f31 
and (7) as follows 6 v • 


Since y=c cosh-^-, a=c tan f=c -^-=csinh — 

c ax c 


2 / 2 —o 2 =c 2 ( cosh 2 —-sinh 2 ?-J=e 2 . 

10 2. Tension at a point. 

(a) Since y=c sec $ and T cos ^=T O =ioc, we have 

T=wy. 

direct 9 ike temi0n ^ aUy POiM VarieS 03 its ^9^ from the- 

This shows that if a string hangs freely in equilibrinm over 
two smooth pegs (not m the same vertical linel it* a * 

reach the directrix of the curve between the pegs. * * ends just 

(h) Since T 0 =u;c, it shows that T 0 , the tension at th« 
lowest point is equal to a weight of the string equal to the 
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height of the lowest point above the directrix, which agrees- 
with (a). , 

(c) Since T cos *=T„ it shows that the horizontal compo¬ 
nent of the tension at every point is constant and equal to wo. 

( d) Since by (1) Art. 10* 11 T sin if/=wa , it shows that the- 
vertical component of the tension at any point is equal to the 
weight of the portion of the string lying between the vertex and 
the point. 

10 3. A tightly stretched catenary. If (®, y) be the co¬ 
ordinates of one end of a string stretched “tightly between two 
points in the same horizontal level (e. g., a telegraph wire 
between two poles), then 


lx — x 
y= co*h-=ic[ c c ~c 

i.e., 2/— c =“ 2 c+ 24c 3 +•• 

% 

Now, since the sag y —c is small as compared to the span 
2x, c must be large, so that for a tight catenary c is large and 
the directrix is very low. 

Shifting the origin to the vertex (0, c), the equation, 
becomes 


[ 


ar 2 




x 4 


2c 2 '24c 4 


x 2 


x* 


y= llc + _ W + 


Neglecting small quantities of the thiid and higher order a 


z 2 


it reduces to y=—or a: 2 =2 cy. 


Thus a tightly stretched catenary approximates to a para¬ 
bola. . 

Note. When the catenary is slack, the lowest point of the 

catenary is low and consequently the directrix is low. Thus 
even for a slack catenary the directrix is very low because the 

lowest point itself is low. . 

10 4. Example (») Given two smooth pegs in a horizontal 
line distant 2a apart, find the least length of a uniform heavy 
string which will rest freely over them. 
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Let 2/ be the string 2s the length of the part between the 
pegs and y the height of a peg above the directrix. 

Since the string rests freely and the pegs are smooth, by 
irt. 10*2, the end of the strioa must reach the directix, so 


mice me string rests ireeiy ana tne pegs are 
(a) Art. 10*2, the end of the string must reach the 
that half the string 

l=y +$=:c cosh— -j-c sinh X -■ x,c — - a ^ c 


c t 


x.c 

=c 


(V x=a) 


dl 

dc 


ale 

= e — c. 

dl 


a 

~c* 


a/ C= a/c( j _ aj 


For l to be least—— =0 i. e. f c=a. 

dc 9 


d'l (l~ Q I * 

^° w > e which is positive 

« I is least when c=a and then the least length of the 

string=2i=2ce a ^ c =2ae a ^ a =2ae. 

. E * a “ ple ,^ <) . A string of length l is supported from 

wo points and at these points the string makes angles a R with 
the vertical. Show that the height of the one point above the other is 

l cos \ (a-f-/?) sec £ (a— (3). 

i * A L u fc t f ie 8fcrin § be supported at the points B 
let A be the vertex of the catenary of which BC 
lorms a part. 

tho SSl y ! be , the heights of B and c above 

arcs AB and AC , ! d the 1 n and ^ len ^ofthe 

a.-c tan f=c cot /?, « 2 =c cot a and 

Sh—c sec <p=c cosec /3, y z = c cosec a. 


and C and 


Vs-Vi 

S 2~ -»l 


cos ec a-cosec fi = sin /?- 8 in a 
cot a-cot (3 ~ti^JpZTa)~ 



Now since s n —s.= 


cos 


l, we have 
^2—2/1=the height of C above B 
=1 cos £ (a-f/?) sec £ (a— 13), 


2 


244 ELEMENTARY ANALYTICAL,STATICS 

Exa mple (in) A uniform chain of length l rests in a straight 
line on a rough horizontal table. One end is raised to a height h 
above the table and the chain is on the point of motion . S how 
that the length of the straight part on the ta^le is 

where M is the co-efficient of friction. 

Let z be the required length aad w the weight per unit 
length of the chain, then since the chain is 
on the point of slipping, the horizontal 
tension at A, the lowest point of the catenary 
=force of friction. 

i.e.y T 0 =wc = V-wz, so that c—^z .(t) 

Length of the portion AJ?=s=l—z and 
the height of P above the directrix 

=y-c-\-h 

from the formula y 2 =c 2 -\-s 2 , *ve have 

(c+70 2 =c 2 -f(l-z) 2 * 

Using ( i) and simplifying, we have 

z 2 —2 z(1 4-M)-H 2 — h 2 =0 

which gives 2=i-j-M±Vy+^) z l 2 -\-h* 

Since l — z must be positive, we have 

2 =i 4 -M-V V 2 -H )^ 2 

Example («») The weight per foot run of a 
W lb.. Vie length of wire between the posts is U fed aweig 
is hung at the middle, where the wire sags x feet. Prove that W 

tension at the posts is 



w 


\2x( 1+ S) 


-j- 


lb. 


Let B and C be the points of support of the wire, D th° 

m • 1 i A a n 


point of suspension ol the weight, A 
the vertex of the catenary of which DB 

is a part, s the arc AD, y, y x the ordl " 
nates of B and D and T, T x the tensions 

at B an 1 D. 

Since the weight W is supported by 
both the parts CD and DB, is the 
vertical component of the tension at D for 
the part AD of the string. 







THE 



.\ by (rf) Art. 10*2, £W =ws i.e., *=W/2 w 
By (a) Art. 10*2, T=wy and T 1 =wy 1 

T-T ^wly-y^-wx 
and Td-T 1 =w(j/+y 1 ) 

But by Art. 10’15, i/ a =c 2 -t-(s-W) a 
and 2/ 1 2 =c 2 +5 2 

2ls -f- 1 2 = y 2 -y ?=(y-y div+V i) =^(2/4- yf) 


so that from (3) and (1), T+Tj=w 
Hence from (2) and (4) 



2T =wx-\-w 
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.( 1 ) 

9 

.( 2 ) 

( 3 ) 

•( 4 ) 


Example (v). Show that the length of an endless chain which 
will hang over a circular pulley of radius a , so as to be in contact 
with two-thirds of the circumference of the pulley is 


r 3 4*] 

a [l0g (2-f-V3) ‘ 3 J 


/D.U. 1939\ 
\ Agra . 1940/ 


Let ACDBA be the endless chain hung over the circular 


pulley CDB with centre O. 

Since the chain is in contact with § circum¬ 
ference of the pulley, the length of the part in 
contact with the pulley 

—fx2 .(1) 

Also ZBOC =\ x 2 k = 120° 
and BC=2a sin 60° 

= V3 a 

Now we consider the catenary CAB. 



The angle which the tangent at B makes with the hori¬ 
zontal 


=ZAOB—60° 

from «=c tan we have 
arc CAB =2 arc AB==2c tan 60°=:2V3.c. 


(2) 
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To find c, using 1 x=c leg (tan ip+seo tp) we have 

i BC = $ V3 a=c log (tan 60°+sec 60°) =c log (\/ 3 + 2 ) .( 3 ) 

from (2) and (3), we have 

the length of the catenary = 2 \/3 c=j-.( 4 ) 

Hence the total length of the string 

_3a 4 * ci T 3 4 *■ 1 

lo g (V3+2)+ 3 |log (i2-4-V3) + IfJ- 

EXAMPLES XXXV 

1. A kite is flown with 600 ft. of string fiom the hand to the 
kite and a spring balance held in the hand shows a pull equal 
to the weight ot 300 ft. of the string Inclined at 30° to the 
horizon. Find the vertical height of the kite above the hand. 

[Ans. 300 (V7—1) ft.] 

2. A uniform chain of length 15 ft. hangs between two 
points A and B, the vertical distance between them being 9 ft. 
It is observed that the tangent at A is horizontal. Show that 
the horizontal distance between A and B is 


^8 cosh * 1 ^jft. 

3. A suspension bridge of weight 100 tons evenly distri¬ 
buted over its span of 150 ft. is supported by two cables which 
have a sag of 20 ft. Find the greatest and least tensions in 
each cable. [Ans. 53|, 4<iJ tons.] 

3 (a) In a suspension bridge of 400 feet span and 40 feet 
dip the whole weight supported by the chains is 2 tons per 
horizontal foot. Find the horizontal tension and the tension 
at the points of support. 

If a simple telegraph wire has a span of 75 yards, and a 
sag in the middle is 1 ft. show that the tension in the wire is 
approximately 480 lb. weight, if the weight of the wire is 
400 lb. per mile. [Ans. 500, 538*5 tons.] 

4. A uniform chain is hung from two points A and B in 
the same horizontal line, and at a distance 2a apart. The 
inclination of the chain to the horizontal at A or B is a. If 2s 
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fee the total length of the chain, w the weight per unit length, 
T 0 the tension at the lowest point and d the sag, show that 

tan a w sec a —1 log* (tan a-fsec a) 

s T 0 d ~ a • (M. T .) 

5. A uniform chain, of weight W and length 21 hangs bet¬ 
ween two point A, B in the same horizontal line at a distance 
2a apart, and the sag in the middle is d. Show that the pnra- 

J2_^2 

nieter c of the catenary is and that the tension at either 

•end is W (Z 2 +d 2 )/4W. 


6 . A rope of length 21 ft. is suspended between two points 
at the same level, and the lowest point of the rope is 6 ft. below 

the pomt of suspension. Show that the horizontal component 
■ot the tension is 




w being the weight of tho rope per foot of its length. 

7. The end links of a uniform chain of length l can slide 
on two smooth rods in the same vertical plane which are 
inclined in opposite directions at equal angles a to the horizon¬ 
tal. Prove that the sag in the middle is 


JZ tan 


i a. 


fastened VS” heavy chain of length 21 has its extremities 
mMdle is A 1° TT at the eame level and the 8 “g h. the 

lddle is h. l<md the parameter of the catenary in which it 

hangs and prove that the span is * 


=c( 


p 


cosh 


a 


% 
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If z be small compared with a, show that 2 cz=a 2 nearly. 

A telegraph wire is supported by two poles distant 40 yards 

apart. If the sag be one foot and the weight of the wire lb. 

per ft., show that the horizontal pull on each pole is £ cwt.. 
~ nearly. 

10. A uniform measuring chain of length l, is tightly 
stretched over a river, the middle point touching the surface of 
the water, while each of the extremities has an elevation Jc 
abov ^ the surface, show that the difference between the length 
of the measuring chain and the breath of the river is nearly 

t j-' (D. U. 1924) 

11. A heavy chain rests in equilibrium in a vertical plane 
supported by two smooth pegs A and B. If a and ft are the 
angles the tangents to the chain at A and B make with the 
vertical and if x and y are the lengths of the chain hanging 
vertically from A and B, and z is the length between A and B, 
show that 

x _ y _z _ 

sin /?~'sin a - 'sin (a-f ~/3) * 

12. One end of a perfectly flexible uniform chain, of 
length l, is attached to a fixed point at height h above a 
smooth horizontal table and a horizontal distance b from the 
edge over which the chain hangs. The chain consists of 
three parts, namely, a catenary of length s, a straight part 
of length b—x on the table (perp to the edge) and a straight 
part hanging vertically. Prove that 

s+b = y/Zb(x+l). 

13. A weight an nth that of the string is attached to its 
lowest point, the tengents at the lowest and the highest 
points of the string are now inclined to the verrical at angles <f> 
and o respectively ; show that 

tan = tan 0. ( D.U . 1938) 

14. A uniform chain of length 21 and weight 2 wl hangs 
from two fixed points on the same level and at a distance 2 (t 
apart. A smooth ring of weight W is threaded on the chaim 
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Show that c, the parameter of either catenary formed by the' 
chain can be determined from the equation 


2wl—W 



> 


+ (W 2 +4w 2 c*)i sin h — 

c 


a 


15. A uniform chain of weight w per unit length, to 
whi< h a weight W is attached at the middle point O, hanga- 
symmetrically over two smooth pegs on the same horizontal 
level and distant 2 d apart. The chain is of such a length 
that, when the system is in equilibrium a length l of the 
chain hangs vertically over each peg, and the tangent at O to 
each half of the chain makes an angle a with the horizontal. 


If O is at a vertical distance D below the pegs and 
W=2 wc tan a, prove that 

(i) D=Z—c sec a. 



I , d 

~ = sec a cosh 
c c 


+tan a sinh 



(D. U. 1937)T 


16. A uniform chain of length l is suspended from two 
points A, B in the same horizontal line. If the tension at A 
is twice that at the lowest point, show that the span AB is 

~ log (2 + V3). 


17. A uniform chain of length l, is to be suspended from- 
two points, A and B, in the same horizontal line so thah 
either terminal tension is n times that at the lowest point. 
Show that the span AB must be 


y== log (n+V» a -l) 


{Agra. 1941 )• 


18. A uniform chain of length 16 ft. lies on a rough, 
floor, (the co-efficient of friction being in a straight line. 
One end is lifted up to a height of 4 ft., and the chain is then 
on the point of slipping along the floor. Prove that the length 
of the chain on the floor ia-10 ft. 


19 A uniform inextensible string of length l and weight W 
hangs freely under gravity. Its ends can slide on a fixed^ 
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sf-tss r - * ■ k » 


M 


log ^ 


1+V1+/** 




) 


(Agra. 1938) 

20. A horizontal table has a circular hole in it of dia- 
“tM ?: uniform chain 6 ft. long is laid symLetrl 

ly across the hole, and is found to rest in limiting equili- 
t h "t« ' v, ' en 2 . ofthe ^ain han"4 through the hole Prove 

taht ’ h t r eff j"r nt of frlctl0rl between the chain and the 
table can be found by solving the equation. 

Sinh u=2u t where u= I/\/9 /a 2 —i7 

21. A uniform chain hangs in equilibrium under gravity 

2 fl ° ne Cached to a fixed point 0, the chain passes 
oyer a smooth peg P, O and P are in the same level and at 
distance 2a apart. If the length of the chain is the smallest 
possible, show that c, the parameter of the catenary formed 
t>y the curved part of the chain is given by the equation, 


e 2x — 


1 +* 
*(1— x) 


where x—a/c. 


(H. G.) 


22. A weight W is suspended from a fixed point by a 
uniform string of length / and weight w per unit of length. 
It is drawn aside by a horizontal force P. Show that in the 
position of equilibrium, the distance of W from the verticil 
through the fixed point is 


5 (■**" (?) j . 

What happens when the string is light ? 


(Nagpur. 1937) 


23- A uniform chain of length l hangs between two points 
A and 13 which are at a horizontal distance a from one an- 
other, with B at a vertical distance b above A. Prove that 
the parameter of the catenary is given by 


a 


2c sinh — =Vl 2 —b 2 . 
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Trove also that, if the tensions at A and B are T x and T„ 
respectively, 

T a -T,= ™ T 1+ T 2 =wyi+ 

where W is the weight of the chain ( Birmingham 1938) 

II. Strings or Chains on a Plane Curve. 

10 5. In Art. 10*11, we dealt with the equilibrium of a 
string, hanging freely under gravity. We now consider the 
equilibrium of flight or heavy strinz resting in contact with a 
smooih or rough plane curve (or resting in one plane on a 
surface). 


T-f-ST 


10*51. Case I. Light inextensible uniform string resting on 
• a smooth plane curve . 

Let a string CABD be in contact with the plane curve AB 
and let us consider the equilibrium 
of a small element PQ of the string. 

Let 8 be the length of the string 
measured from some fixed point C, 
opto a variable point P, and Ss, the 
length of the element PQ. 

Let R be the reaction per unit 
length of the curve at P. Then 
the string being light and the curve 
smooth the forces acting on the 
eiement are :— 



0 



XSs 




a fixed line'ox 1 T a '° ng ^ tang6nt P ’ makin g an «ngle wnh 

aogle ( ^ + 8 e r4°thOX? T al ° ng the taDgent at Q makiDg an 

(3) Rs*, the reaction of the curve along the normal NP. 

The string may either be resting on the upper side of the 
«Jrve, the reaction acting inwards, or, as shown P in the figure 

may press against the lower side of the curve the reaction 
^acting outwards along the normal at P. 
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5 n ♦k- 6 forCe ^ Rs *’ shown in the figure, is not to be considered 
in tnis case. 

we h^e° IVing the f ° rCeS al ° Dg the tan S ent and normal at P, 

(T+sT) cos a^=T .( 1 ) 

and (T+gT) sin a^=Ka«. .(2> 

Neglecting small quantities of higher order than the first- 
these equations become 

ST=0 i.e,, T=a constant. 

so that the tension of a light string passing round a smooth curve 
ts constant throughout. 


and from (2) Tg^=RSs 


i.e.. 


R=t4-=- T 

ds p 


T, being constant, the normal reaction varies inverseiy as 
the radius of curvature of the curve. 


10 52. Case II. Light string resting in limiting equilibrium 
on a rough plane curve. 

As in the previous case, let PQ=gs be an element of the 
string and let the angles that the tangents at P and Q make 
with the fixed line OX be ^ and \p-\- 8^. 

Let the tensiors at A and B where the string leaves the 
curve be Tj and T 2 and let the string AB be just on the point 
of slipping from A towards B, so that the friction uRSs acts > 
along the tangent PT, opposite to the direction of slipping. 

Resolving the forces along the tangent and normal at P, 


we have 

(T-fST) cos ==r I'~f“^’R'S‘S .(0 

and (T-f ST; sin s^=R8$ .(2> ’ 


Neglecting small quantities of higher order than the first, 
we get 

gT=/*R$s and T8^=R8s 
which give hd^p i.e. log -a const, or T =ce^ 
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Now, at the point A, let T=T, and and at B let 

T=T 2 and ip=ip 2 , then 

T,=c« /t ^ 1 and T 2 =c/^ T 2 =Tj 

which gives the tension at B in terms of that at A and the 
angle the tangent turns through from A to B. 

For example, if a rope is passed round a post through one 

complete revolution, the tension is increased in the ratio e 2 Kt * 

If M=*5, 2 a- /x= jr =3 1416 and e * =(2*718) 3 * 1416 = about 23, 
so that the tension is increased about 23 times for each 
complete turn. 

Z. __ • 9 string 'passing over a rough horizontal 

beam, carries a weight of 80 lb. at one end. It is found that a 
wtog™ of 20 lb when tied to the other end just prevents slipping . 
What would be the least weigh! necessary to prevent slipping, if 
the string were wouned an additional time round the beam ? 

Here T 2 =80, T 2 =20, e '*’ r =§§=*. 

^ 1,86 “ bC thS required Iea3t wei 8 ht when the angle is 3 it, 

80 3/x ^ 

w =e =(4) 3 =64 i.e., =80/64 = 1* lb. 


a “• He “ Vy Slting ^ 0,1 ° - 

In addition to the tensions at P and Q and the normal 

reaction considered in Case I, in this case we have also to 

take into account a verHeal force wSs corresponding to the 

weight of the element PQ, „ being the weight per unit length 
of the string. ° 

The force mRSj, shown in the figure, is not to be con- 
-sidered in this case. 
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Let the line OX, from which *p is 
and let it be taken as the axis of x. 
Let (x, y) be the co-ordinates of P, 
the axis of y being vertically up¬ 
wards. 

• • 

Then, resolving the forces along 
the tangent and normal, we have 

(T-j-sr)cusS^=T+u;Ss sin ip .(1) 

and (T+gTj sin 

=R8scos ^.(2) 

Neglecting small quantities of 
higher order than the first, we have 


measured, be horizontal 

I 



and 


ST=w8s sin ^ = w8s 


8y . 

=wSy i.e.y 


T=wy+C .(3>. 


R=T 




ds 


, T 

— W COS tp - - w cos 

p 



Now if T x , T 2 be the tensions at points where the ordinates- 
are y 1 and y 2 , then from (3), T x —T 2 =w(y l —y 2 ). 

i.e. t if a heavy string rests against a smooth plane curve, 
the difference of the tensions at two points is equal to the 
weight of a length of the string equal to the vertical distance 
between the points. 


Example 1. If a heavy uniform string passes round various 
smooth curves in the same vertical plane and its ends hang 
vertically , show that they are in the same horizontal straight line. 

Since the ends hang freely, T 1 =T 2 =0. 

2/i—2/ 2 =° *«•, 2/i=y 2 . 

so that ends of the string, even when it passes over a number 
smooth curves, hang vertically at the same level. 

Example 2. Ah avy uniform chiin of weight w lb. per 
unit length rests on a sm-oth circular arc, radius a, in a vertical 
plane. The chain occupies a quadrant with one end at t*>e. 
highest point and is kept in equilibrium by a force F at the 
upper end , applied horizontal, find F. 
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Here the vertical distance between the ends is equal to the 
radius o, and the tension at the lower end is zero. 

. . the tension at the highest point along the horizontal' 
tangent —wa. Hence E—wa. 

Example 3. A heavy uniform chain rests symmetrically 
on a smooth catenary whose ax's ii vertical and vertex upwards- 
Jmd the tension at any point and show that the pressure on the 

directrix* 68 t7lVer8ely as the 8 Z uare °f the distance below the 

• The of y bein g downwards, there is a change of sign 
in the weight and equations (3) and (4) become in the case 

T—C—tvy and K — T/p-^w cos if/. 

In the case of a catenary, we have s=c tan if/, 

y=c sec if/ and p=c sec 2 if/. 

At the lowest point of the chain where T=0, let 

. . ^—C—wy=C~wcaecif/ and 0=C— wc sec °if/ Q .. ' 

T=u;c (sec sec ip) 

Whicli gives the tension at any point. 

Also K = — cos * = «>c(seo ^- aec f) 

P \- w cos * 

__ w sec ip Q _ wc 2 sec if/ a 

sec 2 if/ • 

°n arough^raAa Umitin * •9*Ui*iu m 

into aucouutthe ™ W ^ *> *"* 

now Inive" 06 ° f e<3UO ' tion (2) of the previous article, we 

and % + JSS'* * SS+WS ° ^ * .CD 

(T-fST) sm Sf=E8s+jrgs cos ii J, 

wo hfve g g Smali ^ uanti « es of higher order than the" fir!,t 


st_/xr Ss+u , Ss sin f and Xw=Rss+tcSs cos 
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Eliminating R, dividing by and putting ds/d^=p t 

^ry i . . * i * » J 1 

ewe get -£^—pT—wp(amip—pcoQip) .(3) 

Multiplying by e~~^ and integrating, we get 

Te~~ ll ^=G+w § e"~^p(6in P cos ^)#...(4) 


For the known curve on which the string rests, we can 
• obtain p in terms of ^ and can find T by calculating the valuo 
of the integral. 

Example. A heavy uniform chain , resting on a rough 
circular arc in a vertical plane , occupies a quadrant with one end 
at the highest point A and is on the point of slipping. Prove 
that the co-efficient of friction P satisfies the equation, 

(1 —* =2p 

Let AX the tangent at A be the axis of x and let_ the axis 
of y be downdwards. Let the tangent at any p int P make an 
angle 9 with AX, then changing the sign of w in (4) and 
putting t=6 and p=a=radius of the circle, we have 

Te"”^=C —wa J e — ^(sin 9-t 1 cos 9)d9 . 


=C— wa^ 


-P9 


^ gin 0—P cor 0) 


e -(cos 0+/* sin ,0) l 1 * _ 

i+>* h-/** 


] 


,=C-Hi;a 


— P9 

e [cos 0 -1-2/* sin 9—P cos 0j 


1 +P 2 


—Pl —[i 



Now when 9=0, T—0 . 0 C-f 
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r •; 

and when g T=0 0=C+ T [2 M ]. 

Eliminating C, and simplifying, we get 

J * ll =2n. 

(1—M 2 ) 

Note, The student is advised to draw the figure and 
‘obtain equation (1) independently. 8 

Equations of' equilibrium of a string in one plane 
under the action of any given forces. ^ 

P r ® vio ^ s articles, we consider the equilibrium of 
n element PQ of tbe string taking tensions T and T-fsT at 
.ts ends and resolving the forces along the tangent and normal 

ezternal F fo F ,!L Uait , len S tb bs the sum of components of the 
*h~ 1 forces ’ * lon * the tangent at P in the sense PQ and Q 

&E5STZ al0ng the OUtWard tb ° A of 

(T+sT) cos a+£F 3 *=T m 

we have 8 g pities of higher order than the fig 

m. , 8T+Fss=0 and T8^=Gs* ,o\ 

These can be written as .( 3 ) 

dT f p 

-rfT +F=0 Md- -G=0. 

* S“.,« AT:SJ‘ r r 

ss.sw= -a 

Ts^r may be written as T-f^-s 5 =T T j .« ; 

-, 0 . . b * * 5 - * ?*• , a 
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EXAMPLES XXXVI 


1. Masses of 50 lb. and 80 lb. are connected by a light 

string which passes over a rough cyliadrical beam aud the 
system is in limiting equilibrium. What mass must be added 
to 1 he 50 lb. in order that the other mass may be on the point 
of moving upwards. [ Ans . 78 lb- 

2. Two rough cylindrical beams have their axes horizon¬ 
tal on the same horizontal level and parallel, at a distance d- 
apart. The radii are a, b and the co-effioients of friction /V 
Weights W and Wjl are connected by a light inelastic string 
which passes over both the beams. Show that the system 
will remain in equilibrium provided that 

log W/Wj lies between it: £ tt p —(/* —/^Jcos" 1 (““J - 

3. A single movable pulley, of weight W, is just suppor¬ 
ted by a force F which is applied to one end of a light cord 
which goes under the pulley and is then fastened to a fixed point* 
show that if 6 be the angle subtended at the centre by the part 
of the string in contact with the pulley, then 

F*(l— 2e^ cos^ -f-e 2 ^)==W a . 



/x, being the co-efficient of friction between the cord and 
the pulley. Deduce the case when the pulley is smooth. 

4. A heavy particle is attached to an endless light inex- 
tens ble string which passes over a rough pulley fixed in a 
vertical plane. If the straight parts of the string are inclined 
to each other at an angle a, prove that the angle $ which one 
of the parts makes with the vertical in the limiting position ot 

equilibrium is given by 

cot 0 =cot a+e + a * cosec a. 

5. A uniform heavy chain passes round a smooth vertical 
circle If the pressure vanishes at the lowest point, prove 
that the tension (i) at the highest point is three times and 
(it) at the ends of the horizontal diameter twice ol what iv 

Is at the lowest point. 

6. A uniform heavy string of weight w per unit length* 
xeste on a smooth parabola, whose axis is vertical and vertex 
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S 8 ' ° f the > at - 

where the tangent makes an angle f with the'Tert’ietl P ° int 

ju >(2 sin 8 0 -J-sin 0). 

SataVSr *£"?. vf/tieu ^ 7 °°^ Cy ° loida ' -rve. 

ends of the string just reaching the cusps ofthe* u P w ® rds . the 
the pressure at any point varies as the Radius of 

unde*-tht war u 7 ie r h P — 

and axis vertical, and over tLl^o Vortex downwards 
If the string is to remain in contact° at Pe8S at the cusps, 
cycloid show that its l fng th mwt L? h P ° iat ° f the 

being the radius of the generating c^cle ' e5S than 20 a, <* 

of a rough vertical tS of radius aand" ‘\°i U . 1>per surface 

l ODe en ^ k® at the hi^hpRf ,, • *. P ar tlj hangs freelv 

the greatest length that can hang freely if the Ci/Cle > ^ovc tbit 

10 A 2fla+ ^-V aei ' i7r )/{l+ l A*) 

its a Marti**SSI?™- 

II a h a ^(l+e /XK ) sin 2 0 . 

* 1 " w »*h. ~igh, I <"*+« 



CHAPTER XI 

FORCES IN THREE DIMENSIONS. 

11*1 Specification of a couple. In Art. 5*5, it was shown 
that couples in the same plane or in parallel planes can be 
compounded into a siDgle couple whose moment is equal to 
the sum of the moments of the various couples and whose 
axis is a line perpendicular to the planes of the couples. 

We can therefore represent a couple by a straight line 
(eay, AB) of a certain length drawn in a direction parallel to 

the axis of the couple, then 

(i) the length of the line indicates the magnitude of the 

moment of the couple, on a certain scale, 

(ti) the direction of the line indicates the plane ot the 
forces, the plane being perpendicular to the line and 

(Hi) the order of the letters AB or BA, indicates the sense 

of rotation of the couple. 

11*11. Since a couple can be specified by a straight line 
drawn in a certain direction it shows that it is a vector q u f*\" 
titv It follows therefore, that couples can be compounds 
or resolved by the parallelogram law in the same way as fore . 

Thus if L, M, N be the moments of the couples about 
rectangular axes OX, OY, OZ, their resultant G is given by 

* G 2 =L 2 4-M a +N* , v- , 

. L M , N 

the direction cosines of the axis of G being-^- > q 

1112. Convention of sign. If OX OY OZ be a set of 
three mutually perpendicular axes a couple m the plane f 
(or in a plane P parallel to it) will be represented by a.line of 
certain length taken along OZ (or along a Une parallel to OZ) 

If the couple causes rotation from OX towards OY the 

moment of the couple is regarded as positive and it is then 
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represented by a pDritive length along OZ'. Similarly a couple- 
in the plane YOZ is considered positive if it causes rt tation 
from OY towards OZ and a couple in the plane ZOX is positive 
when rotation is from OZ towards OX; 

11*2. To prove that a system of non-coplanar forces acting 
on a rigid body can be reduced in general to a force acting 
through a specified point oj the body and d couple. 

Let O, the specified point be taken as the origin and let 
OY, OY, OZ be a set of rectangular ares through O. 

Let one of the forces P of 
and let the components of P 
parallel to the axes be X lf Y 1# Z x . 

Draw AN perp. on the XOY 
plane and NL perp. to OX so 
that OL=a;, NL=y and NA =z 

At L and at O introduce 
equal and opposite forces equal 
and parallel to Z v These being 
in equilibrium among themselves, 
do not alter the. effect of the 
system. 

Now the forces Z, along NA and LH form a couple of 
moment+yZ 1 in the sense from OY to OZ. * * : 

Also the forces Z, abng LK and OZ' form a oouple of 
moment — xZ x in sense from OX to OZ. ■' 


the system act at A (x, y, z ) 



We have also a force Z, along OZ. Hence the force Z, 
at A is equivalent to . * 

(f) ^ equal and parallel force Z 4 along OZ, 

(w) » oouple of moment -\-yZ x about O X, 

( ij) a couple of moment — xZ x about OY. 

. . Similarly the force X x at A is equivalent to : 
force X* along OX;, couple zX x about OY and —yX, about OZ. 
_ at a is equivalent to, * \ J • ‘ 

force Y, along OY, couple -zY, about OX and xY, about OZ. 

Hrace^tbe force P acting at ,;A U etiuivaleiit to 

< force * x i> Y i. Z„ along OX, OY, OZ reapebtivCly, and couplea 

• ■ 
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(yZ V“1 Y,) ’ < zX J-* Z i)> (^yi-yXj) about OX, OY, OZ rea- 
pectively. 

All other forces of the system can be treated in the same 
*ay, so that the system is equivalent to, 

forces 2X 1= X, 2Y 1= =Y, 2Z,=Z, 

and couples 2(yZ 1 - 2 Y 1 )=L, SfrY.-yX^N 

along and about OX, OY, OZ, respectively. 

The three forces reduce to a single force R, given by 

R*=X»-fY*+Z 2 - 

acting through O a line whose direction cosines are X/R, Y/R, 
Z/R, 


The three couples reduce to a single couple of moment G 
given by 

G*=L a +M*-fN* J ; . 

having its axis along a line whose direction cosines are L/G, 
M/G, N/G. * ' * ' ' 


Hence the system reduces to a single force acting through 
a specified point O and a couple whose axis passes through 0. 

11 '3. Conditions of equilibrium. When R=0 i.e., X=Q^ 
Y=0, Z=0 and G is not zero, the resultant of the system is 
a couple of moment G, having its axis passing through O. 

When G=0 i.e., L=0, M=0, N=0 and R is not zero, the 
resultant is a force pasting through 0. 

When R=0 as well a* G=0 i.e./X, Y, Z, L, M, N all 
vanish separately, there shall be neither a resultant force nor 
a resultant couple and the body shall be in equilibrium. 

} Hence the conditions of equilibrium are :— 

(*) the sums of the rt solved parts of the system of forces in 
any three directions, not aU parallel to the same plane , are zero. 

<*> the sums of the moments of the forces about any three 
concurrent and non-coplanar straight lines separately vanish . 

11 . Examples. 1. Six forces , each equal to P act along 
the edges of a cube which meet a given diagonal , the forces, radiat¬ 
ing from the vt riices. Show that the system is in equilibrium . 

Let 00' be the diagonal and the forces and the oo-ordinate 
axes as shown in the figure. 

■* * • 4 1 1 * u + i “ I I i ** . . A * 
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Here X=P along OA 

-P along O'A'=0 
Similarly Y=0, Z—0. 

L=sum of the moments of 
the forces about OX 

=P along O'B' x AB' 

—P along O'C'xAC' 

=Pxa—Pxa=0, a being 
the length of an edge, 

Similarly M=0, N=0 
Hence the system of forces 
is in equilibrium. 

, . ® x * ^ the P°rcos P act in order along the edges 

which do not meet the diagonal 00', show that the resultmt 
« a couple of moment 2V3 Pa. 

3. If two forces, each equal to P, act along two perpendi¬ 
cular diagonals of opposite faces of a cube show that they are 
equivalent to a single force \/2P along a line through the 



centre of the cube and a couple of moment-“-P with the same 

y2 

line for axis, a being the length of a side. 

• •j . ' j ! . ,/ 

. H t'he centre of the cube were fixed and the two forces 

m Ex. 3, act along diagonals of adj acent faces which do not 
meet show that the moment of the couple which will keep tim’ 
cube at rest is either JV3Pa or JaP according to th# J 
<lirectiou of the forces. * rr 

. 5. In the.,Pig., of Ex. 1 , forces equal to P, 2P, 3P. 4 P 

th aon £ » O'A, BG and C'A' respectively. Show that 1 
they are equivalent to a foree VaeP at O along a lipe whose 

iriT-T ar f P ro Poptional to-3,-5,6, together with a 
proportional 1 tb < 7.!! , 2, a 2. “ ^ Wh ° 3e direction 00Binea are 

•p api I* equal forces each of magnitude' 

2 atrceX^ that they can be^ducetf 

•rith V 3P, along OO 1 snd a couple of moment V3<* P" 

with the same line as its axis. : v 


I a: : 


I 
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. Show also that when these forces are reduced to the- 
point B, the couple is of moment y/5a P with its axis parallel 
to the line joining O to the middle p jint of AG'. 

115. The wrench. To show that a system of forces can 
be reduced to a force R and a couple whose axis is the line of 
action of R. 

It has been shown in Art. 11*2 that any system of forces^ 
is equivalent to a force R acting at an arbitrarily chosen 
point O along a line, say OB (taken in the plane of the 
paper) and a couple of moment G whose axis passes through 0* 



Let OC be the axis of the couple G, making an angle 0> 

lrith OB. F 

Now the couple G about OC as axis is equivalent to a. 
couple G cos# about OB as axis and G sin $ about OD as 
axis, OD being perpendicular to OB and perpendicular to the 
plane of the paper. 

The axis of the couple G sin 0 being perpendicular to the 
plane of the paper, its forces act in the plane in which R 
also acts. This couple is' now replaced by two unlike equal’ 
forces, each equal to R, one acting along BO produced and the* 
other acting along O'E, 00' being equal to G sin 0/R. . 

The two equal and opposite forces R at O balance and. 
we are left with a force R along O'E and a couple of moment 
G cos 0 with axis OB. • 

Shifting the axis of the couple from OB to the parallel 
axis O'E, the system is reduced., to a single force R at O' and. 
-a couple whose axis ooincides with the line of action of R. 
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Such a combination of a foroo and a couple is called a> 

wrench. 

O'E, the line of action of the force, is called Poinsot’* 
Central axis 

Taking G cos $—K, the ratio * 8 known aa 

pitch of the wrench. 

11*6. The angle Q between the directions of R whose direc- 

X Y Z 

tion-cosines are g, g, ^ and the axis of G, whose direc¬ 
tion-cosines are is given by 


cos g - LX+M Y+NZ 




and the pitch p is given by, p= ^ 008 ^ 


_ LX+MY +NZ _ LX+MY+NZ 
R* X*+Y»+Z« 


( 2 ) 


1161 . Condition for the resultant 'to be a force- If 

U cos g— 0 ».e., cos e=0 and R is not zero, the resultant of 
the system is a single force R acting at at ,.0' 

By (1) Art. 11-6, cos g = 0 if 

1 Jf lx+my+nz=o 

which is the required oondition 

they d^. e .,tf L=o! a M=0 M N-0 ay then vani sh : ^ 

resultant force ants at O and n^ at O'. ^ 8Ing1 *' 


Example- In the figure of Ex: 1 Art. " IV4. fnrrj>» 
il to P act along OA AC CR nn oi J orc f^ cache 

'fiS ^“TrSnf fiflh 

the.fiiUi force: along CB' be Q. then. in thi a case 

A==Q > Y=0, J5=o, ‘ ’ , l 


il 

case 
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L=0, Mc=aQ, N=aP+aP=2aP 

f .\ XL-t-YM+ZN=0 j 

-Hence the resultant of the system is a single force. • 

11*7. Invariants. R, being the resultant of given forces 
moved parallel to themselves to act at 0, is clearly inde* 
pendent of the position of the point 0. This is also obvious 
from Art 11*6. 1 - 

Hence R*=X 2 4-Y*+Z* , ; 

is said to be an invariant. 

Also by (1) Art, 11*6 

LX-t-MY+NZ=R.G cos 0=RK 

is an invariant, K being the moment of the couple. 

11*8. Equations of the central axis. Let (a, /?, V) be, the 

-co-ordinates of a point on the central axis referred to co-ordi¬ 
nate a*es through O. The system reduces to a force R at this 
point and the couple of moment K. If L', M', N' be the com¬ 
ponents of the couple, by substituting a;—a, y—/?, 2 —a for 
zc, y , 2 in L, M, N of Art. 11.2, we have 


L'=s[(y-/J) z 1 -( Z -y)z 1 ]=s(yZi- Z Y 1 )—^sz,+ys^L +yy 

j d i 

Similarly M'=M—yX-faZ . ^.|| 

• und N'==N-aY-f0X. ‘ < 77 , 

Now the direction cosines of R are X/R, Y/R, Z/R an <| 
ithose of the axis of the couple K are L'/K, M'/K, N /K an 
«s the line of action of the force is the same as the axis ot t 
couple, we have ' I ■ ' T > : oiii 

L' M'_N' K .. 7‘ . 

' x~ y z— r^ 6 piteh p 7 

Substituting the values of L', M', N' and changing a » P>* 
to x, y , 2 , we get the equations of the central axis in tne ioriu, 




/ 


1 .—wZ4-2Y M— 2 X+xZ_N—*Y- 4-yX _K_ 
--- ~ R * 


It 


11-9. Examples- 1- Three forces, each equal to p . a $° n ° 

. ji. • (n rt n\ In. ft. nn.fi to. f). VCtralld tO 



OA7 

yO flQB fl 15 THBJM5 DIMHH810KB 

-rectangular axes 07, OZ and OX respectively. Find the pitch of 

the central axis and its equations. 

Here X=P, Y=P, Z=l> 

L=aP, Y=aP, Z=aP 
. R a = X*+Y*+Z*=3P* 

and XiX4-MYH-NZ=3aP* 

. .. LX+MY+NZ ^jaP*^ 

• . the pitch— X*-|-Y*+Z a 3P* 

By Art. 11 8 the equations of the central axis are 

a p__ 3 ,pj_ z p aP-zP+sP _ aP-x P-fS/P _ 

P * P P 

i.e., x- y—z, . 

a straight line through the origin equally inclined to the axes. 
‘This is otherwise obvious, the component* of the resultant force 
and the couple being equal. 

2. Forces each equal to P act along the diagonals of adja¬ 
cent faces of a cube, which do not meet. Find the pitch and the 

position of the wrench ... . 

Let the forces act along the diagonals OC' and BC, figure 
Ex. T Art. 11*4., then ” 


f i* i 


X =^2 P > 


V3 P V2 P=0, Z ^V2 P> 


M=0 


. N *= 0 


R*=X*-f- YM-Z^=JP*+ 1P*=P* r f 

LX+MY+NZ=ipaX ± P=}aP* 

V. the pitch=>aP*/P*=ia 

Equations of the central axis are f ‘ 

«^/V2-yP/V24-2X0_0-xP/V2+a;P/V21_0-a;x0-l-y/V2 

- l "‘ ?7, P/V2 ; J '*i\' 51 ;■*’ “ O ' P/V2‘ ! ’ v 


lV '*~z 


PxtQ—■- 
r—z and y=Jo. 


0 

i { r 
.*i ‘fl ‘i 


i » ■ 


f'H •» 


' «. v- i bn -\ * 
.ii t .\ 13*; i 
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orces 

r • * 


• ▼ 

3. A force P acts along the axis of x , and another force nP 
along a generator of the cylinder £ 2 4y a== ® a > show that the central 
axis lies on the cylinder 1 

n 2 (nx— z)*+(l+»*) a y 2 =n* a * 2 

The force P along the axis of x may be taken to act at the 
origin and the force nP at any point (o cos 0, a sin 0, 0) on the 
given cylinder. 

Thus we have, 

the points 0 , 0 , 01 - a cos 0, a sin 0 , 0 1 

f- P, 0, Oj 0, 0, nPJ 

X=P, Y=0, Z=nP 

and L=:2(yZ—zY)=a sin 0 .nP, M =—a cos 0 .nP, N=0 

Equations of the- central axis are : ■ 
a sin 0 .nP—y.nP __ —a cos 0 .nP—zP4 x.nP _yP 

P 8=5 ~ 0 'Z »P .£ 

y=n*(a sin 0—y) or (1 -f-n*)y=n*a sin 0 
and nx~z=an cos 0 or n(nx—z)=n 2 a cos 0 

Hence (14 ■n 2 ) 2 y 2 -{-n 2 (nx—z) t =n 4 a f , , , 

4. Show that the following system reduces to a angle 
force : « ' ‘ 

x y Z —y 

Force 5\/2 acting along the line — 1 


Force 3Vli 




>» 


x—\_ yj.z_ 
6 5—7 

• e w f* ^ % 

=y- i= z * 


Force *• ' *' »» _ 3 

the co-ordinate axes being rectangular. 

5. Three edges AB, AC, AD, of length a, of a 
taken as axes of x, y and z. Forces, each equal to P, act along 
AD and two other edges parallel to AB and AC which “terse 
neither AD nor one another. Show that the central axis is th 


line 


. fl ® , v I • 

y+-3= z ~-p 
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6. Two forces aot, one along the axis of y and the other 
along the line y= 0, z= — c. As the forces vary, show that the 
surface generated by the axis of their equivalent wrench is 

^(a a +*/ 2 )==ca; t « 

7. Forces P, Q, R act along the edges AB, EC, DF of a 
regular octahedron ABCDEF of which EF is a diagonal. Prove 
that they will be equivalent to a single resultant, provided 

F + ~Q +Tt =0, 

and that the resultant is equal to (P 2 +Q 2 +R 2 )^ 

( I.AJ3 .) 

8. Forces X, Y, Z act along the lines 

t/=6, z= —c ; z=c y x—-—a ; and x=a, y=—b respectively ; 
show that they will have a single resultant if 



and that the equations of its line of action are any two of the 
three lines 

JL_JL_ ®_a —_-_o— JL c _a 

9. Three forces act along the straight lines ' 
s=0, y — z=a ; y=0 t z—x=a ; z=0, x—y=a 

Show that they cannot reduce to a couple. 

Prove also that if the system reduces to a single force its 
line of action must lie on the surface 

2yz— 2zx—2xy=a 2 (P.C/.) 

10. A force parallel to the axis of z acts at the point 
{a, 0, 0) and an equal force perp. to the axis of z acts at the 
point (—o, 0, 0). Show tuat the central axis of the system lies 
on the surface 

z*(x*-fy*) =(3 2 4*y 2 —<w;) a 

11. Forces X, Y, Z act along the lines 

y= 0, z=c ; z=0, x=a ; x=0, y=b ; 


{PM. 1948 > 
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prove that pitch of the equivalent wrench is 

(aYZ+6ZX+cXY)/(X*+Y*+Z*). 

If the wrench reduces to a single force, show that the line= 
of action of the force must lie on the hyperboloid 

(s-o) (t/-6) (z-c)-xyz=0 (M.T.y 

12. Two equal forces act one along each of the straight 


lines 


x±a cos 6 y —b sin Q _ z_ # 
a sin 9 co3 0 o * 

Show that their central axis must, for all values of 6 he oa 


the surface 


y 




n Show that forcts acting along generators of the same 

svstem of the hyperboloid ^+y^-^=l.are m eqrnh- 
brium if they would be in equ.hbrium when acting at a pom 

in the same directions. 

14 Two equal forces act along generator of the same 
system of the hyperboloid and cut the 

nhrne z=0 at the extremities of perpendicular diameters of th 

M Show that the pitch of the equivalent 

wrench is a 2 6/(a a -|-26 2 ). • , , 



CHAPTER XII 

SIMPLE MACHINES 


12*1. A machine-is an apparatus in which work fs done? 
by an agent on the machine by applying a force, called the- 
Power or Effort at one part, with the object of getting work 
done by the machine in ovei coming some external force, called 
the Weight, or Load or Resistance, at another part. 


In Mechanics the word power being also used in another- 
sense, viz., “the rate of doing work”, effort is the word which 
is usually used. We shall denote this by the letter P the 
weight or the resistance being denoted by the letter W. 

• 

12*11. In most cases the machine is so arranged that by 
applying a small effort P, a larger force W is overcome. If in, 
a machine an effort P balance a resistance W, the ratio W/P is 
called the Mechanical Advantage. 

The mechanical advantage can have any value from zero 
to infinity. 


If a; be the distance moved by the point of application of 

the effort P and y , the displacement of the point of application 
of the resistance W, in the same time, the ratio xly is called the 

Displacement Ratio or Velocity Ratio. 

12'p. All machines are mostly based on the combinations 
of simple materials suoh as cords, rods and planes. 

When a machine is made to work, its several parts receive 
displacements consistent with their geometrical relations inZ 
work done by the effort P is equal to that of the resistance W 
together with the work of the resistance of the machine such H 
friction etc. Thus the work done on W, called 
of a machine is usually less than that actually done bvP * 
If, however, all parts of a machine are (mite ^ 

the connections are all weightless, then, » Q fch and. 

P*=Wy W/P =x/y f 

so that the mechanical advantage is equal to the velocity ratio . 

271 
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The efficiency= 


If W>P then x>y , so that the effort P has to undergo 
.a, greater displacement. This is sometimes expressed by saying 
“What is gained in power is lost in speed.” 

12*13. The efficiency of a machine is the ratio of the 
useful work to that done by the power, so that 

the w ork output _ W y 
the work input Pa; 

W x mechanical a dvantage 
= ~p ~~ r ~y velocity ratio 

It shows that the efficiency of a machine would be unity 
if all its parts were perfectly smooth, weightless and rigid. 

In all existing machines, however, where, these ideal con¬ 
ditions do not exist, W y is always less than Pz aod the effi- 
ciency is necessarily less than unity. 

We now give a brief account of some of the principle 
simple 6 machines such as the lever, the pulley, the wheel and 
axle, the inclined plane, the balance and the screw. 

12 2 The Lever. A lever is a rigid rod, straight or b6nt, 

movable about afixed axis called the fulcrum. The portions 

of the lever between the fulcrum and the points of apphcatio 
f effort P and the weight W are called arms of the lever, 
P and wting supjos^ to L in a plane perpendicular to the 

uxis of the lever. 

In its simplest form a lever is a straight rigid rod wh^ 

i- 

the fulcrum relative to the lines of action of the forces. 

12'Zl. Lever Class I. In this case P and W are on opposite 

sides of the fulcrum C, F being 
reaction at the fulcrum, and A0>15O. 

A common balance, a pair of 
scissors are examples of this kind of 
lever. 
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12*12. Lever Class II. Here P and W act on the .same side 
be fulcrum G, W being between <p., 


i-cver V/iass u. nere jr aou 

of the fulcrum G, W being between 
P and F. * ■ - f 

• A’ nut-cracker ; an oar, the ful- L 
crum being the end in water ; a wheel- ^ 
barrow*; a crowbar, the end on the 
ground being the fulcrum, are levers 
of this type 




12 23; Lev e r Class III. Here P and W are on the 

Oi l j nilti r flOTQ hAfuronn W TH 


same 


Ha 



W 



. ““ v/ia»s lu. acre Jr ; 

side oi C but P acts between W and F. 

A pair of sugar-tongs ; the human 

forearm, the weight being carried on 

the palm of the hand, the fulcrum 

being at the elbow, are levers of this 
type. 

Neglecting the weight of the lever 
about C in each case, we have 

Th P,AC=W ' BC *•*-. W/P=AC/BC. 

buun dassTn"th"^^™^ in I and II 

greater than w! “echameal disadvantage, P being 


and taking moments 


EXAMPLES XXXVH 




....I- as. ? - r .u. 

propped at the distanceof 4 inches from thT Jh"® Whl ° h is 
with the rook. The man's weight bein? lffl) lk d “u ?° n , tact 

does he exert on the rock, and what What force 

prop ? nat 18 pressure on the 

2 T^ V ' .v Mrc#,.£240,2400 lb.l 

rod 16 ft. long Indare^L^ed tothe A and B of a 

and 60° respectively • find thp nne'f ^ r °d< at; angles of 30° 

there is equilibrium. ’ , p ,^i f th* fulcrum when 

4. A man Seated in a boat pulls at the handle^of elch 
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of a pair of sculls with a force of 25 lb. wt. If the distance 
of the rowlock from the end of the blade of each scull be 
4 times that of the rowlock from the hand, find the resultant 
force on the .boat. L Ana. 62£ lb.], 

5. A pair of nut-crackers are 6 inches long. A pressure 

of 10 lb. is required to crack a nut which is pressed at a 
point 3/4 in. from the hinge. What weight placed at the top 
of the nut will crack it ! I*™- 80 lb J 

6 . The arms of a light bent lever are at right angles 

to one another and are in the ratio of 5 to 1. The longer arm 

is inclined to the horizon at an angle of 45 , and carries at 

its end a weight of 10 lb. ; the end of the shorter arm passes 

against a horizontal plane, find the pressure on the pUne. 

6 (Ans . 50 lb. wt.) 

7. The arms of a light bent lever measure 8 and 24 inches; 

and they include an angle of 75°. If a mass ^V 2 ,b - 
attached to the end of the shorter arms and another of .1 lb. 
to the end of the longer arm, show that m the’ P°^’° n f 
equilibrium, the shorter arm makes an angle of 60 with tn 

horizontal. 

8 . Two weights P and Q are supported from the extre¬ 
mities of a lever without weight, in the form of an^ arc> o 
a circle subtending an angle 2 o at the oentre, which re 
with its covexity downwards upon a horizontal plane. S 
that the angle 9 which the central radius makes with the 
vertical in the position of equilibrium is given by 

(P+Q) tan 0 =(P—Q) tan a. 

12-3 The pulley. A pulley consists of a wheel grooved 
along its cJcumference to receive a rope. It can turn freely 
about an axis through its centre perpendicular to its plane. 

Usually more than one pulleys are arranged to form » 

system. For lifting heavy weights three systems of pul.ey 

are commonly used, which we now deal with separately. 
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:r;a- £.a li —' 1 

round each has one end attached to the sup? 
porting beam ST, and the other end to 

h??n “tr . h ', gher P ulle y. the weight W 
being attached to the lowest pulley. ’ 

The highest fixed pu Uey is used sim- 
ply for applying the effort P in the con 
venient downward direction and does not 
therwise affects the mechanical advantage 

with T the P p4 

vertical and friction is neglected 1 

* A *- c - 
Now for equilibrium, we have gra “- 

w 



2T 1 =W+u; 1 , 2r,=T 1+M , 2= 


w 


2T 3 =T 2 -}-m> 3 = 


P=T a = 


W 

2 * +" 
23 + os + 




w, 

2 2 

Jf2 

2 2 


w 




4 


w. 


so that for n movable puUeys, we muft have 


P = 


■4-i2L + 
^ 2 + 


2 n -» 


■+-S. + 

I On.a 


+ 


w, 


2 U • z • 2 n -» 2°* a ' .. 

or 2 »P=W+u, 1+ 2«, j+ 2X+.+ 2 ->„* 

“ ,h ° ’S3>~ 

a ss?" - 


(t) 


( 2 ) 


" i 


* l 
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Cor. The pressure on the supporting beam , when P is 
acting downwards , the string to which'Ht is applied passing 
over a fixed pulley . , 

. . '* T ’ , , 
12*311. The effort can also be obtained from the principle 

of Virtual Work. *“ . . . *!. 

Suppose W gets a small upward displacement x, then the 

pulley A rises by x , and since due to this rise, a length 2x pi 
the string slips round A. the pulley B rises by amount 2x. 
Similarly the pulley C will rise by a distance ix and so on. it 
we coniine ourselves to the case of three movable pulleys a.s 

shown in the diagram, the power P will consequently have a 

displacement equal to Sx. Thus by the principle of work, we 


have * 4 . *\ • t 

, VSx= 1 W.x+w i .x+w 2 2x-f-u> 3 Ax 

or 2 3 .P=W+m- 1 + 2 m> 2 + 2 2 ^3 ■ • ' ' ' 

which is the same as (L) for n=3. > ( 

12 32. Second system of Pulleys. The same string passing 


round the pulleys. r 

In this system there are two 

blocks each containing pulleys. 

The upper block is fixed to a sup¬ 
porting beam and the lower of 
weight w, to which the load V> is 

attached, is movable. 

The number of pulleys in the 

upper fixed block is either the same 

i greater by one than the number 

in the 8 lower block. In the first case 

the end of the string is fastened to 

the upper block, so that the number 

of portions of the string connecting the 

blocks is even. In the second case 

in coni act with the pulleys ‘ are all Vertical, in 

I \ • . ‘ .• ’* V ' • 




*» 


*» 







<MAX3ltlNBS 


f 



out : the etring is the same, equal to effort Pi If there are 
n portions of striDg supporting, the lower block, the total 
upward force on this block is nP. ■. ; \ ' 

.*. • nP=W-+u;. ! ‘ 

12.321. The same result can also be obtained by the 
principle of the Virtual Work. 

I t % • d • 

Let the load W and the lower block rise a small distance : 
x. It is clear that each of the n parts of the string is slackened 
by x. To tighten the string, P must, therefore, descend a < 
distance x for each separate portion of the string, so that P 
must descend a distance nx. 

by the principle of work, we have 
‘P i nx=s(W+w)x »;e., nP=W -f-to. 


Note. . Actually the pulleys in each block are placed 
beside one another, being free to rotate on the same axle. 

12 33. Third System of Pulleys.. Each string attached to 
the weight. ' ■ • 

In this system one end of each string 
passing over atiy pulley is fastened to a bar 
HK supporting the load W, the other end 
being attached to the next lower pulley, the 
highest pulley being fixed to the supporting 
beam ST. The effort P is applied to the 
free end of the string passing over the lowest 
pulley. This system is, in fact, the inverted 
first system. 

It is assumed that the free portions of 
the strings are all vertical and that the' 
pulleys are all smooth. 

• # Let ; Tj, T 2 , T 3 ...be the«tensions of the 
strings passing over the pulleys A/B, O. i ■ 

iftfe W*: first neglect the weights qf 
the moyabje pqlJ^y^heji have . . . J.v. j 

v i ’*«> ‘■•T 2 =2T 1 =s 2P • i 

- T 3 =2T 2 =^2*P; : T 4 , =2T 3 =2 a P ' r 





rAhur 
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W=T 1 +T 2 +T 3 +T 4 =(l-f2+2 a +2 8 ) P=(2<-1) P 

if there were to pulleys, of which (to— 1) are movable, we 
should have 


W=(2 n —1) P 


Thus the mechanical advantage is 2 n —1. 

To keep the bar HK horizontal, the load W has to be 
attached at a proper place, which can be found by taking 
moments about some point, say H. 

II. Now let us suppose that the movable pulleys A, B, C 
have weights w 2 , w z , then 


T 1= P 

T 2 =2T 1 +u; 1 =2P-fw; 1 
T 3 =2T 2 +TO; 2 =2 2 P+2u> 1 +tt> 2 
T 4 =2T 3 +TO7 3 =2 a P-f -f 2w 2 +w 3 

W=T -f-T -f-T +T 

=(2 a +2 2 +24-l) P+(2*+2-M)^ 1 +(24-l)w 2 -f ^ 3 

= (2 4 — 1) P+(23-l> 1 -t-(2*-lK4-(2-l)^- 

If there are to pulleys, of which (to— 1) are movable, we 
have 

W=(2 D —l)P+(2 n_1 —1)^4-(2 n - 2 —l)w 2 -f-.. 

.“k(2*—l)Wn-2“i"(2— 

If the weight of each pulley is the same, w, then 


=w D - 1 =w 


w 1 =w 2 — .... 

and W = (2 n -l)P-fw;[2 n -i4-2 D -*+...+2-(n-l)] 

= (2 n — 1)P + TO>(2 D — 1 — TO) = (2 n -l)(P+M>)-TOU7. 

The mechanical advantage is increased by increasing the 
weights of the pulleys. In this case the weights of the pulleys 
assist the power in sustaining the load. 

12 331. The pressure en the supporting beam ST 

=W-f w x -rw 2 -\r .tfln+P 

for, the beam has to support the load W, the weights of all the 
pulleys, including the fixed one, and the effort P. 

This is also equal to the sum of the weight of the fixed 
pulley and twice the tension of the string passing over it. 
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EXAMPLES XXXV] 



1. In the first system, there'are 4 pulleys, of equal weight 
each weighing 2 lb. What weight can be raised by a force 

«qual to the weight of 20 lb. ? 

What is the weight of each pulley if a power of 4 lb. sup¬ 
ports a weight of 49 lb. [Ana. 290 lb. ; 1 lb.] 

2. In the fir j t system of 4 pulleys of equal weight a certain 

weight can be supported by a force of 7 lb. wt., but if a fifth 
similar pulley be used the same weight can be supported by a 
force of 4 lb. wt. Find the supported weight a-nd the weight 
of each pulley. I Ana. 97 lb. ; 1 lb.] 


3. Three single pulleys are arranged as in the first system. 
What effort will be required to raise a load of 40 lb. if 

(I) the pulley8 are light but due to friction the effi¬ 
ciency is 80 per cent ? 

(21 the weight of each pulley is 2 lb. and there is no * 
friction. • [Ana, 6*25 ; 6*75 lb.] 

4. A man’ weighing 13 stone suspended from the lowest, 
of a system of 6 light pulleys of the first system, supports 
himselif by pulling at the end of the string that passes over 
-the topmost fixed pulley Show that he must have applied a. 
muscular effort of 2$ lb. wt. 

5. A man weighing 10 stone supports a weight of 91 lb,. 

by means of three movable pulleys arranged in the system 
where each pulley hangs in the loop of a separate string,. 
The pulleys weigh 5 lb., 4 lb. and 2 lb. respectively. What 
is the thrust of the man on the ground ? [Arts . 9 stone]. 

6. There are four movable pulleys in the first system, 
oaoh of weight w and the effort acting upwards (the string to 
which it is applied not passing over a fixed pulley) is P. Show 
that the stress on the beam is 15P—lltfl. 


7. In the second system of pulleys, if the lower blook. 
weights 24 lb. and contains 5 pulleys, the string being fas-* 
tened to the lower block, what weight caq be raised by & 
force equal to 21 lb. wt, .. [Ans, 207 lb,]; 

8* r If weights of 5 lb. and 6 lb. support weights of 73 lb. 
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and 88 lb. respectively* what is the weight of the lower block, 
and how many pulleys are there in it ? [Ans. 2 lb. : 7} 

9. •' We are told that the oable by which “Great Paul** 

whose weight is 18 tons, was lifted into its place in the 
Cathedral tower, parsed four times through the two blocks 
of pulleys. From this statement give a description of the 
pulleys and estimate the strength of the cable. ( Roorkee) 

i [ Ans . Can support more than 2} tons.] 

10. A man weighing 12 stone supports a weight of 3 cwt. 
by means of, a system of pulleys, there being four pilllevs in 
each block and the string being attached to the upper block. 
What is his pressure on the ground ? 

[. Ans. 9 stone vrt.} 


11. Five pulleys are arranged in two blocks—the upper 
fixed block having three, and lower movable block two. 

A man weighing 120 lb. sits on a board attached to the 
lower block and. pulls himself up by means of a rope passing 
round all the pulleys. If the lower block and board weigh 
10 1b., find the smallest force that he must exert to raise 

himself. - : . • ; i w . ; ' 1 

If the free end of the rope descends 10 ft., how, much use¬ 
ful work is done ? . ■ [Ans. 21f lb.; 260ft. lb.J 


12. Find the least number of pulleys in a movable block 

weighing 10 lb. in order that a weight of 120 lb. may be lifted 
by a downward force not exceeding 28 lb,. Find, also the nor 
cessary downward force. v [Ans. 2 ; 261b.} 

13. A pulley system in which there is only one string, 
consists of four pulleys. When on the point of motion the 
tension of the string as it passes over each pulley is increased 
25 per cent. Find the force which will just lift a weight iOl 

24 6 ib. [4ns. 104 ' 2 lb ‘ Wfc ‘l 


14 If four pulleys (three movable) each weighing 2 lb. 
be used in the third system, find the force required to support 
a weight of 247 lb. ' 15 lb wt.} 

• 15. By means of a third system of pulleys'- with 6 light 

pulleys, a • man weighing 12 stone supports a weight 18 stone. 
JFidd tKe pressure of the man oh the ground. [Ans. 11 sfc. 10 lb.} 
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16. If there are n light pulleys' in the third system, each 
pulley of diameter 2a, show that the distance of the point of 
application of the weight from the line of action of the effort 
is 2 n .na/ 2 n — I). 

17. If there are three movable pulleys, each of weight w 

and radius a, show that for the bar carrying the weight to 

remain horizontal, the distance of the C. G. of the bar and 

the weight, from the point of attacnment of the longest string 

passing over the fixed equal pulley must be equal to 

(11P+5?^)(z/W, where W is the weight of the bar including 
the attached weight. . ... & 


18; In a system of n. equal weightless pulleys, in which 
the string passing round any' pulley has an end attached to 

l! ei f !r 8 n arAB u thereare (»—1* movable pulleys and 
f d , • pul J e ? ; the ® tr,n g round the fixed pulley is attached' 
t ° th ® hat at A, that round the last movable pullev is 
attached to the bar at B and has a weight P at the other 

weight W* J h l *? ar AB ig , Ke P t in horizontal equilibrium bv a 
ght VI attached at A and another weight at B ; prove that 

W=[(n—2) 2"-f-2] P/(»-l). 

Q * 2 lf The ^ned Plane. The oquilibriuiil of a weight on 
P aTtinL h in r d i; ff Ugh ?2? xned ; plane ,,nder the motion of an .^effort 
II andlll Chapter. dlreCt '° n3 haS already been dealt with 


the ****■' T ° *** rdMUm be,w *™ 

• ^ _>*#^consiBt8 ; o£ a wheel AB rigidly connected to a 

er. tme axl a (TD. 


honza^l.c^aeF.-tfee axle CD, 

tEe plane,ofjttie wheel-Being per- 

pendiculjtrW the axis. The whole 
thing- 'turns' freely' about the 
commolh axis^EF. v; 

The effort P is applied to a 
string wound round the wheel 
?“ d the weight W. to Ke lifted, is a 

aite aC dbecH 0 n?° th ^' St * i0g WOU “ d in the 



oppo- 
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If a be the radius of the wheel and b that of the axle, by 
taking moments about the axis, we have 

P o=W.6 i e., ' WfP—a/b, 

The same result is also given by the principle of Virtual 
Work. 

Let 89 be the small angle through which the machine 
■turns. When P descends a distance a80, W moves up a dia- 
■tance bSO . 

Hence by the principle of work, we have 

W.6$0=P a80 W/P =a/b 

Theoretically, the mechanical advantage can be increased 
•by making a large or b small but in practice if a is very large, 
"the machine becomes unwieldy, and if b be sma , e 
■may break. 

A Windlass and a Capstan are only modified forms of the 
•wheel and axle In these the effort is applied at the ends of 
spokes or long handles perpendicular to the axle. 

In a Windlass, which is used for drawing water, the ax e 
Is horizontal. In a Capstan, used on board the ship, the axle 

is vertical. .... * j, ... 

12'51. The Differential Wheel and Axle. 

With a view to get greater mechanical advantage without 

making the machine unwieldy, the 
wheel and axle is modified into. 

"the differential wheel and axle in 
which the axle consists of two 
parts of radii, say b and c (6>c). 

The weight W is attached to a 
pulley and the rope supporting this 
is wound in opposite directions on 
the two parts of the axle. As P 
descends, the rope is wound up 
on t.ie larger axle and unwinds on 
•the smaller. 

For the equilibrium of the weight, we have 

2T=W or T=JW. 
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Taking moments about the central axia EF, we have 

P.a-f-T.c=T.6 

P=T(6-e)/a=W(6-c)/2a W/P=s2a/(6—e) 

So that the mechanical advantage can be increased by 
making the difference b—c small, without making the wheel too 
large or the axle too thin. 

EXAMPLES XXXFX 

1« The handle of a winch has a radius of 18 in., and the 
«lrum is 3 in. in diameter.- Find the force on the handle 
necessary to give a pull of 6 cwt. on the rope. 

[ 4 ns. 56 lb. wt. } 

2. A cage is suspended by a rope over an axle and a man 
standing in the cage draws himself and the cage up by ptilling 

«t a rope passing over the circumference of the wheel. TF the 

jomt weight of the man and cage be 16 stone and the radius of 

the wheel six times that of the axle, find the tension exerted 
by the man. •’ 

. }[ tbe ro P® ia being pulled at the rate of 5 ft. a secodd. 
tma the horse-power at which the man works. 1 

t Ana. 30 lb. wt. ; 3/11 H. P. ] 

» „„ 3 \ A m u n P" s . hiD 8 at end of a pole 5 ft. long-'workB 
a capstan, whose diameter is 2 ft. ; with what force must he 
push to overcome a resistance of 600 lb. wt. ! 

[ Ana. 100 lb. wt. ] 

119 1b IZ ?: IOrS T h . eX6rtiDg a foroe oa P abl ° of hieing 

2 ft 4 Z ti, anchor , b y means of a capstan whose radius is 

•«* ttxzterjz* <—sL*a So 

»' 8 « ,o *. szzxztt -fir 5* 
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7. In a differential' wheel and axle the two parts of the 
rope on which the weight W is slung make an angle 2a with one 
another, and a, b, c are the radii of the two parts of the axle 

and of the wheel, prove that 

r '., . ». f . i ' , • ,f* 

Pc = JW(6— a) sec a. 

• * • i * I i ♦. % f £ 

8. Tn a wheel and axle the radius of the wheel is a and 
that of the axle is b, the weight supported fs W and the rope at 
which the effort is applied is perpendicular to the axis, making 
an angle 0 to the vertical. Show that the magnitude of the 
thrust on the bearings of the machine is 

i •• W V a?-\-b 2 -\-2ab cos Oja, 


9 The shaft of a flv-wheel rests horizontallv in two V 
grooves, the angle of each being 60°. A rope round the wheel 
supports a weight P. The co-efficient of friction is and the 
wheel and the shaft weigh W. Show that the least value of V 
which will cause the wheel to rotate in the grooves is given by 

P=2MrW/[(14-^)R-2/xr], • j 

where r is the radius of the shaft and R that of the wheel. 

. , ( roorkee) 

12 6. The Common Balance. This consists essentially of 
a rigid beam AB carrying scale-pans at it« extremities Ihe 
beam with the scale pans turn freely about the fulcrum O, out¬ 
side the beam but rigidly connected with it by a rod which 
bisects the beam at right angles at H. G, the C. G. o e 
together with the scale pans lies on the line OH, a little below 

the beam. (See Fig. P. 285.) , 

A balance is true when the arms AH, B? and the weights 

of the scale pans are equal and O, H, G are m a straight line 
perpendicular to the beam AB. 

‘ Tf these conditions are satisfied, the bpam remains horizon¬ 
tal when the scale pans, aye empty orwhen equal weights are 
placed in them: . ( ^unequal, given weights m the scale pans, 
the beam will rest in a definite position inclined to the hori¬ 
zontal. 
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12*ol. To .find: th&j relation between the • iiuflination of the' 
beam and the weights in the pans. 

Let AB be the beam, O 
the fulcrum, ai d G,‘ the O.G. 
of the beam. o 


Let w be the weight of 
each scale pai , P and Q the 
weights placed in them, W 
the weight of the beam and 
0 its inclination to the hori¬ 
zontal. 


P+w 



Let AH=HB=o, OH=fc and HG=A. 
horizontal line through H. . 


Draw LHT, the 


Taking moments about the fulcrum O, we have. 

(P+w) xLM=Wx MN+(Q+u>)MT . 
or (P+w)(LH—MH)=W(AIH+HN)+(Q+w)(MH+HT) 

t.e.. (P ~\-w)(a cos Q—lc tin 0)=W(A; sin Q-\-h 6in 0) 

r , t> , \ , x . - +(0'+MO(fc sin 0 +-a cos 0) 

[(v+w)a-(Q + w)di cos ^«[{P+u>)jfe+(Q+ti,)i + WcA+lfc)] sin 0 

tan 9= -,( p —Q)« 


(P+Q-f-2u>)A+W(/i+fc) * 

12'62. This result shows that — 

» . r iC. . . 

(1) If P=Q, $= », so that if the weights in the pans are 
equal, th e beam can only rest in a horizontal position. 

(2) If the weights P and Q are unequal, the beam will yeat 
inclined at a definite angle to the horizontal. 

(3) If h=k= 0, 0=£jt‘ and .if and also P=Q, q 

may have any value ; so that if the centre of mass of the beam 

and the centre of suspension coincide in the line AB, the beain 

can rest in any position when equal weights are placed in t- 

pans and can rest only in a vertical position if the weigths are v 
unequal. ’ U & 

This can be*avoided- byhkvifrg tr below AB. , J * a* d 

12.63. 'The requisites of a>good^bslunoerdpe ihdt tit nvustibe : <* 

(*) trzieat ^$i)L>iek8itive > (\ii).^iablt ^ (iv) . rigid. .*» v u!i 

•- tV J + i : tC:K ifcuj i 


*Ktj 


i - •' 
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12.631- True balance requires that (a) its arms should be> 
equal (6) the waights of the scale pans should be equal and (c). 
the C. G. of its beam should lie in a line through the fulcrum 
perpendicular to the beam. 


Double Weighing. If a balance is filse due to the scale- 
pans being of different weights or the arms of the beam being- 
unequal, tne correot weight of a body can be obtained as 
follows :— 


Place the body in one scale pan and balance it by plaoing 
sand in the other pan. Now remove the body and put weights 
in the pan until they balance the sand. 

These weights must be equal to the weight of the body. 
This is known as Borda’s method . 


12.632. Sensitiveness of a balance requires that for A 
small difference between tne weights in the pans, the Leam 
must be inclined at an appreciable angle to the horizontal. 

For a given difference P—Q cf the weights tan 0/(P—Q} 
may be taken as the measure of the Sensitiveness. i5ut this,, 
by the result of Art. 12.61 is equal to 

a 

{P+Q+2w)k+W(h+k) 

so that the sensitiveness of a balance will be greater if 

(а) the arm, a, is fairly long. 

(б) as compared to h and k , W and w the weights of the= 
beam and the pans are as small as possible. 

Thus it is always desirable to have a long and light beam. 

(c) If k is not zero, the sensitiveness diminishes as the* 
weights P and Q increase. If, however, k— 0, i.e., the fulcrum, 
lies in the beam, 

Sensitiveness= 


which is independent of the weights in the pans. 

This condition is generally aimed at and k is made as small 
as possible consistent with the rigidity of the balance. 
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12.633. Stability of a balance requires that it must quick¬ 
ly take up its position of equilibrium, i.e, t the tune of an oscilla¬ 
tion should be small. From a Dynamical consideration it i& 
found that this is possible when a is small and h and k large. 
These conditions are, therefore, the reverse of those required 
for sensitiveness. Thus it shows that sensitiveness and quick¬ 
ness in weigiiing both cannot be attained simultaneously. 

EXAMPLES XL 


1. The arms of a balance are of unequal lengths , but the: 
beam remains in a horizontal position when the scale-pans are not 
■ loaded ; if a body is placed in each scale-pan in succession and 
weighed show that its true weight is the geometric mean between its 
apparent weights . 

Show also that if a tradesman weighs equal quantities of a 
substance , using alternately each of the scaie-pans t he will be a. 
loser . 


Since the beam remains horizontal when unloaded, the 
C. G. of the beam and the scale pans is vertically below the 
fulcrum. 


Let a and b be the lengths of the arms of the beam, and. 
let Wj, W 2 be the apparent weights in the two scale pans of a 
body whose real weight is W, then , , 

W.a=W 1 .b 

and W.6=W 2 .a 


W 2 =W x W 2 orW=VW 1 W 2 . 

Again, by weighing apparently equal quantities in the two^ 
scale puns the tradesman really gives the customers W 4-W 
instead of 2W. 1 ' * 


Now W l +W 1 -2W=W 1+ W s -2V.W l W, = (VW t -VWJ* 
? positive quantity, so that W 1 +W a >2W, and hence the 
tradesman is a loser. 


• a The arms of a balance are equal in length but the beam u 
unjustly loaded ; if a body be weighed in each scale pan successive ■ 
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Let the length of each arm be a, the horizontal distance of 
the , Q. G. ol the beam from the.fulcrum, be.av.and let urbe’the 
weight of the beam, then if W lv W a be the apparent weights of 
a body whose real weight is W, we have ; , ... t 

W.u=W, 1 a-}-t^.x 4 ; ... . !i 

and W 2 .o=\V.a-f^ x . 

.... (W—Wj)a = (W 1 —W)a t.e., W = £ (W^W,) 

3. The apparent weights of a body are 4 and 16 lb. wh^n 
weighed from two pans of a balance. Find the ratio of the 
lengths of the arms and the true weight of the body. 

[Ans. 2 :.l ; 8 lb. 

4. If the arms of a false balance be without 'weight, and 

one arm longer than the other by £ of the shorter arm, and 
if in using it the substance to be weighed is put as often in 
the one scale pan as in the other, show that the seller loses £ 
per cent in his transaction. - • ' ' '' 


, 5. The beam cf a tradesman’s balance is horizontal when 
both scale pans are unloaded, but the arms are of unequal 
lengths a and b. Show that if the tradesman weighs out 
quantities of the same substance which appear to be equal, 
using alternately each of the scale pans, then he loses on his 
transactions and that his actual receipts ought to amount 


to 


5 U(6 —a) 2 
ab 


per cent more. 


6. The arms of a false balance are a and b and weight W 
balances P at the end of the shorter arm 6, and Q at the end 

of the arm a : show that 

a.: 6=(P—W) : (W—Q). 


7. A uniform heavy rod AB con turn freely about a 
fulcrum at a point whote distances from the ends are a and k, 
if a body is hung from A it balances a weight W hung from B, 
and if Lung from B it balances a weight W' hung from A, ohow 

that the weight of the body is i, i* 

(bW+aW)l(a+b). _ 

8. In a false balance, a v eight P appears to weigh Q and 
a weight P' to weigh' Q' ; prdve that the real weight X of what 

appears to weigh Y is given by ** 

PP , - , • X(Q-Q')=Y(P-F)+P'Q-W.; „ ......... 

> 


•IV; 



SlIftPUD MACH!*** 


269* • 


' 9 . If a balance be unjustly loaded, and ha/ve unequal 
arms, and if a tradesman weigh out a customer a quantity 2W 
of some substance by weighing equal portions in two scale 
pans, show that he will defraud himself if the C. G. of the 
beam be in tbe longer arm, 

10. It is observed that a body weighs W x when suspended 
at one end of a false balauce of negligible weight and of length 
2a, but weighs W 2 when suspended at the other end ; prove 
that the fulcrum should be shifted towards the first end through 
a distance 

(VWj—vw 2 W(V'V 1 +VW 2 ). 

12'7. The Common Steelyard- This is a machine for 
weigniug bodies. It consists of a 
horizontal rod AB movable about a 
fixed fulcrum O, nearer to the one 
end than the other. 

At A, the end of the shorter 
arm, i9 attached a scale pan or a 
hook to carry the body whose weight 
is required, and on the longer arm 
OB slides a movable weight w. 



Let P be the weight of the scale pan, Q the weight of the 
rod acting at G. 

Let C be the position at which w must be placed to keep 
the rpd horizontal when there is no weight in the plan. 1 

Let OA=a, OG=?6 and OC=c. 

Taking moments about O, we have 

tcc=sP.a-fQ.6 .( 1 ), 

Now when a weight W is placed in the pan, let x be the 
distance from C at which the weight w will balance, then 

?c(c-|-x)==(P+W)a4-Q6 .(2) 

Subtracting (1) from (2) we get 

wx—Wa . 

It shows that if x=a, W=w, iCx=2a, \V=2 w and so on. 
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Thus if from C towards B, we mark off points., at distances 
a, 2a, 3 a, etc., the weight in the scale pan which will balance wr, 
at the first mark is equal to. 10 , the one that balances to at tho 
second mark will be 2 w and so on. ( 

Now if w is taken l lb, the graduations will correspond to 
pounds in the pan. These graduations can further be sub¬ 
divided to read ounces. , 

An instrument of thi9 form was used by the Romans and 
is therefore often called the Roman Steelyard. 

Ex. 1. A uniform rod 2ft. long and weighing 31b. is to- 
be used as a steelyard. The fulcrum is 2 inches irom one end 
of the rod and the sliding weight is lib. Find the greatest 
weight which can be determined by this machine, and also 
where the sliding weight must be placed to indicate a weight?' 
of 1:0 lb. [Ana. 2b lb. ; at mid-point] (P. U.} 

Ft . 2. The weight of a steelyard is 8 lb., the body to, 
be weighed is suspended from a pcint 4 inches from the fulcrum 
and the C. G. of the steelyard is 3 inches on the other side of 
the fulcrum. Where Should the graduation corresponding to ; 
one cwt. be placed, the movable weight being 12 lb. ? 

- [A ns. 35J in. from fulcrum. 

12’8. The Screw. To find the relation between the effort 
and the resistence in a screw. ■ , , 

A screw consists of a bolt in the form of a circular cylinder 
with a uniform projecting thread running 
round its surface. The inclination of the 
thread at all its points to a plane perpendi¬ 
cular to the axis of the cylinder is always the 

same. 

The distance between any two consecu¬ 
tive threads measured parallel to the axis is 
called the pitch of the screw. 

The screw thus formed fits into a hollow 
nut or fixed support with a corresponding 
groove on its internal surface in vhich the 
ridge of the screw slides, As the thread slides 
into the groove, the screw can only revolve about its axis 
and at the same time it can move forward parallel to its length. 
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If a be the length of the arm at the end of which the 
effort P is applied and p the pitch of the screw, then in one 
complete revolution the distance moved by the end of the arm 
is 2k a and that moved by the screw parallel to its axis is 
eaqnal to p. 

Let W be the resistance parallel to the axis of the screw. 

Then neglecting friction, we have by the principle of work 

P.2 x-a=W p 

the inechanical advantage W/P=2 7ra/p. 

Ft . 1. What is the pitch of a screw press, if the handle 
is 2 ft. long and a force of 10 lb wt. applied at each end of 
the handle cause a pressure of 5000 lb. wt. to be exerted by 
the press (neglect friction) ? [.Ana 0*3 in. 

Ex. 2. If the thread of screw makes 30 turns in 11 inches 
what power at the end of a lever 25 in. long will sustain a 
resistance of 1000 lb ? [ Ana 2£ lb.] 

Ex. 3. A screw press that has a screw of two theada 
per inch is required to exert a pleasure of 2 tons. Assuming 
that the efficiency is 35 per cent what must be the length of 
the handle so that the effort does not exceed 40 lb ? 

.-.Vi [ Ans. 25 r 5 r in.) 


CHAPTER XIII 

GRAPHICAL STATICS 

13.1. We have already dealt with the analytical method 
of finding the magnitude, direction and line of action of the 
resultant and the conditions of equilibrium of a number of 
co-planar forces. In this chapter we propose to do the same 
thing graphically and give the graphical methods to the solution 
of certain problems in {Statics. 

The particular case o forces acting at a point, say A was 
considered in Art. 3 22 and it was shown that if a polygon is 
drawn so as to have its sides parallel and proportional to the 
forces, the line joining the first and the final pjints repiesents 
the resultant of the forces in magnitude and direction, the, point 
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of application of the resultant being the known point A at 
which the forces aot. ‘ . 

We shall now consider the more general case of oo-planar 
forces acting on a rigid body. 

13 2 To find graphically, the magnitude, direction and line 

of action of the resultant of a number of co-planar force*. 

Let P, Q, R, S be the given i orces, acting along given 
linos. (Fig. t.) 

• • 

We take only four forces but the method is a general one 
and can be applied to any number of forces. 



Draw the figure ABODE (Fig. ii) having its sides AB, BC, 
CD, DE parallel and proportional to P, Q, R, S respectively and 
join AE. 

It will be shown that AE represents the resultant force in 
magnitude and direction. 

Now take any point O in the plane inside or outside 
ABODE but not on its perimeter, and join OA, OB, OC, OD 

and OE. 

Then in Fig (i), take any point p on the line of action of 
the force P and draw pq , qr etc such that 

pq is parallel to OB, meeting the line of action of Q in q. 
qr is parallel to OC, meeting the line of action of R in r, 
rs is parallel to OD, meeting the line of action of S in s. 

Lastly, from s draw a line parallel to OE and from p draw 
a line parallel to OA meeting in t. 



-.if'' PH IOAU STATICS 




Then we now prove that the reoultant force is equal and 
parallel to AE and acts through U 

The force P acting at p=AB=AO along *p-f OB along qp . 

The force Q acting at 0 ==BC=*BO along p?+OC along rq . 

The force R acting at r=CD=*CO along gr-f-OD along sr. 

The force S acting at s=DE=DO along ra-f-OE along to. 

The forces acting along the lines pq , qr, and rs, being 
equal and opposite and collinear in action, cancel in pairs, and 
we are left with only the lirst force AO along tp and the last 
force OE along ts , and these forces have a resultant, say X, 
equal and parallel to AE acting at the point t. 

The figure ABODE is called the Force Polygon, the. point 
O is oalled the Pole and the figure pqrat is called a Funicular 
or Link Polygon. 

Note, 1. We have assumed that the given forces are 
acting upon the same rigid body, but if the points p, q, r, s and 
t were joined by light ropes (or by smoothly jointed light rods) 
forming the sides of the link polygon, the force X reversed and 
the forces P, Q, R, S would maintain equilibrium. 

This justifies the same funicular (rope) polygon. 

Note, 2. It is cdear that by taking different positions of 
the point O and p, the shape of the funicular polygon can bo 
changed in any number of ways but the final point of inter¬ 
section of the lines pt and at will always lie on the same 
straight line, the line of action of the resultant X. [ 

13 21. The resultant, a couple. When the first point >A 
of the force polygon coincides with the last point E, i,e. t If the 
polygon is closed, the resultant is zero. 



" » • 

This does not mean that the forces are necessarily in equ 
brium . 1 






.‘204 


BLEMJEHTAJtY ANALYTICAL STATICS 




f ac t the forces may reduce to a couple or they may be 
in equilibrium. The funicular polygon helps us in distinguish¬ 
ing the two cases. , 

When A and E coincide, the lines pt and at' drawn through 
p and a parallel to OA and OE will be parallel and the forces 
acting along them will be equal and opposite, so that the 
resultant is a couple wh^se moment is equal to 

OAx distance between the parallel lines pt and at'. 

Note. The above discussion shows graphically that a 
system of coplancr forces, not in equilibrium, reduces either 
to a single force or to a single couple. • 

13*22. Conditions of equilibrium. If, however, the lines 
pt and at' coincidet.e. 8tp is a straight line, the equal and oppo¬ 
site forces along them cancel and the given forces are evidently 
in equilibrium. In this case the funicular polygon is also closed. 

Thus in order that a system of coplanar forces may be in 
equilibrium, two conditions must be satisfied : '■ 

(1) The Force polygon must be closed. ’ 

(2j The Funicular polygon must be closed. - r 1 

These conditions are necessary as well as sufficient. 

13*23. Parallel Forces. The same method applies to the 
i particular case when the forces are parallel. In this case the 
force polygon reduces to a straight line. r I > 

Let P, Q, R, S be the parallel forces acting along given 
lines. J^et AB, BC, CD, DE represent these forces in order, 

/ on some scale. / - ' ' . 11 ' I'J 





a - GRAPHICAL STATIC8 


295 


Take any point O as the pole • and join it to A, B, C, I> 
and E. 

Take a point p or> the lihe of action of P and construct 
the funicular polygon pqrat as in Art. 13.2 Fromthe «ame 
proof as given in Art. 13.2, we get the resultant X acting at t. 

Example. A light rod AB supported horizontally ..t two 

points, has a weight of 5 lb. at A and weights of 4 lb. and 9 lb. 
are placed on it at distances of 3 and 9 inches from A. If 
the reaction at one of the supports situated at a distance of 
7 inohes from A, is 7 lb. Find, graphically, the other reaction 
in magnitude and position, and verify the result by calculation. 

Draw the force and funioular polygons just as done above 
and measure the horizontal distance of L from the line ot 


action of the force at A. 

13 24. A closed polygon of light rods freely jointed at their 
extremities is in equ librium under the acti m of a given system of 
forces applied at the joints ; to find the stresses along the rods • 

• In Fig. (i) Art. 13.2, take the force X in the reversed 
direction, so that the forces P, Q, R, S and X form a Bystem 
in equilibrium and the lines pq, qr t rs, st and tp represent the 
rods freely jointed at their ends where forces act, 

Draw the force polygon ABCDEA having its sides parallel 
and proportional to the forces • P, Q, R, S, X respectively. 
Since the forces are in equilibrium, this polygon must close. 


Now - draw AO parallel to tp and BO parallel to pg % 
meeting in O.. Join 00, OD, OE, then OA, OB, OC, QD, OE 
represent in magnitude and direction the stresses along the 
rods to which these lines are parallel. 


This is proved as follows :— V <*. 

Let T lf T*, T a , T 4 , T 6 be the stresses along the rods pq t 
qr , rSy st t aud tp. / 

The triangle AOB'has its sides^parallel to the forces P, T x 
and T 6 whioh act at the point p and are in equilibrium. Its 
sides are, therefore, proportional to these forces ; hence the 
sides BO and OA represent T x and T 6 on the same scale that. 
AB represents P, v 

Again the sides OB, BO of the triangle OBO represent two 
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fu-^ e r foPCe8 ^ and Q wll *°h act at q, hence 00 represents the 
third force acting at q t\e.,T 2 . 

Similarly DO represents and EO represents T 4 . 

Ntote. Whenever a light rod is in equilibrium under the- 
action of forces which can act only at its ends then the forces 
at the ends must act along the rod and must be equal and 
opposite. A rod that is ih compression or that is being push- 

, e is called a ‘strut’ and the one that is being pulled or is 
in tension is called a ‘tie** 


13.241. Reciprocal Figures. It is clear that ABODE is 

the force polygon and pqrst, a funicular polygon for the forces 

Also if ABODE is taken to represent a jointed framework 
of rods acted on by forces OA, OB, OC, OD, OE, then pqrst is 

the force polygon for these forces, ABODE being the funicular 
polygon. 

Hence either of these two polygons may be taken as the 
framework or funicular polygon and then the other is the force 
polygon. For this reason Such figures Are called RtdproM 
Figures. 


13*3. Bow*s Notation. 

Let the space between the lines of action of forces P and 
Q be denoted by B, that between Q and R by C and so on. In 
the force polygon the force P is represented by the fine ab- 
While in the funicular polygon the same force is denoted by AR 
(the same capital letters) t.e. by the names of spaces it 
separates. 




, »* ■ . * . ■ • , ■ - 

Corresponding to a point o within the forfce polygon, -W& 
lave O, denoting ithe space within the ftmioular polygon * 
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f ' ThiB is known ae Bow’s or Henrioi’s notation and has the-' 
following advantages 

(1) l?he same letters represent a given force in both* 
polygons. 

(2) The lines in the funicular polygon drawn parallel to* 
oa, oh, etc., lie in spaces A, B etc. 

(3) The point of application of any force, sav P, is- 
denoted by AOB, so that the forces meeting at any point cor¬ 
respond to the triangle aob, the triangle of forces for the point. 

This notation is specially useful in framework problems. 

Note. Bow’s notation does not apply if there are forces 
on the rods at other points than the hinges. 

Example. A BCD is a framework of light rods stiffened by- 
a brace AG. It is supported in a vertical plane by supports at 
A and D, so that AD and BC are horizontal and AB, CD * 
equally inclined at a given angle to AD. If weights P and Q 
are placed at the hinges B aid C, find the stresses in the rod* 
and the thrusts X and Y at A and B. 

Following Bow’s notnatiou areas separated by the lines of" 
the figure are marked as E, F, G, % K, L. Any force in the 

figure is named by the letters of the two areas separated by it 3 > 
line of action* 



Start with soma point say B, one. out of the three force* 
acting at the point being known. 

th * known weight P), EKl 

and KH (taking the letters in counter-clockwise direction). 



398 


ELEMENTARY ANALYTICAL STATICS 


Draw he to represent P (on some scale), ek parallel to AB 
And hk parallel to BC, meeting in k ., then ek and kh represent 
~the force EK and KH, i.e., the stresses in AB and BC. 

Now consider the point C ; the forces acting at it are Gfl 
.{t.e., the known weight Q\, HK (now k own), KL and LG. 

Draw g h to represent GH or Q and complete the force 
polygon g hkl, by drawing kl parallel to AC and g l parallel to 
CD, meeting in l. 

The sides Id, Zg represent the forces KL, LG t.e., the 
stresses in AC and CD. 

Now take the point D, the forces actiog at it are GL (now 
known), LF and FG. Complete the force triangle g7/ by draw- 
ing//parallel to DA, meeting g h in /. The side If re presents 
the force LF i.e., the stress in AD, and g { represents GF 
•t.e., Y. ----- • 1 

Now the figure is complete, the forces at A,. KB, EF or X, 
FL and LK being represented by the sides fee, e/, fl and Ik.' 

Ex. Given AB=CD = 3, BC=2 and AD=4, P=100 lb., 
•Q=50 lb. show that X=87 5, Y=62 5 and that the stresses 
along AC and AD are 18 2 and 22 lb. Also show that AC, AD 
are ties while the other three rods are struts. • , . 

EXAMPLES XLI . V, . 

1. AB is a straight line, 3 ft. long ; at A and B act 
<t) like, («) unlike parallel force* equ vl to 70 and 50 lb. res¬ 
pectively. Find graohica ly the p >*ition of the point where 
the resultant acts and verify the results? by calculation. 

2. Parallel forces of 3, 5, 7 and 11 lb. act at points in i& 

straight line at distances of 4 in. from each other. Find the 
^position of their resultant graphically and verify it by 
calculation. \ 

3. A horizontal beam AB, 18 ft. long has loads 6,11,18 
tons at distances of 6, 10, 15 feet from A, -Find 

'the supporting forces at the ends* * * *•* 

“ 4. ' An equilateral framework ABC formed of light jointed 

’‘bars, is suspended by means of two vertical strings attac e 
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,'to A and B so that AB is horizontal. , A weight of 15 lb. 
liangs from C, find the stresses in the bars of the frame; 1 % 

[Ana. 5\/3, 5 V3, 4V® lb. wt.] 

5. ABO is a triangle whose sides AB, BC, CA are res¬ 
pectively 12, 10 and 15 inches long and BD i* the perpendi¬ 
cular from B on CA. Find by means of the force and funicular 
polygon the magnitude and the line of action of the resultant 
of the following forces : 

(t) 8 from A to C, (it) 8 from C to B, (iii) 3 from B to 
A and (%v) 2 from B to D. • 

[Arts, 2*6 lb. cutting BC and AC produced at distances 
lO^S" and 17’6* from C]. 

6. A triangular frame of jointed rods ABC, right-angled 

at A can turn abou» A in a vertical plane. The side AB is 
horizontal and the corner C rests against a smooth vertical 
stop below A. If AB=3 ft., AC = 1 ft. and a weight of 50 lb. 
?be hung on at B, find graphically the stresses in the various 
tods. [Ana. 150, 158* 115, 50 lb wt.] 

• I • • ^ #1* 

7. A uniform beam AB weighing 60 lb- is supported 
by, strings AC and BD, the latter being vertical and the 
angles CAB and ABD are each 105°. The rod is maintained 
in this position by a horizontal force X applied at B. Show 
■that the value of X is about 15 lb. wt. 


. I ^ 

8. A and F -are two points joined by a string whose 
length is greater than AF. At intermediate points B, C, D, E 
-etc. of the string weighis are attached, eaoh epual to W. 
Assuming that each section of t re string • slopes upward to the 
right, phow by. .means of< a. force diagram that the tangents of 
the inclinations of the successive pdrtiona o^ .the • string to 

,the horizon are in Arithmetical progression. 


9. Three light bars are jointed together ‘ to form a : tri¬ 
angular frame work ABC in whichthe angles A' and'C are 
•each 30°. The framewoHr can turn ina. vertical plade about 
the point B, and is kept in equilibrium with AB horizontal by- 
a weight of 100 lb. hung at' C and a Vertical -foroe • P tit A. 
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Find graphically the magnitudes of the force P and of fchfr 
stresses in the reds. 

[Ans. P=50 lb. wt. : Thrusts in AB=86*6 ; in BCJ=173 ; 
tension in AC=100. 

10. A portion of a Warren girder consists of three equi¬ 
lateral A 8 ABC, ADC, BCE, the lines AB, DCE, being hori¬ 
zontal, and AB uppermost. It rests on supports at D and E 
and carries 3 tons at A and 1 ton at B. Find the reactions at 
the supports and the stresses in the four inclined bars, stating 
whether they are in tension or compression* 

[Ans, 2*5 tons at D, 1*5 tons at E. Thrusts in AD—2’88 tons,. 

AC=*58 ton, BE = 1*73 tons ; tension in BC=*58 tone,. 


HINTS FOR SOLUTION 

Ex. n. 

2P sin a 


4Psin a 


4. By (2) Art. 2’12, tan 0 p + ..p ^ a (p +4)+ 4p 0030 . 

2P-f-4P cos a=P-h4 + 4P cos a ».e., P=4. 

7. Fig. Art. 2*11, ZAOC = Ja=/OCB and ZCOB=|a 

. P BC sin fa . . « •, i P 

•• Q =OB =sin1a = 2 °° a *“ “=3 cos-*2q: 

Now use cos a=4 cos 8 fa—3 cos fa and then find R. 

8. The resultt. makes angles a —$, a-J-0, with the forces 

u ^ P—Q. s»n (a— 0) * a- P 

Hence p . . find A -. 

Pd-g feinia+tf)’ Q 

J2- Fig* Art. 2*11, P being fixed in magnitude and direc¬ 
tion, A is a fixed pt., AC=OB=Q being fixed in magnitude,, 
locus of C is a circle with centre A. • 

The inclination of OC With OA is greatest /hen OC is 
tangent to the circle. 

13; If a is the angle between P and Q and Q that between* 
R and P, then R cos cos a^Q 


J i 

* j 


»«., P=Q (1 — oos a) ein* ^ 


* I 




3W. 


* 


) * 
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"Ex-Hi 

3. Fig. Art. 2*11, produce OB to B' making OB'=Q' and 
complete the parallelogram OAC'B', bo that OC'=R'. Now tho 
the resultt. of R' reversed and R i.e., of C'O and OC is C'O * 
which is the difference ot OB' (Q') and OB (Q). 

5. (i) Force AP and PB=AB ; AB and BC=AC acting 
at P. Thus PQ is equal and parallel to AC. 

(u) D mid-point of BC ; forces PC and PB=2PD. Now • 
AP-f 2PD=AP-f PD-f PD = AD at P+PD = PD+DQ = PQ 
where Q is on AD such that DQ=A6(^ 

6. P acts along AD ; D being the pt. where Q and R 
meet. CAD is the triangle of forces. Find the angle A and 
then the length AD. 

Ex. IV. 

7. Let AB—2a, a the angle, each portion of the string 
makes with the vertical and T, the tension, then by symmetry,. 

2T cos a—15. Also by Hooke’s law T=A (a cosec a—a)/a. 
a=30° satisfies the equation in a obtained by eliminating T. 

Ex. VL 

3. BC slopes upwards. 4. BC slopes downwards. 

8. First consider the equilibrium of A and find the tension 
'T, in AB or AC, by the equation 2T cos cO°r=W. 

13. Use triangle of forces ABG and ACG. G is mid-pt. of 
.AB. 

14. Use triangles of forces. Note that tension throughout 
the string is the same. 

16. P, Q the point on the sphere where the weights rest. 
_Let OP=4, then OQ=i—^ ; OPC and OQC are /\a ol forces. 

Ex. VH. 

7- P=^ • 0 A » OIL Now apply Art. 3.1. 

8. AOA' diameter through A, BPCA' is a parallelogram. 

PA' bisects BC, say in D. 
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Now, forces PB and PC=2PD=PA', 
forces AP-f PA'=AA'. 

9. Forces BH and CH=2DET, D is mid-pt. of BC. Now- 

AH+2DH=20D-j-2DH=20H ( .* AH=20D) 

10. The force AX=-^—. AB and . AC. etc. 

l-\-m 

Thus the system is equivalent to three forces propor¬ 
tion to the sides of the triangle and acting at a point 

Ex. VIII. 

5. Note that the numbers 7, 31 — 7=24 and 25. form a right 

angled A* 

6. Introduce two equal and opposite forces, each equal to 
1 lb. along the third side. Forces 2, 6, 10 and 12 along tho 
sides are in equilibrium. 

10. Resultant of forces AP, AQ, AR is 3AG, G being the^ 
centroid of P, Q. R or forces AP, PB=AB etc. 

11. Resolve along and perp. to the fifth side of tlie hexagon* 

Ex. IX. 

6. Through the mid-pt. G of the rod AB, draw GI> 
parallel to AC, C being the peg. G D is the triangle of forces. 

11. The line of action of the weight, the reaction at A both, 
meet the string BD at its mid-pt. O. Draw BF horizontal, 
meeting the wall in F, then BF=a sin 0 and DF=2AF' 
=2a cos 0. 

BD 2 = Z 2 =BF 2 -|-FD 2 =a 2 sin 2 0-f 4a 2 cos 2 0 . 

14. Resolve vertically and take moments about the end in. 
contact with the wall or proceed geometrically. 

Ex. X. 

11. Resolve along and perp. to plane and simplifying,, 
obtain . 

P=W sin a— n W cos a .(I)* 

and Q(cos a- f-M sin a) = W (sin a—/* cos a)=P .(2). 

Now divide (1) by W and (2) by Q and square and add to> 
eliminate a. 
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• ; Miic. Ex. I. " 

3. AjPAg, A 3 PA 4 equally inclined at L* to the radius OP. 
Draw OC, OD perp. to these chords, then OC=OD, CP=DP,. 
Forces PA 2 , PA 1= =2PC ; PA 4 , PA 3 =2PD ; 

2PC, 2PD=4PC co5a=s4PC sec a. cos* a=4PO cos* a*. 

4. V tan A=OD/AD, tan B=OD/BD 

I 

AD tan A=BD tan E, hence the resultt. acts along: 
AD and = (tan A+tan B).OD. • 

5. The resultt. has also to pass thro* the mid-pt. of BC. 

7. Resultt. of forces along OB and OC prop, to AC and'. 
AB meets BC in D such that AC.BD=AB.CD, t.e,, BD/CD*. 
=AB/AC, so that AD is the bisector of ZBAC. 

11. Let AC, BD be para el lines, AB third line. Let the' 
force F interest AC in C. Join CB, resolve F into F x along. 
AC and F 2 along CB, and t. n resolve F 2 along DB and AB. 

13. A, B fixed pts. Cn AB construct a segment of a circle- 
containing an angle ACB equal to the given angle. 

Let the resultt. of the given forces acting along CA, CB- 
intersect the circle in D. V Z.ACB is constant and forces are- 
of given magnitude, Z.ACD is const. D is a fixed point. 

1. Let T be tension in AB or CD, T l in BC, then by 
Lami’s theorm 

T __ = _A_ 

sin 90 sin (180—0) sin (90 +$) 

T=X sec 0 and by Hooke’s law T=x (AB— l)/l. 
AB=i+lsec 0. 

Also T t =\ tan 0=A (BC— l)/l, i.e„ BC =1+1 tan 0. 

Now AD=2Z=2AB sin 0-|-BC gives the desired result. 

15. Equate the values of tensions in BC obtained by con¬ 
sidering the equilibrium of the weights at B and C. 

16. T, the tension in each string, a the angle each makes, 

with the rail, R the vertical reaction on a ring. For one of the-, 
rings T sin a=R, T cos a=/iR, a, . . 
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18. Considering Q which is on .the poiDt of motion down 
ithe plane of inclination 0 . 

T, tension in string=Q(sin 0— cos 0) 

=Q sin (0— A)/cos A. 

Similarly considering P, on the point of motion up the 
other plane. 

T=P sin (a-j-A)/cos A-Hence P sin (a+A) = Q sin (/3 — A)---(l) 

If x be the required weight which when added to P make 
the system just on the point of motion in the reversed direction 
obtain another equation (2) by replacing P by P+x and by 
changing the sign of A in (1). Then find x by eliminating P 
from (1) and (2). 

R. Q. I. 

1. Resolving horizontally Tj sin a=T 2 sin a, i e., T 1 =T a 
By Hooke’s law T x =A(c cosec a—a)/a=T 2 =M(c co ec a—b)/b . 

3. Find the length MN=a/\/3 and apply Ex. 10 Misc. 

Ex. 1. 

4. Let R, R' make angles 0, 0' with P, then 

R cos 0 = P-hQ cos a I R* cos cos a 

R sin 0 = Q sin a ; R' sin 0'=Q' sin a. 

# \RR' cos (0-0')=(P+Q cos a)(P' + Q' cosaj + QQ' sin 2 

5. Obtain tan 0 , tan 0' and put 0 ' = 0 + a. 

6. R'= k 2 cos 2 A+1* 2 cos 2 B+2& 2 cos A cos B cos C 

=I- 2 [cos 2 A + cos 2 B-fcoa 2 C4 2cos A cos B cos CJ 

— I- cos 2 C=fc 2 -fc* cos 2 C=k 2 sin 8 C. 

7. Force AB=AO+OB, 2BC=2B0+20C, 

bCD^ C0+30D, etc. 

Thus AB+2BC 4 -CCD 4 -..-—A 04 -B 0 +C 04 -..- 4 -^.OA 

=B04-C04-...-r (w-l)OA 

= (w— l)OA. Art. 3.21. 

12. Let ABODE be the polygon. Let PP 2 , P 3 > *V 
the lorces coiresponding to the sides AB, BC etc., then y J • 
\iii) Art. 2.3 the resuitc. of P x , P* is a force acting at 
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mid'pt. of AC perp. and prop to AC. Again this force and 
force at the rnid-pt, of AD perp. and prop, to it. Now 
this force, P 4 and P 5 are in equilibrium. The argument can be 
o tended to the case of a polygon of any aumber of sides. 

Ex. XI. 

8. It implies that P<Q<2P. 

. 11. («) Let AO meet BC in D and let P and Q be the. 

required forces at B and C, then P. BD=Q.DC. 

. P _ Q _P+Q_ R 

* ‘DC BD BC a 

\ p ' BD_sin ZBOD_sin (7T —2C)_sin 2C 
"ut DC - sin ZPOD - sin ( tt —2B) sin 2B 

. Bp____ DC _ BD+DC _ a 

v * * sin 2C sin 2B sin 2B -J-em 2C .2 sin A cos (B—Cj 6 °* 

Ex. XII. 

3. The vertical line midway between the strings passes 
thro’ the C. G. of the cone. ••••*- i 

Ex. XIV. 

4. Resolve aloDg and perp. to AC, 

9. Resolve along and perp. to AB. ■ ' 

11. Since the moments about A and C are equal and oppo¬ 
site, the line of action of the force must meet AC in its mid-pt. 
D. Again since the moments about B‘ is twice that about A, 
the force must meet BA produced at E such that BE=2AE. 
Now AD, AE being known, find ZAED and the length of the 
perp from A on J>E. ' ' 1 . • ' , - 

Ex. XV. 

7. Take moments about C and resolve forces along the rod. 

8. Find ZACB by equating the values of tension obtained* 
by Hooke’s law and by taxing moments about A, 

; D* Let 0 =£BDA BAD ; T, tension in the string ; 

AB=o ; W, the weight of the lamina ; G, its C. G. 
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Resolva vertically, T cos 0 = W. Take moments about A. 

W.AG sin ( 30° + 0 ) = T.AD sin 0, where AG=a/V3* 
AD=2a cos 0. 

Now eliminate T and obtain tan 0 = l/3\/3. 

10. Find 0 , the inclination of the string to the vertical by 
equating the values of the tension obtained by resolving verti¬ 
cally and bv taking moments about the corner in contact with 
the wall, l'roceed as in Ex. 9. 

Ex. XVI. 

6. In order that CD may be the smallest, the support D 
must coincide with the centre of the weights, so that the system 
is just on the point of turning about D. • 

(u) Let the portion cut off be x , then the weight of the 
rod 12 —x acts at a distance £(12— x) ft. from either end. Now 
x is the greatest when the system is on the point ol turning 
about D. Take moments about D. 

Ex. XVII. 

1. Take moments about one of the sides of the triangle in 
case the forces do not act in the plane of the triangle. 

10. While calculating the pressure of the table on the 
prism do not forget to take the vertical component of the 

thrust. 

Misc. Ex. II. 

2. Take moments about L, Q.LM sin ^M=R.LN sin Z.N 

.. Q _ LN.sin ZN _ LN.OM 
‘ * R LM sin ZM LM.ON 

3. Take moments about one of the vertices and use pro¬ 
perty of a cyclic quadrilateial that the sines of the opposite 
Angles are the same. 

4. Take moments about the top of the obstacle. 

7. Take moments about the vertices of the pedal triangle, 

8. Take moments about the sides of the triangle. 
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is the'same. 6 bei ° g horizontal < the “tension in each string 

ktawSr[+^ P ° rCR: tenaioaT * ia BQor DS=A: * 

tf'.-'liJ'S “°C W 4 ?:, h ,” “ «,M 

S ““„' 7 ^-mBL-OL un ffl 

11. See solved Ex. 2 Art. 2*5. 

riS‘^,fj- ,w ' ,s - *«*« .1 c 

carefully. 111 n0t SUp 11 F</xR - ^md the normal reaction R 

po i nt 6 d, ff I h e e n(romthe“ntr°e n ^“he™ ” T* P *» O. a 

toppJe 8 a befor r e°it 0 'slid I L M>1 ' * “ easy t0 Prove "thafthe The 

17. (i) In case the bar alios at a n • /. 

naents of the horizontal forces fP anH f ; 9- 18 ^ xe( *» mo- 

-- - ^,'p °- 

R. q. n. 

moments about thlentre" ° f P 13 tan « ent to the plate. Take 

5 S: h ollT X ' T M r• Ex - n - <*» above) 
the point ‘on 0 thVrim “^erf W* T < a > and C, 

(»+l)W acts at G on 0Gs7h tit OG-OC/^^ ,T^ , re8ultt ' 
AG, bem g vertical, is parallel to OB QSniW^^+l), 

Since 0 a =0B, OAGB is a rhn S if* aFly i )A is P aral iel 

’ bi : e ™ each other at S* u i and ita dia s° na) « 

.» ZAOB=2zAOE. 

•• 8 :° ] f AOE = OA /OE=OA/ i OG=2(n + l ) . 

6. Take moments about AB, BC and AC. 
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7. G. the centre of the plank which is in contact with 
the highest point of the cylinder in the first position, C the 
point of contact in the displaced position, GC =aQ t find the 
sum of the moments of the three weights about C. 

8. Resolve along and perp. to the rod in its displaced 
position and take moments about the point of contact. 

9. Prove that AC/CB = M,/M 2 . The line of action of R is 
the common tangent to the circles drawn with centres A, B and 
radii M,/R, M 2 /R respectively. 

10. The bisector of the angle between the lines of action 
of P and Q, the direction of one of them being reversed. : 

Ex. XVIII. 

1. Resolve the fifth force along AB and AD. 

2. By Art. 5*51, the moment of the resultt. couple = sum 
of the moments o. all the forces at any pt. say A=Qa — ra. 

6. Let AD be the bisector of ZA, AL, the altitude. In 
the second position the resultt. ( = 25 lb.) of forces at an 
acts at D perp. to BC and forms a couple with the loice 

25 lb. acting at A along AL. 

Ex. XIX t ; 

1. Introduce equal and opposite forces each represented 

by BD along BD. , r; 

2. Take moments about the centroid. <. 

3. Since BP : PC = (i+A) s (I A) 

• 4(l+A)AB+i(l-X)AC=AP (Ait. 3-1). 

Similary force BQ=i(l + X)BCH-«l-A)BA etc. 

5. Couple 2 A OBC=forces OB, BC, CO etc. 

G. The force Ka at A' is equal to force Ka along. BC 
J|_ a couple of moment 2K times the area A BC, etc. 

Ex . XX 

9 At B, the system=the same force R at A and couple 
G, G being equal to the moments of R about B. 

10. Take moments about F, A and E. 
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12. By (2) Art. 5*75, Gj—G—Y, G 2 
Find X and Y and tan 0 =Y/X. 

Ex. XXI 


=G+2X, G 3 =G+3X-2Y 


3. The resultt. is a force acting along a line parallel to 
the given line. If, however, the moment is zero, either the 
resultt is a force acting along the given line, or the system is 
in equilibrium. 

5 . Find G 2 , G 3 by taking moments about B and C. 

6 . Take A(0, 0), B(a, 0), C(x lt y,) and let the two systems 
reduce to X, Y, G and X', Y', G'. Equating moments of the 
two systems about A, wo get G=G', again equating the mo¬ 
ments about B, we get G—aY—G'—aY' which gives Y=Y . 
Now do the same thing for C and get X =X'. Hence the two 
systems have the same resultt. 

7. Reduce the system to a force R at the given point O 
and a couple G. Now replace the couple by two forces, one 
acting along the given line and the other equal, parallel and' 
opposite force acting at O. Finally combine the two forces at? 
O into one force. 

• • • 

8 . Take A as origin AB(=a), X=axis. Let the system be ’ 

reduced to X, Y and G at A. Replace G by two equal oppo- 1 
site and parallel f >rces, F, acting at A and B in a given 
direction. X, Y and Fat A- can be combined into a single 
force. ■■ i *«> 

,9. Resolve along and perp. to AO, BO, CO. The compo¬ 
nents K/z cos 0 , K 6 cos 0 , Kc cos Q along them are in equUi,- n 
brium. [Ex. (n) Art. 2.32]. ; Now take moments about any 
vertex. Since the sum of the moments about A, B, C are 
equal the resultant is a couple. [Art 5 77 ( 6 )]. 

R. Q. HI. 


• 1. Apply Art. 5*7i 

2 . Tntroduca two eqnal and opposite forces along the : 
remaining side, the forces being prop, to it and apply Art. 5 * 7 . ; 

3. Take moments about the line of hinges. 
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9. Resolving aloDg and perp. to BC, obtain slope of 
the first resultt. 

= (Y, fin C-Z, sin B)/(X,-Y, cos C-Z, cos B), 
equate it to the slope of the second resultt. 

Ex. xxn 

2. Take moments about two opposite vertices. 

4. (a) Equate to zero the sum of the resolved parts of 

the forces along AB, BC and then take moments about the 
centre. p 

4. (b) Resolve along and perp. to AB. 

5. Equate to zero the sum of the resolved parts of the 
forces in directions perp. to the lines of action of b and c. Take 
moments about the point of intersection of e and/. 

6. Take moments about the centre O, and resolve along 
lines through O, parallel and perp. to a side. 

7. Take moments about A, B, C. 

8. Take moments about two of the vertices, using the 
fact that angle between a tangent and the chord through the 
point of contact is equal to the angle in the alternate segment. 

12. To obtain the first result take moments about 0. To 
obtain the second result, take moments about A and write the 
result in the form 

— x2AABC+R'.d sin 2B-Q'.d sin 2C=0, 
a 

d being the radius. 

Obtain two similar equations by taking moments B and C, 
multiply the equations by P', Q' and R' and add. 

Ex. xxm 

2. Take moments about the centre. 

3. Resolve along the plane. 

4. The horizontal leaction at A, the tension along the 
string and the vertical line through G, the C. G. must meet a 
a. point, say O. Take moments about A and resolve in horizon¬ 
tal and vertical directions. 
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OA=AG co* ZOAG=AG sin (ZGAB-J-0), 

Also 2AG cos ZGAB = AB 

/ 2 *\ , * 

and ^GAB-i(»—i- 

Ex. XXIV. 

R Express the result of Art. 6*4- as a quadratic in cos 0 
and show that 0 is greatest when the length of the rod is least 
-i.e., when its other end is ju«t on the rim. 

10 OC is perp. to AC and AO, OC make the same angle 0 
with the vertical OG (why 1). Let OC=s, then AO =l-x and 
(l—x\ COS ?0=x. Also from AOAG, 

OA/sin ZAGO = AG/sin ZAOG t.c., ( l-x) sin 0 = \a cos 0. 

Ex. XXV. 

2. Take moments about B and resolve along the plane. 

3. Take X, Y for the components of reaction, resolve in 
horizontal and vertical directions, and take moments about A. 

' 5. Tension along BC and in the vertioal portion of the 
string =W/10. 

9. Take moments about the mid-pt. of AB. 

10. Take moments about the lower hinge. 

11. C centre of bowl, D its edge touching the wall. Re¬ 
action at A along AC, horizontal reaction at B, and the line of 
action of the weight meet in O, 0 the angle CO makes with 
the vertical, prove tan 0=£tan3O° and equate the sum of 
the horizontal projections of AO and CD to that of AB. 

13. For P to be least it must act at D, take momenta 
about A. 

Ex. XXVI. 

5. Resolve vertically for both beams and obtain reaction at 
B or C=W. Take moments about A for one beam AB. Let D, 
E mid-pts. of AB, AC, /ACD = a, AL perp. from A on 
*CD=AC sin a. From AACD, CD sin a=AD sin ZCAD 
—£AC sin 20 and CD 2 =AC*d-AB*4-2AC AD cos (180°—2 Q) etc, 
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7. Take X, Y components of reaction at B equal and* 
opposite on the two rod 9 . Take moments about A for AB and 
about C for BC. 

10. Take moments about A for both and also for the rod. 

Ex. XXVII 

19. The rod AB=2a is greater than AD=r cot 9 ; D being 
the point of contact with the cylinder. 

Take moments about A and resolve in horizontal and' 

vertical directions. 7 

20. Let F be the force of friction and R, the normal 

reaction at A. Take moments about A and resolve in horizon- 
tal and vertical directions to find F and R. Apply condition.- 
F</iR. - > 

21. Take AC downwards ; take moments about C and re¬ 
solve in horizontal and vertical directions. 

Misc. Ex. III. A. 

3. The couple=moment of W about the point where the 
reactions of the planes meet. 

4. Resolve vertically for the whole system and take 
moments about A for AB or AC. 

F. Resolve vertically for the whole svstem and also for 
the rod BC, and horizontally for AB or CD. taking X. Y for 
the components of the reaction at B or C in these directions. 

6 . Show that AC=6 sec( 0 -a), resolve along the plane 
and take moments about A. 

7. Let R be the reaction at C, components of reaction at : 
B on BC are £ W upwards and R towards the wall ; and on 
AB, the same., reactions in opposite sense. Tajce momen s 
about B for BC and about A for AB. W is the weight of AB. { . 

8 . Read 2 for y/2lft in the third line. 

9. Resolve along the plane for the two spheres separately. 

11. Resolve vertically taking the three cylinders together 
and also for the upper cylinder. Also resolve horizontally for 
one of the lower cylinders. 

12. Take moments about the axis of the shaft and resolve^ 
along the plane. 
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13. Take moments about A, B and C, the perp. from A on 
BG being written as 2 A ABG/BG=2A ABC/3BG etc, ; 
multiply the three results by P/AG, Q/BG, R’/CQ and add. 

14. The equality of the first three terms follows at once 
from Lami’s theorem. For the rest, let R l? the normal reaction 
at A, w 1 the weight of the rod AV ; take moments about V of' 
Rj, Fj and w l for this rod and similarly for others and add. 

Miic Ex. III. B. 


6. The vertical line through G must pass thro* the point 
of contact with the plane. 

^ke vertical through A the pt. of contact must pass 
hro G, so that £OAG=a. A ho since G must be at a distance 
c from O, two such positions G„ G 2 are possible and thus it is 
possible for the sphere to be turned thro* ZG,OG*=20. 
01* perp. from O on GjGj^c cos 0=a sin a. 

, vertical thro’ D one of the extreme positions passes 

tnro Or and makes with the normal OD. /OGD=:180 o — 

a !L from A 0< ? D * 0C J/ 9in A==OD/sin /?. Substitute the value 
of OG as given in Ex. Art. 8 6. 

„ horizontal reaction of the wire in towards the 

nt R he OW ? r P °u mt A . aud awa y from O at the higher 

P<mB. moments about A and apply the condition that 

ft*!" .A BC1 ?. re P[. Bs f nts ' tf > e drawer, the front face AB=2a. 
Due to,the puli applied at a distance a-\-x from A there will be 

reactmn R at A in the direction AB and another’ reaction s at 
the oppos'te corner at the back in the opposite sense! The 

frictions a*-R, M .S oppose motion./ Prove R_ q • f a ' 

about A and apply condition P>V(R+S). ’ momenta 

_15. In the new position depth of A below the pulley P 
~l~l 8m f t nd lts distanco from PN, the vertical thro’’ P 
kn^Jn 003 the ang ' e the atri °g makes with PN H 

ab ° Ut A aUd reS0 ’ Ve iQ horizontal and 
16. Proceed as in Art. 7.41. 
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17. Find F lt F 2 , the two values of the force which are just 
sufficient to rotate the rod and to make it slide. Apply the 
condition F,>F 2 or F 1 <F 2 . 

18. Take moments about A and resolve along and perp. 
to the plane. (Compare with Q. 6 Misc. Ex. III. A). 

19. Take moments about A and resolve in horizontal and 
vertical direction* for the whole system. 

20. Take moments about the pt. of contact of the locked 
wheel with the rails and resolve along and perp to the rails 
regarding friction at wheels that are free to rotate a9 negligible. 


21. Show that pressure at B = §W and at C=JW Find 
Pj, the force applied at A when slipping takes place at B bv 
taking moments about C. Similarly find P 2 , the force for slip¬ 
ping to take place at C. Apply the condition P!<P 2 . 

23. The rod is clearly least when one end is just under the 
lower peg and it is on the point of slipping. 

24. The resultant reaction passes thro’ the point where 
lines of action of the given force and the weight of the rod meet 
and is equally inclined to these lines. 


25. It is assumed that the smoother body is the lower one 
Consider the equilibrium of each separately. 

27. Let the rod be on the point of slipping when the weight 
is placed at a distance x from one end A. Find x by taking 
moments about A and resolving along and perp. to a plane. 
Again find a similar distance y when the rod is about to s ip 
in the opposite sense. This can be written down at once y 
merely changing the sign of A. in the value of x. The requir 
length is y~x. 

28. Let P(AP=s) be the point of contact of the rod 

with the peg when the frame is about to slip. Then * he vert . 
thro’ P will pass thro* O the centre of the figure and will ™ 

Z A with the reaction at P perp. to AB. Find * by c0 ™ d * r ‘^ 
A APO. Find similar distance y for the slipping to take! 
in the opposite sense by changing the sign of A j y x 18 e 
quired distance. 
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29. For the least angle /?, the lower end B of the rod is on 
. point of slipping down the side of the tumbler, and the 
point of contact with the rim inwards Take moments about 
A, resolve horizontally and vertically, obtain a result involving 
/Jana A. For the greatest angle a, the rod is about to slip 
m the opposite >ense, change the sign of A and replace (3 by a. 

p/ 3 ®* . ta £ en . t ^ 1S angle c}> between the normal at 

r(a cos Q b sin 0), the point of contact of the wire with the 

JiU® i°. ,nin P P to the cent re = (a 2 — b 2 ) sin 2 0 /2 ab. 

" Jl ♦fc ha M he Wlre may not sli P afc a11 P° in *s tan A must be 
greater than the greatest value of tan 0. 

32. For a cycloid 5 = in sin f, and s 2 = $ay. 

Ex. XXIX. 

^c 13 - m oments about the sides, show that x—7^b-\-c)/2a 

' A . Ta Il 6 moments about BC, using AD=e sin B and 
t_»Li=o cos C. 

15 . A ABC/ AA'B'C'=/ 2 /i 2 (why ?). Take moments about D. 
18 . AG is perp. to BG (why ?). 

22. C. G. of the bo.der of mass m is the incentre of the 

triangle formed by the middle points of the sides. Take 
'moments about two of th© sides. * 

23. Take moments about the side. 


Ex. XXX. 

9. Take ZAOB=2a, show that AB/OG x =:3a and so on 


Misc. Ex. IV. 

1. (t) Apply Arts. 3 1 and 3*21. 

(it) AAA^aAG+aGG'+aG'A'. 

2. (*) A l OA=A 1 OD+ A[ DA etc. 

(«) They intersect at D, take moments about it. 
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5 . Reaction at C is vertical (why ?). Take momenta 
about B in both cases. 

13 . Replace the triangle by three equal partioles at the 
vertices. 

14 Replace /s^DEF by three equal particles at D, E and 
F ; take moments about BC. Distance of E from BC=CE sin G 
=ab sin C/(a + c)=2A/(«+ c ) and that of F=2A/(a+&). 

Ex XXXI. 

14 . For values of x and y in terms of ^ see (5) and (6) 
Art. 1013. 

15 . Find y jV without evaluating the integrals in the 
denominators of x and y as they cancel out by division. 

17 . 0, the centre ; take OPQ making £0 with OC intersec¬ 
ting the circle in P and Q. First integrate with respect to r, 
taking its limit from OP=rj to OQ=r 2 . Express r x and r z 
in terms of 0. The integrals finally cancel and the result follows 

at once. 

18 . Consider the sector as made up of a sement and a 
cone on the same base The condition is satisfied only when 
the C. G. of the sector lies in its edge i.e., it is at a distance 
a cos a from the ceutre of the sphere. 

Ex. XXXDI. 

5. Express PQ and RS in terms of the sides and an angle 
of the parallelogram. , , 

14. Express the depths of the rings below the focus S, in 
terms of their distances r v r 2 from S and apply the condition 

that r 1 +r 2 =const. - ? 

Ex. XXXIV. 

7. O, the centre of the sphere ; A, joint of the rods, 21 
length of each rod, 0 angle made by OA with the vertlca * 
the displaced position. Show that =OGcos 0, w 
OG=r cosec Ja —l cos Ja. 

11. Pot.Energv of the elastic string=work done in extend¬ 
ing it. See Art. 9*12. (Compare Ex. (tv) P.' 230.) 
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15. The Virtual work for a further extension dp of a string 
=kp°dp—\ -P ^ dp. 

19. Equate the work done by the force to tht> pot. energy 
■acqurired by the string. 


Ex. XXXV. 

11. The ends of the chain reach the directrix of the cate¬ 
nary. 

14. £ W—w3=wc sinh - , x being the abscissa of D, 

c -• 


Eig. Ex.(»v)Art.lO*4 | W-\-wl=w{8-\-l)-\-wc sinh^t^ . Eliminates 

c 

21. The other end of the chain must reach the directrix of 

v 

the catenary, z , the whole length of the string =y the vertical 

part+2a, the curved part=c cosh -U2c sinh The 

• • c c 

result follows from dz/dc= 0. . . 

• 23. Complete the catenary and apply the formulae:— *1 

X ’' J ' 1 X * •* 111 i • * ’ f ^ 

' t . y=c cosh—, a=c sinh — and T=u«/,. 

c c 1 ' ^ 

• 4 .>• * ; 1 • * 4 ■ . . A* , . . i j ». J J ’ < 

• , .1 • , -• . , Ex. -XXXVI. . - i Jl 

_ I . f ^ • • i. • I ! • 

3. • W is the resultant .of the tensions in the two parts .‘pj[ 

the string, not in contact with the pulley. ,x '* 

4. Equate the horizontal components of the teLsions in 
the two parts of the string. 

9. Find the tension at the end of the horizontal diameter 
taking the tension at the highestTlroint to be zero. * 


Ex. xxxvm. 


4. 2 6 P+P=W=13xl4 lb. 

5. 2*P=W+^+2^2+4^3=91+5-1-2 x 4+4 X 2=112. lbs. 
Thrust=weight of the man—P. 
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6. Stress -f-P=total w eight=W+4w. 

9. Here n= 8 . 18. Take moments about B. 

Ex. XXXIX. 

9. Due to the action of P, the normal reactions and conse¬ 
quently the frictions at the two points of contact of the 
shaft with a groove are not equal. 

Ex. XL. 

10. L et the fulcrum be at a distance x from the middle 
point of the beam, then 

W 1 (a—x) = W(a-f-a:) and W 2 (o+x)=W(a— x) ; find x. 

Ex. XU. 

9. Draw A ABC with AB horizontal and C above AB. 

Draw a vertical line ab to represent 100 lb., on some scale- 
Draw be parallel to BO and ac parallel to AC, to meet in c y 
then abc is the triangle of forces lor the point C, ab represent¬ 
ing 100 lb., fee, the thrust on the rod BC (the point C being, 
pushed away from B) and ca, the tie in AC, (the point (1 
being pulled towards A in this case). 

Now draw cd parallel to BA, eda being the triangle of 
forces for the point A, da representing P. 

It may be noted that cbd , the triangle of forces for the 
point B shows that the reaction at B, represented by bd is. 
vertical and equal to 100-f-P. This fact is otherwise obvious- 


END 




